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Abstract

The aim of this thesis is to provide mathematical tools for an alternative to the
mainstream study of macroeconomics with a focus on debt-driven dynamics.

We start with a survey of the literature on formalizations of Minsky’s Financial
Instability Hypothesis in the context of stock-flow consistent models.

We then study a family of macro-economical models that date back to the Goodwin
model. In particular, we propose a stochastic extension where noise is introduced in
the productivity. Besides proving existence and uniqueness of solutions, we show that
orbits must loop around a specific point indefinitely.

Subsequently, we analyze the Keen model, where private debt is introduced. We
demonstrate that there are two key equilibrium points, intuitively denoted good and
bad equilibria. Analytical stability analysis is followed by numerical study of the basin
of attraction of the good equilibrium.

Assuming low interest rate levels, we derive an approximate solution through per-
turbation techniques, which can be solved analytically. The zero order solution, in
particular, is shown to converge to a limit cycle. The first order solution, on the other
hand, is shown to explode, rendering its use dubious for long term assessments.

Alternatively, we propose an extension of the Keen model that addresses the im-
mediate completion time of investment projects. Using distributed time delays, we
verify the existence of the key equilibrium points, good and bad, followed by their
stability analysis. Through bifurcation theory, we verify the existence of limit cycles
for certain mean completion times, which are absent in the original Keen model.

Finally, we examine the Keen model under government intervention, where we in-
troduce a general form for the government policy. Besides performing stability analy-
sis, we prove several results concerning the persistence of both profits and employment.
In economical terms, we demonstrate that when the government is responsive enough,

total economic meltdowns are avoidable.
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Chapter 1

Introduction

Neoclassical economics has been largely criticized over the past years, specially since
the crisis that unfolded in 2007-2008. Be it for their unreasonable rational expecta-
tions assumption, or be it for the aggregate “Law of Demand”, technically refuted
by the Sonnenschein-Mantel-Debreu theorems [Son72], it is time to seek for an alter-
native. We will argue that even though stock flow consistent macroeconomic models
represent a radical substitute [God04], they might be the ideal one. Rather than
studying economies at the equilibrium, we suggest the very opposite, as economies
rarely find themselves in equilibrium, yet their time evolution matters. Stock flow
representation of the economy can be translated into a system of dynamical equa-
tions (either deterministic or stochastic) which will describe how the many different
variables fluctuate over time.

Perhaps a deeper concern regarding neoclassical economics is its disregard for the
financial system. As pointed out by Lavoie in [Lav08], the aforementioned crisis “is a
reminder that macroeconomics cannot ignore financial relations, otherwise financial
crises cannot be explained”. For this reason, a great deal of this thesis is focused on
a family of models that represent a mathematical formalization of Minsky’s Financial

Instability Hypothesis.

The structure of the thesis is as follows. We begin by introducing the concepts
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behind stock flow consistent models in Chapter 2l In Sections [2.2.1] and 2.2.2] we

demonstrate that the Keen model both with and without government interven-
tion conform to the stock-flow consistency requirements.

Next, Chapter [3| discusses the very basic foundation behind this entire work: the
Goodwin model [Goo67]. Goodwin elegantly proposes one of the most prominent
mathematical formulations of Marx’s theory of class struggle. We show that the
solutions satisfy a constant Lyapunov equation, regardless of the choice of the Phillips
curve. In a later Section [6.3] we derive an analytical expression for the period of these
solutions, which depends exclusively on the initial value of the Lyapunov function.

A stochastic extension, where productivity is allowed to drift randomly according
to the level of employment, is then proposed in Chapter [4l In this chapter, based
on joint work with A. N. Huu and M. R. Grasselli [CGH13]|, we first obtain sufficient
conditions for existence and almost surely uniqueness of solutions. Next, we derive
a probabilistic estimate for the time it takes for solutions to deviate sufficiently far
from their initial orbit, in Lyapunov terms. More importantly, we show that solutions
almost surely orbit around a pivot point, indefinitely and in finite time. We end the
chapter by deriving a continuous extension of the proposed stochastic model that
approximates it when the volatility term is negligible. Such extension can be fully
solved analytically, as the sum of the solution to the Goodwin model plus a martingale
term.

The financial sector is taken into account in Chapter [5] where we introduce the
Keen model [Kee95| followed by a comprehensive analysis drawn from [GCLI12], joint
work with M. R. Grasselli. After verifying the existence of two key equilibria, coined
“oood” and “bad”, for they represent states of prosperity and collapse, respectively,
we perform local analysis. Necessary and sufficient conditions for their local stability
are obtained, showing the both fixed points are simultaneously stable under usual
conditions. Accordingly, solutions can converge to either equilibrium point, depending

on their initial position. As an illustration, we numerically integrate solutions starting
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in a fine grid around the good equilibrium point, recording when they converge to this
fixed point, roughly obtaining the basin of attraction of the good equilibrium.

Chapter [0] presents an extension of this model where we assume regimes of ex-
tremely low interest rate. There, we use perturbation techniques similar to those
used in Section to derive an approximate model which can be fully solved analyt-
ically. The corresponding zero-order solution resembles the Goodwin model ,
except for its non-linear investment function. Regardless, we show that the zero-order
solution converges to a limit cycle, whose period is also analytically determined. The
first-order solution, on the other hand, is shown to grow quadratically with time, thus
spoiling the accuracy of this approximation for long-term investigations.

In Chapter , we propose a second extension of the Keen model , where we
consider non-immediate capital project completion times. Usually, to study such im-
plications, one would have to deploy delay-differential equations machinery. Through
a clever mathematical device, commonly used in Mathematical Biology, we are able
to avoid these complications, and continue in the realm of ordinary differential equa-
tions, albeit with higher-dimension. The intuition behind this technique is that we
can approximate a discrete delay by the sum of exponentially distributed times, itself
Erlang distributed. As the number of intermediate stages increases to infinity, this
distribution converges to that of the Dirac delta, effectively representing the discrete
delay we started with. After verifying the existence of corresponding “good” and
“bad” equilibria, we show that the local stability of the first is only possible when the
mean completion time is shorter than a certain threshold. We perform bifurcation
analysis, which shows the existence of a super-critical Hopf bifurcation at that point.
In other words, for mean completion times higher than the mentioned threshold, we
have a limit cycle which attracts solutions which would otherwise converge to the
“good” equilibrium point. Unsurprisingly, the period of this limit cycle grows as the
mean completion time increases, until a second threshold is crossed, and the cycles

cease to exist. Beyond this point, solutions seem to converge exclusively to the bad
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equilibrium point.

Chapter |8 is based on joint work with M. R. Grasselli, X-S. Wang, and J. Wu
[CGWW13|]. We propose an original extension of the Keen model where government
intervention is introduced in a general setting, while respecting the stock flow con-
sistent framework. First, we identify the “good” equilibrium, together with a variety
of “bad” equilibria characterized by zero employment and negative exploding profit
share, besides some extra finite equilibria associated to zero wage share, which are
either unattainable or unstable under usual conditions. Next, we obtain necessary
and sufficient conditions for their local stability, showing that all the “bad” equilib-
ria can be successfully destabilized if the government subsidies are non-negative and
responsive enough in a vicinity of zero employment. Meanwhile, the same cannot be
said for a government operating under austerity. Moreover, and most importantly,
we show that through a variety of reasonable conditions associated with a responsive
government, we have that the model is uniformly weakly persistent with respect
to both the exponential of profit share and employment ratio. Ultimately, this result
means that solutions can never remain trapped below arbitrarily low levels of profit

share or employment, regardless of the specific initial conditions.



Chapter 2

Stock-Flow Consistent Minsky
Models

There have been several attempts to model (Hyman) Minsky’s Financial Instability
Hypothesis (FIH henceforth), as surveyed by Lavoie in [Lav0§|, and Dos Santos in
[DS05). A short tour through the key aspects of the most influential of these models
follows below.

One of the earliest attempts of formalizing the FIH was carried out by Taylor
and O’Connell in their influential article [TOS85], itself a variation of another paper
by Taylor [Tay85]. Taylor and O’Connell [TO85] introduced innovative concepts, of
which three deserve further discussion. First, they used the notion of a portfolio
choice. Secondly, their investment function was modeled as a function of the spread
between expected profit rate of firms (actual profit rate plus a confidence indicator)
and the interest rate. Lastly, and perhaps most strikingly, they introduced cyclical
dynamics through a differential equation linking the confidence indicator and the
interest rate. Notwithstanding the remarkable impact of [TO85|, their model has
been criticized for numerous flaws. As Lavoie [Lav08] and Dos Santos [DS05] both
point out, Taylor and O’Connell [TO85] model is not stock-flow consistent (SFC

hereafter), as there are inconsistencies in how they treat the government debt. On
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top of that, the banking sector and the firms’ leverage ratio do not play an explicit
role in the model, while the supply of money is not endogenous. Relatedly, Taylor and
O’Connell do not model firms’ debt commitments, they can only finance themselves
through equity issuance.

Another attempt of modeling Minsky’s ideas was put forward by Franke and
Semmler in [FS91]. They modified Taylor and O’Connell model incorporating the
banking system. In addition, they introduced the firms’ leverage ratio together with
the interest rate to the dynamical equation driving the confidence indicator. Unfortu-
nately, Frank and Semmler model shares most of the criticism targeted towards Taylor
and O’Connell [TO85]. For instance, the fact that stock price is not determined by
supply and demand, and the remaining problems with stock-flow consistency. In addi-
tion, Dos Santos [DS05] criticizes the (unrealistic) assumption that the whole stock of
high-powered money (i.e. cash) is kept by banks as reserves. Still, its most celebrated
contribution was to track the leverage ratio of the firms explicitly.

Yet another extension of Taylor and O’Connell [TO85] was developed by Radke
in[Rad05)]. He presented a rather complete model, which assumes that the confidence
indicator is driven by the spread between the profit rate and the interest rate, and the
firms’ debt ratio. Simultaneously, he allowed for credit rationing, by assuming that
banks can choose to grant a higher amount of loans to firms offering more collateral.

Delli Gatti and Gellagati published several papers in this topic by the 90s, for ex-
ample [DGGGI0] coauthored with Gardini,[DGGMI8] coauthored with Minsky him-
self, and [DGG92]. The essence of their model is captured by the investment strategy,
which is modeled as a function of Tobin’s ¢ ratio [BTG6S], retained earning and lever-
age over retained earning. The key insight is that when firms rely more heavily on
external finance, instability ensues, despite any interest rate movement. Nonetheless,
despite being faithful to Minsky’s ideas, their model has suffered extensive criticism.
As Lavoie [Lav08] observes, besides not being SFC, the model ignores the role inter-

est payments from the firm debt have in the consumption function. Moreover, bank
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reserves seem to have no counterpart. In addition, as Dos Santos [DS05] points out,
by assuming the supply of bank loans is a function of the interest earned alone, the
authors are (perhaps not intentionally) assuming as well that either the amount of
bank deposits or reserves do not fluctuate wildly, or that bank behaviour is not af-
fected by such fluctuations. Lastly, the authors oversimplify the government sector
when, as Dos Santos [DS05] words it, they “heroically assume that all taxes are zero”.

Perhaps the earliest SFC formulations of the FIH was developed by Skott in
[Sko81]. The model, further enhanced in an article [Sko88] and a book [Sko89al,
introduces a firm that finances its investing through three sources: retained profits,
equity, and debt. At the same time, households choose to consume based on their
wealth, and decide their allocation on money or equities, while the government sector
is completely absent. As Lavoie [Lav08] remarks, the money supply in this model is
endogenous, while the stock price is determined by demand and supply, features not
found in Franke and Semmler [F'S91], or Taylor and O’Connell [TOS85]. Lavoie con-
tinues to say that this model has had an “unfortunate lack of impact”, which can be
partially blamed on the fact that Skott leaves leverage ratios out of the picture. In a
more recent publication [Sko94], Skott introduces the leverage ratio as an upper bound
on the amount of loans supplied by banks, together with an investment function that
depends on financial variables coined “fragility” — the sensitivity of investment to ad-
verse shocks — and “tranquility” — the firms’ ability to meet their financial obligations
(as discussed in [DS05]).

None of the models mentioned up to this point consider household indebtedness.
As Isenberg concluded in her study on the FIH in the 1920s [Ise88], “the production
sector, non-financial firms, which is at the center of the financial instability hypothesis,
did not exhibit a rising debt equity ratio”. In a later article [[se94], she explains
that even though firms did not experience a rise in their their leverage ratios up to
1929, households did suffer from higher debt ratios. With this in mind, we bring

our attention to Palley’s work [Pal96], where he introduces two classes of households
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that borrow/lend from one another. By linking the debt-to-income ratio of borrowers
positively with GDP, he is able to obtain Minsky’s paradox of tranquility (Lavoie
[Lav08]), along with an economic slowdown associated with higher levels of the interest
rate and/or debt-to-income ratio. Just like many of the other models discussed here,
this one is not SFC, as banks’ reserves share no counterpart (Lavoie [Lav0§]).

More recently, Lavoie and Godley [LGO1] have designed a simple SFC model with
only three sectors, households, banks, and firms, that has generated numerous exten-
sions. For instance, Skott and Ryoo [SRO§] made different behavioral assumptions,
changing the arguments of the consumption function, which led to rather different
results, indicating some sort of structural instability around the model specification.
On a different note, Zezza and Dos Santos [ZDS04] extend the model by adding the
central bank and a government sector, besides explicitly taking inflation in considera-
tion. At a later stage, Zezza [Zez08] introduces two classes of households, the workers
and the rich. While the former would rent houses, or rely on mortgages when pur-
chasing real estate, the latter rather purchase houses without the need of financing,
to collect rental income and/or capital gains (i.e. as an investment).

As an extreme example of how versatile this line of research can be, we turn to
the model developed by Eatwell, Mouakil and Taylor [EMTO08]. Not only they include
a housing market, but they also split the financial sector in banks and their special
purpose vehicles (SPV), which issue the mortgages and pack them into mortgage-back
securities (MBS). Going further, repos are exchanged between the central bank and
every other bank to meet their reserve requirements (therefore relaxing the treasure
bills repurchase agreement mechanism). Furthermore, demand for houses is modeled
as decreasing with housing prices, yet increasing with their rate of change, and de-
creasing with the mortgage rate and the leverage ratio of both households and banks.

To end this quick survey, we mention the work developed by Steve Keen. In
[Kee95], he introduces a simple, yet beautiful extension of the popular, predator-prey

like, Goodwin model [Goo67]. Without attempting to suit SFC requirements (even
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though such requirements can be met, as we will see), he directly derives the dynamics
of macroeconomical variables (wage share, employment, and capitalist debt) by intro-
ducing a nonlinear investment function that depends solely on the profit share of the
capitalists. Immediately after, he introduces an extension accounting for government
intervention, whose policy includes both spending, when employment shrinks, and
taxation, when profits soar. Its simplicity, and hence analytical tractability, allied
with the fact that it captures the essence of the FIH, invites further investigation,

turning it into the ideal candidate for a serious mathematical tour de force.

2.1 Constructing a stock-flow consistent model

We have thus far discussed several implementations of the FIH, pointing out which
are SFC, and which are not, while leaving aside the description of this property. In
this section, we will explore the basic ideas and concepts involved with a SFC model.

Schematically, SFC modeling involves three steps:

1. double-entry accounting: build the balance sheets, together with the transac-

tions table and the flow of funds;

2. determine the behavioral assumptions, e.g. investment, consumption, financing

flows;
3. perform “comparative dynamics” and/or prove desired analytical properties.

The output of the first two steps is a system of differential equations that seldom
can be solved analytically. A numerical approximation is thus useful when assessing
behaviour of a system under certain conditions. In addition, as explored throughout
this thesis, one can prove various properties of the system analytically, e.g. determine
its fixed points, together with their respective local /global stability, study bifurcations,

and establish persistence of key variables.
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Borrowing a few words from Dos Santos [DS05], “a fair depiction of Minsky’s Wall
Street paradigm requires an economy with households, firms, banks and a government
(including a central bank)”. Clearly, one can expand this list by including SPV’s,
along with different classes of households, as previously discussed in some of the
surveyed models. These decisions are to be made by the researcher, having in mind
the trade-off between tractability and explanatory power. In praise of parsimony,
we shall stick with the first four sectors mentioned, plus the central bank. In terms
of balance sheet items, a decent starting set is composed by cash, deposits, bank
loans, government (treasury) bills, central bank advances and stock shares, besides,
naturally, the capital goods.

Without further delay, let us introduce a somewhat general balance sheet, trans-
actions and flow of funds. The entries in Table[2.1] are in real terms and mimic closely
the framework developed by Godley and Lavoie [GLO7] and Dos Santos [DS05].

A few assumptions go embedded in Table 2.1}

1. households can purchase stocks issued by both the firms and the banks (in line

with [GLOT));
2. the central bank has zero net worth (in line with Dos Santos [DS05]);

3. the firms’ current account distributes its profits to either the capital account,
or its shareholders (households). In other words, the resulting sum of all the
current account transactions is zero (in line with Godley and Lavoie [GLO7] and

Godley [God04]);

4. banks distribute a portion Fj, of their profits to their shareholders, which in-
cludes, but is not limited to, the households (shares can be traded amongst
other banks as well) — here we depart slightly from Godley and Lavoie [GLOT],
where they oddly assume that banks pay no dividends to the households;

5. banks do not pay taxes;

10
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Table 2.1: Balance sheet, transactions and flow of funds for a general Minsky model.

Balance Sheet Households Firms Banks Central Bank Government Sum
current  capital

Cash +H,, +H, -H 0
Deposits + My, +M; -M 0
Loans —L +L 0
Bills +By, +B, +B, —-B 0
Equities +E¢.pr+ Eppy —Espr  —Eypp 0
Capital goods +K +K
Sum (net worth) Vi 0 Vi Vi 0 -B K
Transactions
Consumption —C +C 0
Investment +1 -1 0
< R
Accounting memo

(GDP) [¥]
Wages +W -W 0
Government subsidies +GS -GS
Government taxes =T =T +T 0
Interest on deposits +ra. My, +ru. My —ryu.-M 0
Interest on loans —rr.L +rp. L 0
Interest on bills +rgp.By, +rg.By +rg.B, —rg.B 0
Dividends +F;+ Fy —-F +F, —-F —F, +F, 0
Sum Sh 0 Sy Sp 0 Sy
Flow of Funds
Cash +H, h +Hb -H 0
Deposits +M, —|—Mf -M 0
Loans —L +L 0
Bills +By, +B, +B, -B 0
Equities +E‘f.pf + E’b.pb —E'f.pf —E'b.pb 0
' o
Sum Sh 0 Sy Sh 0 Sy 0
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6. the central bank sends its profits to the government, hence its zero net worth;

The final ingredient necessary is the set of behavioral assumptions. Naturally,
a crucial hypothesis is the investment function, which directly assigns the dynamics
of capital goods. Moreover, one needs to specify, among others, how households
consume, what the government policies are in terms of spending and taxation, and
how does the stock price evolve with time.

This crucial step is notably vulnerable to controversy and criticism. Once the
“skeleton” of the model is laid down, there are numerous ways to close the system,
each with its own advantages and disadvantages. Many of the models surveyed in
the last section shared similar accounting structure, yet possessed distinct behavioral
characteristics, rendering diverging results (e.g. Lavoie and Godley [LGO01], and Skott
and Ryoo [SROS]).

By way of example, in the next section, we will show that both the Keen model
[Kee95], and its extension with government intervention, which will be explored later

in Chapters 5] and [§] satisfy the SFC requirements.

2.2 Adapting Keen to the SFC framework

2.2.1 Standard Keen model

Our goal in this subsection is to derive the Keen model from the framework set in the
previous section. To this end, we need to simplify and eliminate most of the items
in Table as the Keen model [Kee95| does not involve many of the sectors we just
described. To begin with, we remove both the government and the central bank. As
well, we get rid of stock shares, and cash (due to the absence of a central bank), while
assuming that ry, =rp, =r.

The simplified “skeleton” is described in Table 2.2] from which we obtain the

following
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Table 2.2: Balance sheet, transactions and flow of funds for the standard Keen model.

Balance Sheet Households Firms Banks Sum
current capital

Deposits +Mj, +M; -M 0
Loans —L +L 0
Capital goods +K +K
Sum (net worth) Vi 0 Vi 0 K
Transactions
Consumption -C +C 0
Investment +1 -1 0
Accounting memo

(GDP] [¥]
Wages +W -W 0
Interest on deposits +r. My, +r.M; —r.M 0
Interest on loans —r.L +r.L 0
Dividends —F +F, 0
Sum Sh 0 S S
Flow of Funds
Deposits +M, +Mf -M 0
Loans —L +L 0
Sum Sh 0 Sy S 0
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My, =W —C +rM, (2.1)
My—L=F,~I1=C—~W+rM;—rL (2.2)
L—M=rL—-rM (2.3)

with output
Y=C+1 (2.4)

Define now the firms’ profit share of the output as

_F, F
TY Y
=Y (Y =W —r(L — My)) (2.5)

™

=1—w-—rd

where w =W/Y, D=L — My = M,, and d = D/Y. Just like Keen [Kee95], assume

that investment is given by a general function of 7

[ =r(r)Y (2.6)

meaning that the change in capital stock is investment minus depreciation,

K =1-6K = k(n)Y — 6K (2.7)

The dynamics of debt can be derived through (2.2)) and ([2.4])
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D:L—MfZW—C+T<L—Mf)
=wY —(Y—-1I)+rD
(2.8)
=Y (w—1+k(m)+7rD)

=Y (k(m) —m)

Following Goodwin’s [Goo67] steps, diligently explained in Chapter |3, we assume
that the capital to output ratio remains constant, K = vY, which yields the following

dynamics for Y

Y=Y (@ — 5> (2.9)

v

Next, we assume that productivity (in goods/workers) and the total labor force

both grow exponentially

a=aa (2.10)

N =GN (2.11)

Assuming full capital utilization, the employed labor force is then given by L =
Y/a, while the employment ratio is then A = L/N. We now make another behavioral
assumption, that the bargaining equation for wages w = W/ L follows from the Phillips
curve depending solely on the employment level,

W= d(\)w (2.12)

As a result, we have the following three-dimensional model for w, A and d
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O =w[®(N) - a
A=A {”’ST) —a—ﬁ—(S] (2.13)
d = k(m) -Vf) 4

and we have recovered the standard Keen model, just as defined in [Kee95], in full
STC form. Observe that consumption is fully determined by the investment strategy

of the capitalist sector,

C=Y-T=Y[l—k(n) (2.14)

This shortcoming can be avoided by assuming households can decide their savings
policy, as done by Skott in [Sko89b|, where the accommodating variable is the price
of goods.

2.2.2 Keen model with government intervention

In [Kee95], Keen immediately extends the model previously introduced by adding the
government sector. Table shows the augmented balance sheet, transactions and
flow of funds representing all the relevant exchanges. Notice that we added a row
representing government subsidies, which add to the firms’ current account, yet do

not contribute to the economy output.

From the second and third columns of Table [2.3] we obtain

C+Ge+GS—W—T+r(My—L)=F,—I1=DM;—L (2.15)

If we define the firms’ profit share as

16



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

Table 2.3: Balance sheet, transactions and flow of funds for the Keen model with
government intervention.

Firms

Balance Sheet Households Banks Government Sum
current capital
Deposits + My, +M; —-M 0
Loans —L +L 0
Bills +By, +B, —-B 0
Capital goods +K +K
Sum (net worth) Vi 0 Vi 0 -B K
Transactions
Consumption -C +C 0
Investment +I —I 0
P
Accounting memo
[non-government GDP) [¥]
G o
Wages +W -Ww 0
Government taxes 0 =Ty +T 0
Interest on deposits +r. My, +r.M; —r.M 0
Interest on loans —r.L +r.L 0
Interest on bills +74.By, +r4.By —ry.B 0
Dividends —F +F, 0
Sum Sh 0 Sy Sy Sy
Flow of Funds
Deposits +M, +Mf -M 0
Loans L +L 0
Bills +By, +B, -B 0
Sum Sh 0 Sy Sy 0
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T=1-w—-rd+g—7 (2.16)

while the firms debt is

Dy =L — M (2.17)

along with dj = %, g= %, and 7 = % The dynamics of the firms debt Dy follows

as

Dpy=L—-My=W+T;+r(L—-M;)—C—G.,—GS
—W+T+rDy+I1—-Y -GS
(2.18)
=Y(k(r)— (1 —w—rdy —7+g))

=Y (k(m) —7)

Observe that Y = C' 4+ I 4+ G., excluding any form of subsidies, GS. Government
debt dynamics is thus

B=r,B+GS+G.—T=Y(rsb+g9—7+g) (2.19)

where d, = B/Y, and g. = G./Y. In order to match the government debt’s dy-
namics of [Kee95], we need to assume that G, = 0, that is, government expenditures
are zero. In Chapter |8 we will see another form of government expenditure that re-
spects the non-negative consumption constraint. As before, consumption is implicitly

determined, this time by investment and government expenditure,

C=Y—-1-G.=Y[1l—k(r)— g (2.20)

Once more, we follow Goodwin’s [Goo67] steps, and arrive at the following differ-

ential equations for w, A, and dj:
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w=w[P(A) —a]
A= {K(VW) —a—ﬁ—é] (2.21)

dy = K(r) — 7 — dy {“(:) - 5}

We are left to specify the dynamics of g, and 7. One alternative is to follow Keen
[Kee95], who proposes non-linear functions that drive GS and T proportionally to
Y. In Chapter [8 we extend this idea by splitting G\S and T into two variables each,
one with growth proportional to Y, and another that varies proportionally to itself.
Through this more general design, we are able to reproduce a plethora of behaviors,
including what was originally proposed by Keen [Kee95].

In any case, it is straightforward to see that the interaction between the gov-
ernment debt d, and the primary variables (w, A, di, g, 7) is unilateral: one does not
need d, to determine the value of the remaining variables. For this reason, even if
we consider that the government expenditure (excluding subsidies) is non-zero, the
dynamics of (w, A, d, g, 7) are not affected. On the other hand, determining d, now
requires the knowledge of g., which is specified in a way that guarantees non-negative

consumption.
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Chapter 3

Goodwin Model

Ever since its introduction in 1967, the model developed by Richard Goodwin in
[Goo67] has been heavily studied and extended. Its importance is due perhaps to
the fact that it pioneered the field of macroeconomics with endogenous economical
cycles, whereas most models had so far relied on exogenous shocks to produce the
same effect.

By adopting the Lotka-Volterra equations of population dynamics ([Lot25] and
[Vol27]), Goodwin proposed one of the first and most elegant formulations of Marx’s
theory of class struggle. Indeed, the inspiration is evident: when profits are on the rise,
investments will follow, adding more jobs to the economy and, in consequence, giving
more bargaining power to the labor force. The workers will, in turn, demand higher
wages, depleting the capitalists’ surplus, which will lead to more frequent layoffs. The
labor force will have less bargaining power, becoming more susceptible to reducing
their wages, thus increasing profitability, and starting a new cycle.

In this chapter, we review the model under a minor modification, we introduce an
exploding Phillips curve in order to bound the employment rate from above by unity.
Moreover, we derive the solution in terms of a Lyapunov function, and illustrate the

general behaviour through examples.
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3.1 Mathematical formulation

We start with a model for wages and employment proposed by Goodwin [Goo6T].

Consider the following Leontief production function for two homogeneous factors

K(1)

Y () = min { ,a(t)L(t)} . (3.1)

Here Y is the total yearly output, K is the stock of capital, v is a constant capital-to—
output ratio, L is the number of employed workers, and a is the labor productivity,
that is to say, the number of units of output per worker per year. All quantities are
assumed to be quoted in real rather than nominal terms, thereby already incorporating
the effects of inflation, and are net quantities, meaning that intermediate revenues and
expenditures are deducted from the final yearly output. Let the total labor force be
given by

N(t) = Nye" (3.2)

and define the employment rate by

At = % (3.3)

Furthermore, let the labor productivity be

a(t) = age™. (3.4)

where o and [ are constants. Finally, assume full capital utilization, so that

Y(t) = = a(t)L(1). (3.5)

In addition to (3.1)—(3.5), Goodwin makes two key behavioral assumptions. The

first is that the rate of change in real wages is a function of the employment rate.
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Specifically, denoting real wages per unit of labor by w, Goodwin assumes that
w=®(\)w (3.6)

where ®()) is an increasing function known as the Phillips curve. The second key
assumption is known as Say’s law and states that all wages are consumed and all

profits are reinvested, so that the change in capital is given by

K=(Y—wL)— 6K = (1 —w)Y — 6K (3.7)

where ¢ is a constant depreciation rate and w is the wage share of the economy defined

by
o w(t)L(t) B w(t)
A= I~ )

It then follows from ({3.5)) and (3.7]) that the growth rate for the economy in this model

(3.8)

is given by '
Y 1—-w
vy="5 " 0= p(w). (3.9)

Using (3.4)), (3.6) and (3.8), we conclude that the wage share evolves according to

Yl -a (3.10)

Similarly, it follows from (3.2)), (3.3), (3.4) and (3.9)) that the dynamics for the em-

ployment rate is . _ _
A Y a N 1-w
A Y a N v
Combining (3.10) and (3.11)) we arrive at the following two—dimensional system of

—a—p-4. (3.11)

differential equations:

w=w[P(\) —q]
: 1—w (3.12)
A=A

—a—fB-90

14
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3.2 Properties

In Goodwin’s original article [Goo67] the Phillips curve is taken to be the linear

relationship

D(N) = —g + D1, (3.13)

for positive constants ¢g, ¢, so that the system (3.12)) reduces to the Lotka—Volterra

equations describing the dynamics of a predator w and a prey A. Provided

%—a—6—5>0, (3.14)

it is well known (see for example [HSD04]) that the trivial equilibrium (w, A) = (0, 0)

is a saddle point, whereas the only non-trivial equilibrium

(W, \) = (1—u(a+ﬁ+5),

@ ‘bo) (3.15)

$1

is non-hyperbolic. Moreover, solution curves with initial conditions in the positive
quadrant are periodic orbits centered at (@, \).

One obvious drawback of the model is that is does not constrain the variables
w and A to remain in the unit square, as should be the case given their economic
interpretation. At a later stage, we will drop Say’s law as an assumption and replace
(3.7) with a more general investment function allowing for external financing in the
form of debt, giving rise to the Keen model [Kee95]. Accordingly, the wage share of
economic output can exceed unity, so there is no need to impose a constraint on w.
The employment rate A, however, still needs to satisfy 0 < A(t) < 1 for all times.
As shown in [DHMPOG] this can be achieved by taking the Phillips curve to be a
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continuously differentiable function ® on (0, 1) satisfying

®'(A) >0 on (0,1) (3.16)
8(0) < (3.17)
Alir?_(ID()\) = 00. (3.18)

It can then be verified again that (w,\) = (0,0) is a saddle point and that the non—
trivial equilibrium

@A) =(1-v(a+B8+06),2 (a)) (3.19)

is non-hyperbolic. Using separation of variables and integrating the equation for
d\/dw, we find that the solution passing through the initial condition (wp, Ag) satisfies

the equation

*a(s)

1 1 A
(——a—ﬁ—é) logi——(w—wo):—alog—jt/ ds. (3.20)
1% Wy 1% >\0 A

It follows that

0

Viw,\) :/wx_wdm—l—/:\wdy (3.21)

VT Y
is a Lyapunov function associated to the system. In fact, V(wp, \g) is a constant of
motion, since
av -

' AN = .22
o =YV (@A) =0, (3:22)

so that solutions starting at (wp, Ag) € (0,00) x (0,1) remain bounded and satisfy 0 <
A < 1 because of condition . Moreover, conditions and guarantee
that the right-hand side of has exactly one critical point at A = ®~'(a) in
(0,1), so that any line of the form w = p intersects it twice at most, which shows
that the solution curves above do not spiral and are therefore closed bounded orbits
around the equilibrium (@, \).

Unsurprisingly, the growth rate for the economy at the equilibrium point (@, A) is
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given by

w@) = —s=atp, (3.23)

which is the sum of the population and productivity growth rates.

3.3 Example

We choose the fundamental economic constants to be
a=0.025, =002 6=001, v=3 (3.24)

and, following [Kee95], take the Phillips curve to be

2 =5 i’slw — ¢o, (3.25)

with parameters calibrated according to
®(0) = —0.04 O '(a) =0.96 (3.26)

so that A = 0.96, and equations (3.16)(3.18) are satisfied. It is then easy to see that

the trajectories are the closed orbits given by

. 1 A 1— A A=A
(;—a—ﬁ—é) log = — () = (6r-00-0) log -0 log T—+0» ((1 - Ao>>

around the equilibrium point

(@, \) = (0.8350,0.96) (3.27)

as shown in the phase portrait in Figure for specific initial conditions (wg, Ag).
The cyclical behaviour of the model can be seen in Figure 3.2] where we also plot the
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total output Y as a function of time, showing a clear growth trend with rate
(@) = 0.045 (3.28)
but subject to the underlying fluctuations in wages and employment.

W, = 0.9, )\0 =0.9, Y0 =100
1 T

0.98 - N

0.96 - N

< 0941 -

0.92 - N

0.9 —

0.88 ! |
0.7 0.75 0.8 0.85 0.9 0.95 1

Figure 3.1: Employment rate versus wage share in the Goodwin model

3.4 Criticisms and extensions

The Goodwin model has been extensively criticized for its structural instability, in
the sense that small perturbations of the vector field in change the qualitative
properties of its solution. Most of the literature proposes some extension producing
a structurally stable limit cycle to address this issue, for example [Med79], [Sat85],
[DN8g|, [Chig0], [FK92], [Spo95], [EMI8| and [MFO1]. In particular, Desai [Des73]
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Figure 3.2: Employment rate, wages, and output over time in the Goodwin model

shows that expressing wages in nominal rather than real terms (as is common in the
literature related to the Phillips curve) turns the non-hyperbolic equilibrium into a
stable sink with trajectories spiraling towards it, whereas relaxing the assumption
of a constant capital to output ratio v leads to two non-trivial equilibrium points.
In a different direction, van der Ploeg [vdP85|] shows that introducing some degree
of substitutability between labor and capital in the form of a more general constant
elasticity of substitution (CES) production function also leads to a locally stable equi-
librium, whereas Goodwin himself [Goo91] showed that allowing labor productivity
to depend pro-cyclically on capital leads to unbounded oscillations, and the relative
strength of both effects were analyzed by Aguiar—Conraria [ACOS].

These and other extensions are reviewed by Veneziani and Mohun [VMO06], where
it is argued that instead of being a shortcoming, the structural instability of the

Goodwin model can be used to analyze the “factors that determine the fragility of
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the basic mechanism”. Not only they claim that “structurally stable models do not
necessarily represent more satisfactory formalizations of Marx’s theory of distributive
conflict”, but also continue “its structural instability is an extreme picture of the
fragility of the structure of the symbiotic mechanism regulating distributive conflict”.

Under this interpretation, the proposed extensions also help to explain the poor
fitting of the original model to data as reported by Solow [Sol90] and Harvie [Har00],
with structural changes being responsible for the observed long run phase portraits
for (A, w), which shows an overall tendency towards cycles, but nothing resembling
the closed trajectories implied by the Goodwin model.

Turning to the realm of stochastic dynamical systems, we introduce a stochastic
extension of the Goodwin model in the next chapter. By adding a random noise to
the productivity dynamics, we explore a variety of properties and concepts foreign to

deterministic systems, and not discussed thus far.
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Chapter 4

Stochastic Goodwin Model

In this Chapter, we will introduce a stochastic extension of the Goodwin model dis-
cussed in the previous Chapter. Rather than the economic interpretation of the pro-
posed extension, we believe that the tools developed here are the major contributions
to the field. Notions such as stochastic orbits and perturbation analysis will certainly
be ingredients of a more ambitious project where one considers stochasticity in a fully

developed Minsky model.

4.1 Introduction and mathematical formulation

Unlike what we had in the Goodwin model, let us consider a growth rate of productiv-
ity a which is not constant, but heterogeneous among the total labor force. We claim
that the effective growth rate of the productivity should depend negatively on the
level of employment. To understand why, imagine an economy close to full employ-
ment. The effective growth rate must be close to the average among the entire labor
force, as there can only be a few workers left out. On the other hand, consider the
opposite extreme: an economy where most of the labor force is unemployed. In such
situation, the turnover of the employed workers must be at its maximum, thus the set

of employed workers will compromise a different quality of workers at each instant of
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time. We can then expect to witness a wild fluctuation of the effective growth rate of
productivity. In any situation in between, we should expect such variations to settle
down as the employment rises. For this reason, we propose the following dynamics
for productivity

da; = arday = ay (adt — v(A)dWy) (4.1)

where v(\) is the volatility term, which we will assume to be a non-negative and
decreasing function of A satisfying v(A\) = 0. The negative sign accompanying the
stochastic term was arbitrarily adopted simply for convenience. Here, W; is a one
dimensional Brownian motion defined on a filtered probability space (2, F,F,P) where
the filtration F = (F;);>0 satisfies the usual conditions [Shr04].

Following the same definitions as in the Goodwin model, —, —,

and using [t0’s formula, we arrive at the following stochastic dynamical system

dw; = w; [((I)()\t) —a+ U2(>\t)) dt + U(/\t)dm/t} (4.2)

dhe = N [(plwr) — = B+ 02 (Ny)) dt + v(N\)dW,]

where p is defined just like (3.9) as p(z) = I_Tz — 0, and represents the growth rate
of the economy. Observe that the Dynkin operator associated to (4.2)) applied to any
function f(t,w,\) € C*1(D x R,) is

0 0
Lf= ajtc %[Cb()\)—a+02()\)}+)\a—§[ (W) —a—B+v*(\)]
1 a2f a2f an (43)
TN | N e T 2500

We propose to study a specific case of this system by assuming a unique root to

the deterministic part of the latter.

Assumption 1. We assume a unique non-trivial equilibrium point (0,0) # (W, \) €
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D :=(0,+00) x (0,1) to the deterministic system

W = wy [B(A) — a + 02 (\)]

| (1.4)
)\t = )\t [[L((Ut) — O — /6 + /U2(/\t)j|
given by ®(\) — a + v2(\) =0 and & := p~ ' (a + 8 — v2(N)).
Remark 4.1. If we take the function ® as (3.25), and the function v(\) as
v(\) = o(1 —\)? (4.5)

then Assumption [I] translates into the following bound for o

0§0<min{\/a—l—¢0—gb1;oé+—\/£o} (4.6)

Based on Assumption [I} we define the potential function

V(. \) = Ta(w) + Th(N) 1= /fwdm/;wdy (@7

w

as an extended version of (3.21]) (if v = 0, we recover the original Lyapunov function).
Remark 4.2. Taking the functions p, ® and v as they were defined in (3.9)), (3.25)

and (4.5)), we obtain

According to [Khal2], a sufficient condition for our stochastic differential equation
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to have a unique global solution given any initial value is to require that the functions
® and p are globally Lipschitz. As our choice of ® explodes when \ approaches 1, we

need an alternative. This is the purpose of the next assumption.

Assumption 2. There exists two constants ki, ks such that, for all (w,\) € D,
— wi (W) — p(w) < Vi (W) + ky and v2(\)D'(N) < k1 Va(A) + ks (4.10)

Remark 4.3. Notice that the inequality with pu is readily satisfied for the function
(13.9). The other bound concerns both ® and v, and ensures that A; < 1 almost surely.

We need one last assumption before we dive into the analytical results. It concerns

the magnitude of the volatility term.

Assumption 3. The volatility term is such that v*(X) < v2(0). This seemingly arbi-
trary assumption is easily achieved, and will be useful when determining the behaviour

of the system close to the origin.

Based on Lyapunov techniques, and flavors of Theorem 2.1 from [MMRO2], we
prove existence and uniqueness of a regular solution in D. For such, we require con-
ditions similar to those of Theorem 3.4 from [Khal2], which are recalled in Appendix

[A] for convenience.

Theorem 4.1. Provided Assumptions[l] and[q hold, and assuming that (3.16])—(3.18),
there exists a reqular solution (wg, \¢)i>o to system (4.2)) starting at any point (wg, Ng) €
D. Moreover, the solution is unique up to P-null sets, has the Markov property, and

remains in D with probability one.

Proof. The local Lipschitz growth and sub-linearity conditions of the coefficients of

the system on every compact subset included in D follow from the continuous dif-

ferentiability of the function ®. We are left to check conditions (A.8) and (A.9)) in
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Theorem of Appendix . Applying the Dynkin operator defined in (4.3) to V we
get

The first term is non-positive, while the second term is bounded from above by
%UQ(X) [@(X) — @(O)} and decreases to —oo as A goes to 17. Condition provides
the bound for third term since |A| < 1, and also the bound for the last line, as
the function v is bounded. Altogether, there exist constants ki, ks € R, such that
condition holds for V. Tt is also clear from separation of variables in V that

inf - V(w,A) =V(\) 4+ inf Vi(w)=Vh(\) (4.11)

w€[0,400) w€[0,400)

and tends to infinity when A goes to 1 or 0. We also have infy¢o1) V(w, A) going to
infinity as w goes to 0 or +00. Condition (A.9) is then satisfied, which allows to apply
Theorem [A.2 O

The next theorem states the divergence of system (4.2)) in the path-wise sense. It
relies on another result of [Khal2], which is recalled in Appendix [A] as well.

Theorem 4.2. Let (wy, \) be a regular solution to (4.2)). In addition to the require-
ments of[Theorem 4.1], suppose that Assumption[3 holds as well. Then for any & € Q,

(wi, M) (&) cannot converge with time to any point (w, \) in the closure of D, ast — oo.

Proof. We will prove this result in three steps, for points in D first, then for the origin,
and last for points belonging to its boundary.

1. For any point (w,A) # (@, \) in D, we have either A [u(w) — a — B + v3(A)] # 0
or w[®(\) — a+ v*(\)] # 0. Then by the continuity of the functions p and @, there
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must exist a neighborhood B C D of (w, A) such that
min(mgx(ﬁwt), mgx(—ﬁwt), mgx(ﬁz\t), mgx(—ﬁ/\t)) < —€ (4.12)

for some small € > 0. We can then find function W (z,y) defined in D (such as z,
K —x, y or K —y), yet non-negative in B, such that LW < —¢ in B.

We then apply Theorem of Appendix [A| and obtain that if (w, \;) = (w, A)
at some arbitrary time ¢ > 0, then it must almost surely leave the region B in finite
time.

Otherwise, at the point (W, X), we have

-~ ~ 1 oo~ [~ o~

LV(@,2) = 50N [A(I)’()\) - wu’(w)] >0 (4.13)

Using the same argument, we get that the process exits a small region around
(@, ) in finite time almost surely.

2. Take now (w, A) = (0,0). We shall demonstrate that there exists a ball around

this point that must be exited in finite time almost surely. To see why, let’s look at

the Dynkin operator applied to V at (0,0)

LV(0,0) = E&(O) - ﬂX)} [@(0) — () + (@) — M(O)} (4.14)

which is strictly negative under Assumption [3] Continuity implies the existence of
a ball around (0,0) with LV < 0 inside it, while Theorem m provides the almost
surely finiteness of its exit time.

3. Finally, for some d > 0 smaller than the radius of the ball obtained in step 2,
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define the regions

Rp =10,400) x [0,d] (4.15)
Ry =[0,d] x [0,1] (4.16)
Ry =10,+00) x [1 —d, 1] (4.17)

with the corresponding stopping times

TRy, =inf{t >0 : (w, \t) € Rp} (4.18)
Tr, =inf{t >0 : (w, \r) € R} (4.19)
Try =nf{t >0 : (w;, \) € Ry} (4.20)

We wish to prove that each of these regions is exited in finite time almost surely,
that is, the boundary of D cannot attract solutions indefinitely. Using the Markov
property of the solution, we will consider a starting point in each of these regions and
seek to prove that each corresponding stopping time is finite almost surely.

For the first region, we look at the Dynkin of w > 0
Lw=w[P) —a+v*N)] <-Mw<0 (4.21)

where M = maxp, [P(A) — a +v*(A)] < 0. Therefore, if we restrict ourselves to
w > ¢, for any € > 0, we have through Theorem that every region Rp N{w > ¢}
must be exited in finite time almost surely. However, Doob’s martingale convergence
theorem (DMCT henceforward) on the non-negative super-martingale w; guarantees
that winr,  converges point-wise to some random variable w. Assuming by contradic-
tion that 7g, is infinite in a set of positive measure, we can pick a § € {7g, = +0o0}
and see that the solution linked to this random state must converge to a point in
{0} x [0,d]. This is, according to step 2, not possible. We have thus obtained our

contradiction, which implies that 7z, < 400 almost surely.
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For the second region, use the function 1 — A\, with
LO-N) = -A[pw) —a—B+v* W] € -Auld) —a—Fl <0 (422)

Restricting ourselves to A > &, we see that every region Ry N {\ > ¢} must be
exited in finite time. With exactly the same argument as before, we find that 75z,
must be finite almost surely.

Finally, for the third region, consider the function w=2, with

1
L™= 2w 2 |[B(N) —a — 5v?(A) < —2w7m <0 (4.23)

where m = ®(1 — d) — a — $v*(1 — d) > 0. Restricting ourselves to w < 1/e we
obtain through the same argument as previously that either the region is exited in
finite time almost surely or w explodes to +00. As the latter would defy existence,

we have finished the proof. m

Remark 4.4. Notice, quite importantly, that we do not prove that the region
RpURpU Ry is exited in finite time almost surely. Instead, we show this property for
each of these regions individually. Conveniently, this will be sufficient for the analysis

that follows.

One could also be interested in the departure from the deterministic model ([3.12]).
The next result provides a probabilistic estimate of the time it takes for the process

V(wt, A¢) to exit a ball around V(wg, \g), where V' is the Lyapunov function defined
in (3.21).

Theorem 4.3. Let (wi, \i),5q be a solution of system (4.2)) with initial condition
(wo, Ao) € D. For any €& € Q and t > 0, we define the quantity Vo := V(wo, Ao) and
ei(&) == V(we(€), M(&)) — Vb, along with the stopping time

7.(§) :==inf{t >0 : |e:(&)] > ¢} (4.24)
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for any 0 < c < Vy. We then have the following estimate

(4.25)

Plr. > B (0] > (1 . fz(VO’C))

2
with Be(t) := %R(‘/[), )t + ('t for two constants R and I depending only on Vi and

C.

Proof. Applying [t6’s formula to e;, we find

de, — %Um) [1(@) — () + B) — B(N) — wpt () + AD/(N)] dt

(4.26)
+o(N) [1(@) = p(w) + 2(A) — (V)] dW,
Define the martingale by
1 /[t _
M, = 7i / v(As) [p@) — plws) + ®(N) — ®(N)] dWs  for t >0 (4.27)
0
with My = 0, along with the F, -measurable set, for any ¢ > 0
A= {§ €Q: sup |My(¢)| < C} (4.28)
0<t<re

Notice that for ¢t and £ € Q such that t < 7.(¢), we have that (w, \) € E(Vp,¢) :=
{(w,\) € D : |[V(w,\) — V| < c¢}. With this in mind, we define the finite quantities

R(Vo,c):=  max v(y) (@) — pw) — wi'(w) + A'(X) + 2(A) — 2(N)] (4.29)
I(Vo,0):=  max v(\) (@) — pw) + 2(X) — 2(X)) (4.30)

(w,\)EE(Vp,c)

We can find the probability of the event A, by first using conditional probability

and then following with Doob’s martingale inequality for the absolute value of the
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cadlag modificationl] of M;, which is a sub-martingale that agrees with |M;]| for all

t > 0, namely

]P)[AC] :A OO]P) [A§|7—c = t] ch( )
1A ) — n(w)®(A) — () ds

b
/ ( %’)fu
- (- 58)

where f;, is the probability density function of the random variable 7.. At last, we

Te = t]) fn-(t> dt

(4.31)

can integrate de; to find the estimate, valid for any € € A, and t < 7.(§)

m<n<1/ D (@) — alen) — ot (w02) + M (A) + BN — BV ds
\/‘ ) + B0\ — (V] dW,

1R<vo, Ot + (Vi = Buc(t)

[\]

(4.32)

Finally, since B, (t) < c for t < B;CI(C), we have that for £ € A, 7.(€) > B;g(c),
which leads to

Blr > B2A0)] > Plr > B (O|A,] PIA,] > (1 - #) (4.33)

n spite of the process |M;| being discontinuous at t = 0, we can still verify through Chebyshev
inequality that

P i 1M1 = ] = PUZ1 = ol < Ve (21 (ho/€)? = (ol <P < (V0

where hg is in the integrand in (4.27), and Z ~ N(0,1) is a Gaussian random variable.

38



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

finishing the proof. [l

The interpretation of Theorem is that we can, for a given confidence level,

bound the growth of the solution in terms of the Lyapunov function (3.21]).

4.2 Stochastic orbits with recurrent domains

Along the spirit of Theorem [4.2] we have no hopes of obtaining periodicity for the
the stochastic system (4.2). In this section, we will address this issue by proposing
a convenient and intuitive alternative, the notion that solutions must almost surely

transition amongst regions that cover the domain D indefinitely.

Definition 1. Let & € Q denote a random state, while (wy,, As,) Tepresents a point on
the line L connecting the origin and (@, \), that is, wy, = %)‘to while Ay, € (0,1). As
well, define 6,(€) as the angle from the vector {wy, —@; Ay — A} to the vector {w,(€) —
D M(€) = A}, in clockwise direction. We define a stochastic orbit as the solution

(we(&), Ae(€))sefto o)) Of the system ([4.2)), where T(§) = inf {t > to: 0,(£) = 2m}.
The stopping time T(§) is called the period of the stochastic orbit.

Observe that the locus of the starting point was specifically chosen for a reason.
As we will see later in this section, solutions can only cross the line L in a specific

direction. The next theorem asserts the almost surely finiteness of the period.
Theorem 4.4. The period of any stochastic orbit is finite almost surely.

The rest of the section is devoted to prove Theorem [4.4] In order to achieve that,
we define regions (R;); of the domain D := (0, 4+00) x (0,1), illustrated by Figure [4.1]
and prove that the system exits each of them in finite time, transitioning in some
appropriate direction.

Consider the concave decreasing function on R

flw) =2 (u(w) = B) (4.34)
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1
R7 RB
0.9 Rl 4
RG
0.8
0.7 B
0.6 B
< 0.5 RS —
0.4 R3 R2 -
0.3 B
0.2~ R4 B
0.1 B
0 1 1
0 0.5 1 15

Figure 4.1: Domain D and its covering by (R;);=1.s. Since f(0) < land y =11is a
vertical asymptote of ®, this corresponds to the general case, where x = 0 is possible
on R;.

We also introduce the process p := (p;)i>o defined by p; := A;/w, which is a finite

variation, F-adapted process with dynamics

dpr = pr (p(w) = 5 — ©(N)) dt = p, (B(f(w)) — B(N)) dt (4.35)
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Define p := \/@. We divide the domain D in 8 sets:

4

Ry:={(w,\) €D : A>Xand \w < p}
Ry:={(w,\) €D : flw) <A<}
Ry={(@N) €D : A< f(w) and w >3}
D—CJRi with Ry :={(w,\) €D : wgo:uand A w §~ﬁ} (4.36)
i=1 Rs:={(w,A\) €D : X< Xand Nw > p}
Re:={(w,\) €D : X< X< f(w)}
Br= (@A) €D : A> f(w) and w < 3}
\ Rs:={(w,\) €D : w>wand \w > p}
Remark 4.5. Notice that
8 8
(NRi=@\and | JRi=D. (4.37)

i=1 i=1

Moreover, A= f(@). We also emphasize that U(X) # 0, so that around the point

(W, A), the system locally behaves like a diffusion on the plane, which implies, along

Theorem that
P [(wt, A) = (@, \), for somet >0 =0 VY(wp, \o) € D. (4.38)

Accordingly, we have that this particular point is almost surely never reached,
implying that, a priori, a solution can only leave a region R; to one of its neighboring
regions IR;, where

mod(i £ 1,8 ife>1
Jj e t ( )} (4.39)
{2,8} ifi=1

According to Theorem any solution of system (4.2)) is a Markovian process.

We can thus equivalently treat a time translation as a different initial condition for
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the system. We define, for (ws, As) € D the stopping times

Ti(ws, As) :=1nf{t > s : (w,\¢) € R}, i=1,...,8. (4.40)

as the first-entry time to each region R;. The dependence in s is implied in the above
formulation, yet we shall be exempt of any ambiguity in the proofs below: 7;(w, \)
is a short notation for 7;(wo, Ag) with (wg, Ag) = (w, A). Our first proposition will be

extremely useful in the proofs of the proceding results.

Proposition 4.1. Define

o(w,\) == : — g (4.41)
and
F.(z) = tan (tan™" (z) + tan~'(c)) (4.42)
for any ,
ce (0, <ﬁ+ %) > (4.43)
where
M = max Mw—0) [pw) —a — Bl —wA =X [®(A) —a] >0 (4.44)

(w,\)€e[@,@]x [\
m = min _ wwv*(\) >0 (4.45)
(w,\)E[@,@] X[\,

are finite constants. Then we have that the process

F. o o(we, Ar) (4.46)
is a super-martingale in S, :== D\ {p < p(w, ) < %}
Proof. Denote g = o(wy, At), Awy := wy — W, and AN := Ay — . Our goal is to prove

that the Dynkin operator applied to the function F. o g(w,\) is non-positive in the
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region S.. We can apply [t6’s formula to o; and obtain

d)\t A)\t U2(>\t) A)\t 2
do; = — d ——wi — WA | dt . 4.4
& Awt (Awt)Q i + (Awt)Q Awt Wt Wi ( 7>
Then, noticing that F.(g) = (0 + ¢)(1 — oc), we get
dF,(0;) = Ry P d (o) (4.48)
C Qt - (1 . th)z Qt 1 . th Qt .
Dropping the redundant ¢ subscripts, we have explicitly
21— oc)’ _ 3 2
(Aw) WLFC = (Aw)’X [p(w) — a = B+ v*(N)]
— (AN (Aw)’w [P(N) — a + v*(N)] (4.49)

2 ~_ 5 ¢ =)
+ v*(N) [w(Aw) </\w Aw) + 1~ o0 ()\w )\w> }
Besides, note that  +— 1/(z — o) is monotonically decreasing for = € (—o0, p) and
x € (0,+00). Therefore, as ¢! > p, and ¢ & [p, c”!], we have

c 1 _ 1 W(Aw)
l—oc cl=0 XNE—p Iw—0oA

(4.50)

in the region S, so that we can further bound LF, by

=t

2(\) (Aw

LF, < MAw) [p(w) —a = B4+ v*(N)] = w(AN) [2(N) — a + v* (V)]
- — )@)
=\

(Aw) [(w) — o = ] = w(AN) [2(}) —
<0 in D\ [w,@] x [\, )]

(4.51)

Which proves the desired result in the region S, \ [@,%] x [A, A]. We are left to

show the same in the rectangle [©,&] x [\, A] C S.. In order to accomplish that, let
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us rewrite (4.49) as

(A@?%MG = M [p(w) — @ — B+ v (V)] — wAN [(N) — o+ v2(N)]

1+

o—c!
(4.52)
Since ¢ < 0 in the rectangle, g%_@ <1, thus
o (1= oc)?
(Aw) WﬁFc < MNw [p(w) — a — ] = wAXN[P(N) — ]
+v%(\) [/\Aw —wAN+ <)\ —w (1 —@—F&))}
c
= Mw [p(w) — a = ] —wAX[P(N) — ] (4.53)
1
—wovlN [ = =5
) (1 - 7)
1 . ~ =
SM—m(E—p) <0 in [0,0] x [A, A
For any c satisfying (4.43]) which finishes the proof. ]

The next proposition provides the most straightforward result.

Proposition 4.2. Take (wp, A\o) = (w,A) € Ry. Then, Pr5(w, \) < 77(w, )] = 0.
Similarly, for (wo, A\o) = (w,A) € Rs, P[14(w,A) < 13(w, \)] = 0.

Proof. This is a direct consequence of the absence of Brownian motion in p. Take
(wo, Ao) € Ry. Then on [0, 73(wp, Ag)], the process p is non increasing P — a.s., meaning
that Rg cannot be reached without first crossing region R;. The other side is similar.

[]
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Remark 4.6. Note that the whole proof works even if 7; = 400 for any ¢ involved.

Notice also that Proposition implies that if (wg, A\g) € Ry, then
TQ(UJ(), )\0) < 7'3(&)(), )\0) < 7'4((4}0, )\0) < T5(Ld[), )\0) P — a.s. (454)

and that if (CU(),)\()) € R5, TG(WQ,)\Q> < 7'7((4}0, )\0) < TS(CUQ,)\Q) < 7'1((,00, )\0) P—a.s.. As

well, observe that the definition of a stochastic orbit was inspired by this result.

In the following proposition, we use results of sections 3.7 and 3.8 in [Khal2] on

recurrent domains.
Proposition 4.3. Take (wo, o) € R1. Then P [1(wo, Ag) < +00] = 1.

Proof. To show that 75 < 400 P — a.s., we apply Theorem m to the function v/\,
for which we have v\ > \/X > 0, and

LVA= %\/5 pw) —a—5+2v2()\) < __\/XZQW
S—@<O Vw > @,A > A

(4.55)

The theorem guarantees that (w, Ar) leaves R in finite time, and this is only

possible via Rs. O

Proposition 4.4. Take (wo, \g) € Ry U R3. Then P [11(wo, Ao) A Ta(wo, Ag) < +00] =
1.

Proof. Applying Ito’s formula to y/w, we find that

L/w = %\/5 P(N\) —a+ %02()\) < ——\/&;(A)
. (4.56)

<0 Yo>O,A<A
Resorting to Theorem once more, we obtain the desired result that the region
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Ry U R3 is exited in finite time P — a.s., which translates into the statement of this

proposition. O

The next couple of propositions deal with the opposite situation, concerning re-

gions on the left of A\/w = p.
Proposition 4.5. Take (wo, o) € Rs. Then P [16(wo, Ao) < +00] = 1.

Proof. Define the sequence of regions {B,, },en through
B, = Rs N {\>k/n} (4.57)

where k£ > 0 is small enough such that (wg, \g) € By. Applying It6’s formula to the

function VA — A gives us

£ X—A)——Q\/% {)\ 1) = a = B+ 2] + 57— (Y)
N
<5 (\) (4.58)
<l B e®<0 vwyes,

while £( X — A) <0 in Rs. DMCT implies that there exists the point-wise limit

lim ( P /\) . (&) = < X— A)m (€) (4.59)

for all £ € Q. In addition, Theorem [A.3] guarantees that every set B, is exited in
finite time P — a.s.. As consequence, if § € {75 = 400}, we have that \§) — 0,
and consequently w;(§) — 0 as well. As Theorem states, however, this is a

contradiction to the very existence of the solution. O]

PI'OpOSitiOH 4.6. [f (Cdo, )\0) € RG U R7, then P [T5(Ld0, )\0) VAN Tg((.(.)g, )\0) < —|—OO] =1.
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Proof. Define the sequence of regions { B, },en through

B,=RsUR;N{\<1—Fk/n}N{w>k/n} (4.60)

where k£ > 0 is small enough such that (wp, A\g) € B;. Applying It6’s formula to

VW — w, we find that

L(Vw—w)= —2\/% w @) —a+v*(N)] + }l&w_ wv2(>\)
<5t (461)
1 k2

(1—k/n) <0 Y(w,\) € B,

<
= TR nni — k)2t

while £(vV@w —w) < 0 in Rg U R;. DMCT implies that there exists the point-wise
limit

lim ( i w)tm (€) =: ( i “>oo () (4.62)

for all £ € Q, where we use the notation 755 = 75(wo, Ao) A Ts(wo, Ag). In addition,
Theorem guarantees that every set B, is exited in finite time P — a.s.. As conse-
quence, if £ € {755 = +00}, we have that either w;(§) — 0 or \,(§) — 1. Either way,
according to Theorem [4.2] we have a contradiction. O

Remark 4.7. With exactly the same argument, yet applied to the function
V/p~! —w, it is possible to show that the region Rg U R; U Ry is exited in finite

time P — a.s., which implies that 7 A 75 < 400 P — a.s..

So far we have obtained that once in R; (or rather in Rj), one must exit to Ry
(Rg), and subsequently move to Ry U Ry (alternatively, R5U Rg) in finite time P —a.s..
Hence, we cannot conclude thus far that the region R, (Rs, respectively) will be
reached almost surely in finite time. To remediate this situation, we provide a direct

proof of these statements inspired by ideas present in the proof of Theorem 3.9 of
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[Khal2]. The key insight is that if the process alternates between regions R; and Ry

(or Rs and Ry) indefinitely, then we arrive at a contradiction that defies existence.
Proposition 4.7. Take (wo, \g) € R1 U Ry. Then P [3(wo, o) < +00] = 1.

Proof. 1. Let (v,)n>0 be a sequence of stopping times defined by vy = 0 and
vy c=inf{t > v, 0 N = \ or (Wi, At) € Rz}, n>1. (4.63)

By construction, if for some n > 1,(w,,, A\, ) € Rs, then v, = v, for all k > n.
Following Remark [4.6, Proposition and Proposition [£.4] v, is almost surely
finite for all n > 1 and {73(wo, Ao) = +00} C (51 { N, = X

We make the following claim
Jim () =0, V€ € {ra(un, ho) = +o0} (4.64)
to be proved in step 2 below. Assuming this holds, we immediately get
P [rs(wo, Ao) = +00] < P [limw,, = +oo] —0 (4.65)

2. Our goal is to show that for all & € {r3(wo, \g) = +00}, pi(§) converges to 0
(path wise). From DMCT on the non-negative super martingale pia.,, we know that
there exists the random variable p(§) = limy_, 1o p(§) for € € {m3(wp, Ao) = +o0}.
Assume by contradiction that p.(§) > 0 for some £ in a subset £ C {73(wp, \g) =
+00}.

Define the F_-measurable random variable

t
lim / Lp(es(€)~-(0s(€)) <~} d5 = Ce(€) (4.66)
0

which measures the amount of time the process (wy, A;) spends further than ¢ away
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from the boundary R, N R3. Observe that we can control the growth of p; through

dlog pi(€) = (u(wr(€)) — B — BA(E))) dE < —eLuiunie)-s-aprien<—adt  (4.67)

which gives us the following

t
log pr(€) < log(po) — 6/ L{ (s (€))—B-B(rs(€))<—2} 45 (4.68)
0

In other words, for all £ € E, we have

Cu(6) < log(po) — log(pec(§))

. < +00 (4.69)

Define now the following random times?]

: ! 1
Ca,n ;= inf {t Z 0 : / ]l{u(ws(5))—,8—<I>(/\5(§))<—a}d5 Z 05(5) - —} (470)
0

n

together with the subindices k, := inf{m : v, > (.} forn=1,2,---.
By definition, once (., has elapsed, the process (w;, ;) cannot be arbitrarily away
from the boundary Ry N Ry for more than 1/n time units. Consequently, there must

exist yet another sequence of random times s,, € (v, , vy, + 1/n) such that
—e < plws,)—PF—P(Ns,) <0 (4.71)

This immediately implies that lim, (s, — vy, )(§) = 0 for all £ € E. Reminding
ourselves that A\, = ) in E, and invoking the continuity of the process (At)i>0, we
have

lim X, (€) = X, Ve E C {rwp,A) = +oo} (4.72)

This contradicts (4.71)), if we choose ¢ sufficiently small, proving the desired result

2We refrain from using the nomenclature stopping time, as it is not applicable here. Indeed, these
random times are not F-adapted.
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that F is a P-null set. O
Proposition 4.8. Take (wo, A\o) € R5 U Rg. Then P [17(wo, Ag) < 00| = 1.

Proof. 1. Define the sequence of regions {B,}, _y through

B, =R URsN{P(\) + 0 — p(w) < —k/n}Nn{p < kn} (4.73)

where £ > 0 big enough such that (wp, \g) € Bi. One can verify that the Dynkin

operator applied to the function w/\ satisfies

L(w/A) = (w/A) [(A) = 8 — p(w)]
(4.74)

while £(w/A) <0 in Rs U Rg. DMCT implies that there exists the point-wise limit

for every ¢ € ). Moreover, Theorem guarantees that every set B, is exited
in finite time P — a.s.. As consequence, if £ € {77(wp, A\g) = +o0}, we have that
either (wg, A\r)(€) converges to the set (Rg N R7) J{0} x (0,®~(u(0) — 3)), while the
ratio (w;/A)(§) tends to (w/N)so(§). In other words, the solution (wy, \;)(£) converges
either to some point in Rg N R7 (which contradicts Theorem {4.2)), or to the segment

{0} x (0,®~*(u(0) — B)), in which case w;(§) — 0. O

Alternative proof. Let (vy)n>0 be a sequence of stopping times defined by vy = 0 and
Up = inf{t > vy + Ay =Aor (w, N) € Re}, n> 1. (4.76)

By construction, if for some n > 1,(w,,, A\, ) € Ry, then v, = v, for all k > n.
Following Remark [£.6] Proposition [4.5] and Proposition [4.6] v, is almost surely
finite for all n > 1 and {77(wo, Ao) = +00} C ()51 { N, = A}
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We make the following claim
tliglo pe(§) = +o00, V& € {T7(wo, o) = +oo} (4.77)

to be proved in step 2 below.

Assuming this holds, we directly obtain
P [17(wp, Ag) = +o0] <P [limwvn = O} =0 (4.78)

2. Our goal is to show that for all £ € {7 (wp, Ao) = +oo}, p; '(€) converges to 0
(path-wise). From DMCT on the non-negative super martingale pg\lm, we know that
there exists the random variable p!(£) = limy_, 100 p; * (€) for € € {77 (wo, \o) = +o00}.
Assume by contradiction that p!(£) > 0 for some ¢ in a subset E C {77(wp, A\g) =
+00}.

Define the F_.,-measurable random variable

t
lim /0 L {u(ws ) —s-2(r())><) d5 = Ce(E) (4.79)

which measures the amount of time the process (wy, A;) spends further than ¢ away

from the boundary Rg N R;. Observe that we can control the growth of p; through

dlog p; (&) = — (u(we(€)) = B — D(A(€))) dt < —eLipu(e)—p-a(r(e))>e}dt  (4.80)

from where we can derive the following

t
log p; (&) < log(py ') — 5/ L pu(w, (6)) - 8- (A5 (€))>e} dS (4.81)
0

In other words, for all £ € E, we have

C.(6) < log(py ') —log(p(€))

. < 400 (4.82)
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Define now the following random times

: ! 1
(e,n = inf {t Z 0 : /0 ]l{u(ws(f))—ﬁ—<I>()\5(§))>a}dS Z Cg(f) - —} (483)

n

together with the subindices k, := inf{m : v, > (.} forn=1,2,---.
By definition, once (., has elapsed, the process (w;, ;) cannot be arbitrarily away
from the boundary Rg N R; for more than 1/n time units. Consequently, there must

exist yet another sequence of random times s,, € (vg,,vg, + 1/n) such that
0 < pws,)— 08—\, <e (4.84)

This immediately implies that lim, (s, — vy, )(§) = 0 for all £ € E. Reminding
ourselves that A\, = ) in E, and invoking the continuity of the process (A)i>0, we
have

lim A, (€) = X, V€€ E C {r(wp,A\) = +oo} (4.85)

This contradicts (4.84]), if we choose ¢ sufficiently small, proving the desired result
that £ is a P-null set. O

The next proposition addresses the transition from the boundary ®(\) = pu(w)—p
to the regions R4 and Rg, and relies on a different proof for recurrence. The idea
in the following is to provide a lower bound for the probability to reach the desired

region Ry (or Rg) given a specific locus for the starting point.

Proposition 4.9. Take (wg, \g) € ReNR3. Then P [14(wo, o) < +oo] = 1. Similarly,
if (wo, Ao) € Rg N Ry, we can conclude that P [15(wg, Ag) < +o00] = 1.

Proof. 1. The proof for both statements are fairly similar. We will design the
arguments together, pointing out where the differences lie. Consider the process
F, o o(wi, Ar), as defined in (4.46)), which, according to Proposition is a super-

martingale in a set containing U?:l R; U UZ:5 R; for some appropriate c.
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Denoting 71 4 := T1(wo, Ao) ATa(wo, Ao) (alternatively 755 := 75(wo, Ao) A Ts(wo, Ao))s
we have that F. o o(Winr 4 Aiary) (Fe © 0(Winrs s Ainrs,s)) 1 still a super-martingale
in the previous region. Also, optional sampling theorem, assisted by Proposition |4.4

yields

Fe(o(wo, M) = E [Felo(wr, 4, Ary 1))
. (4.86)
=cP [Tl(w07 /\0) < T4(Cd0, )\0)] — E]P [T4(Cdo, )\0) < 7'1(&]0, /\0)]

Alternatively,

Fc(@(“O, )\0)) Z E [FC(Q(WTs,w )‘Ts,s))}

. (4.87)
= cP [15(wo, Ao) < T8(wo, Ao)] — EIF’ [78(wo, Ao) < T5(wo, Ao)]

Define M := max{F.(o(w,\)) : (w,\) € (Re N R3) U (R N R7)}, which is negative

for ¢ small enough, to obtain a uniform bound

- M
P [T4(Cd0, )\0) < ’7'1((4.10, )\0)] > % > 0, V(w, )\) € RN Rg (488)
Rather,
-M
P [Tg(tdo, )\0) < T5(Ld0, )\0)] > % > 0, V(w, )\) S R6 N R7 (489)

2. According to Propositionsand , 714 < +00 P—a.s. for (wg, Ag) € RaN Ry,
as well as 758 < +00 P — a.s. for (wo, \g) € Rs N R7. Additionally, Propositions [4.7]
and state that 73(w, \) and 75(w, A) are finite almost surely for (w,\) € R; and
(w,\) € Rs, respectively. Taking (wg, A\g) € R2 N R3 (or in Rg N Ry), we define the

sequence of stopping times 0 = ug < vg < u; < vy < Uy < vy < -+ < up < vy -ve
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through
Uy = inf{t > u, : (w, ) € R UR,URsU Rg}
Uprr = Inf{t > v, : (w, \r) € (RN R3) U (Rg N Ry) or (w, \) € Ry U Rg}

(4.90)
for n > 1. By construction, we have that once w,, = w, then the process has reached
RyURg and u,, = v,,, = v, for all m > n. Similarly, if w,, = w, then u,, = v, = u, for
all m > n. Accordingly, {m4(w,\) = +00} = Np>1{w,, # 0} for (w, \) € RiURyUR3.
Alternatively, {7s(w, ) = 400} = Np>1{wy, # W} for (w,\) € Rs U Rg U R7. The
sequence ({w,, # W})n>1 is decreasing in the sense of inclusion (up to sets of measure

zeroED, so that

P[r4(w, ) = +o0] = limP [w,, # @] V(w,A) € Ry N Ry, or
" (4.91)
Prs(w, ) = +oo] =limP[w,, #©] VY(w,\) € RgN Ry

Using Bayes’ rule, allied with the fact that up to sets of measure zero, {w,, #

w} C {wy, , # W}, we have

n n

P lwy, # &) = Plwy, # 0] [ [P [we, # lwn,_, # 0] < [[Plww, # &lwn, # )
= = (4.92)

3Strictly speaking, w = @ can also happen if the solution crosses the point (w, X), but that happens
with zero probability.
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Using step 1 of the present proof,

=

Plw,, # 0] < P71 (W5 M) < Ta(Wuy s Awy,)]

B
Il
—

IN
=

clc—M
(1 — %) \V/(wg,/\0> € RyN R, or

T
I

(4.93)

IN
=

P [wvn 7£ (:3] P [T5 (wum )\U}c) < Ty (wukv )\Uk)]

i
I

<

=

cle—M
(1 — %) V(WQ,AO) € RGQR7

3

1

Substituting this back into (4.91]), we obtain that P [14(wp, A\g) = +0o0] < lim,, (1 —

C(CCQ;JFJ‘{I))” = 0 (or alternatively that P [r5(wo, Ag) < +00] < 0), which concludes the
proof. O

The following couple of propositions finish the loop of transitions. As we un-
fortunately do not have a uniform bound on the partial transition probabilities to
work with, we develop a new technique that uses the weaker notion of convergence in

probability to achieve the desired result.
Proposition 4.10. Take wyg = @ and \g < . Then P [75(wo, Ao) < +o0] = 1.

Proof. 1. We first claim that 75 (wo, Ao) AT5(wo, Ag) is finite almost surely for (wo, Ag) €

R3 N Ry. To show this, consider the non-negative process h(w) = y/w, with dynamics

dh(w) = ~h(w) K(I)()\) —a+ %;Q(A)) dt + v(Mth] (194)

<

N — DN =

h(w) {U()\)th - in(X)dt} VA< A

DMCT implies that the stopped process h(winmar)(§) converges point-wise to
some hy(§) for every £ € €.
Moreover, consider £ € {7a(wo, Ao) A T5(wo, Ag) = +0o0} and, for any small € > 0,

define the region R. = (g, +00) x (0, A]. We can further bound the Dynkin operator
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applied to the function h(w) in R. by
Lh(w) < —=/z02(N) (4.95)

Using Theorem [A.3] we obtain that the region R. is exited in finite time P — a.s..
Since the process starting at (wp, Ag) given by the random realization £ cannot exit to
neither regions Ry nor Ry in finite time, we have that there must exist some ¢ < 400
for which w; = ¢ and \; < 6X/c~u

We now claim that h,, = 0. To understand why, suppose by contradiction that
he > 0. We could then choose ¢ = h.,/2 and obtain that there will always exist
some future ¢ > 0 for which w; = € < h, contradicting the fact that lim,w;, =
hso. As consequence, since h is a continuous bijection, and the solution must remain
confined to the region R3 U R4, we obtain that (w:(£), A\:(§)) — (0,0). According to
Theorem , this is a contradiction, from which we obtain that 75 (wg, Ag) ATs(wo, Ao) <
+oo0 P —as.

2. Next, we show that if it is possible that solutions never make it to R, then we
can successfully establish the convergence of a certain transition probability.

If we take (wp, Ag) € Re N Ry, then Proposition guarantees that the solution
reaches Ry in finite time P — a.s.. On the other hand, if (wy, \g) € R3 N Ry, by step 1
we obtain that the process leaves R3 U Ry in finite time P — a.s.. With this in mind,
we define the following sequence of stopping times 0 = ug < vg < up < v < Uy <

vg < - -+ through

Upsr := Inf{t > v, 1 wy=wor (w, \) € Rs}

Uy = inf{t > u, : (w,N\) € RoURs}

, V>0 (4.96)

By step 1 and Proposition 1.9, we have that P[u, < +oc] = P[v, < +oc] = 1.

Moreover, we have the following chain of relations

{wy,, > 0} = {(wy,, Ap,) € Ro} CA{wy, =0} ={(wo, ;s v,_,) € Ro}, Yn >1 (4.97)
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Therefore, {75(wo,wo) = +oo} = (\,5o{ww, € Ra}, while ({w,, € Ra}),5¢ is a

decreasing sequence of sets in the sense of inclusion. Altogether we get
P [75(wo, Ag) = +0o0] = lim P [w,,, > &] (4.98)
Using Bayes’ formula and (4.97)), we finally obtain for every n > 1

n n
Plw,, > @] =Plw,, > @ HIP Wy > Blwy, , > 0] =Py, > @ HIP’ Wy, > W|wy, = @]
k=1 k=1

(4.99)
Bringing (4.98) and (4.99) together, P [75(wo, Ag) = +00] > 0 implies that

ImP [w,, > &|w,, =w] =1 (4.100)

n

3. To conclude, we apply It6’s formula to the function z; := eéqﬁ@t\/@ obtaining

da, = e3" Ot /iy E (&(X) - UQ()\)> dt + % (®(\) — o +v*(N)) dt + %U()\)th

SN dW, YA < X

l\.’)|>—‘

(4.101)

where k = %UQ(X), showing that z; is a non-negative super-martingale for t € [u,, vy,].

Hence, Optional Sampling Theorem gives
E [xt/\vn |~EAun] S xt/\un (4102)
As u,, v, are finite almost surely, we have through Fatou’s Lemma that

E [z,,|Fu,] =E limt inf l"t/\un|~7:t/\un] < limtinf E [Zino, | Firu,] < limt inf x4, = Tu,

(4.103)
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or

E [ Wa,, ek(vn—un)

Fun] < \/Wur (4.104)

Denote the sigma algebra generated by w,, by G,, C F,,, so that iterated condi-
tioning yields

E [ wvnek(un—un)lgun] ) [E [ wvnek(vn—un)u:u"} |gun]

(4.105)
< E [\/ wun|gun} = \/Wauy,
and thus by picking ¢ € {w,, = w}, we find that
E [ /e (L, <0 + Lo, >3)) o, = &) < VG, (4.106)

Since /Wy, L, <zy = 0 and \/w,, 1, >z > \/Zﬂ{w(vn»@} P —a.s. foralln > 1,
equation (4.106)) implies

E [e"nl1y, ay|w., =@ <1 (4.107)
By adding and subtracting one to e*l*»=4nl we arrive at
E [(eMnmn) — 1) 1w, sy |wu, = @] <1 =P[w,, > Dlw,, = @] (4.108)
If w,, = w then \,, < X and by continuity, {v, > u,} D {w,, = @}, implying
Mon@) =@ 5 1 ve € {w,, =} (4.109)
Assuming that P [75(wg, A\g) = +00] > 0, we have that holds, implying
0 < E [(e"nnl — 1) 1y, sy [wu, = @] = 0 as n — +00 (4.110)

By the Markov inequality, we can obtain convergence in probability from the
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convergence in mean above, that is,
P [(eFonmund — 1) 1y, 53y > lwn, =@ =0 Ve >0 (4.111)

Bayes’ rule gives us that the LHS above is bigger than or equal to

P [(ek[”““"] —1) > elwy, > 0, wy, =] Plw, > @lw,, =]
(4.112)
=Plu, — up > €' |wy, > 0, wy, =@ Plw,, > ©|w,, =3

where ¢/ = k™! log (1 + ¢). Making use once more of the result obtained in step 2, we

derive the following convergence in probability of the stopping times
Plv, — u, > elw,, >0, w,, =w] =0 Ve>0 (4.113)

Observe now that if {75 = +00} =5 {wy, > W} N{w,, = w}. For { € {15 = +oo},
by the continuous mapping theorem, we must have that the solutions at consecutive
stopping times converge in probability, and that can only happen if the system overall
converges to the point (w, X), which is a contradiction according to Theorem . Thus,
we must have that P |75 = +o0] = 0. O

Proposition 4.11. Take wy = & and Ao > X. Then P [r1(wo, Ag) < +00] = 1.

Proof. 1. First, Remark implies that 71 (wo, Ag) A Tg(wo, Ag) < +00 almost surely
for (wp, A\o) € R; U Rg. That being said, we can define a sequence of almost surely
finite stopping times 0 = ug < vg < u; < v < Uy < vy < -+ through

Up =inf{t > u, : (w, ) € R URg}

n > 1 (4.114)
Upr1 =1inf{t > v, © wy=wor (w, A) € Ry}
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satisfying the following

{wy, <@} ={(wy,, A,) € Re} C {wy, =0} ={(wy, 1, 0, ,) € Rs}, ¥Yn>1
(4.115)

Meaning that if the process belongs to Rg at time v,,, then, at the previous time
Up, it must have crossed the line w = @. In turn, this implies that the process must
have been in Rg previously at v,,_; as well.

Therefore, if the region R; is never reached, is must be that at every instant v,
we find ourselves in Rg. In more specific terms, {71 (wo,wp) = +00} = (), >o{Ws, €
Rg}, while ({w,, € Rg}),5 is a decreasing sequence of sets in the sense of inclusion.
Altogether we get

P [71(wo, o) = +00] = liTanP [wy, < W] (4.116)

Using Bayes’ formula and (4.115)), we finally obtain for every n > 1

n n
P [w,, < @] =P [w,, < W] HIP [wo, < Blwy, , <B] =Py, <@ HIP Wy, < W|wy, = @]
k=1 k=1

(4.117)
Bringing (4.116)) and (4.117)) together, P[r1(wo, \g) = 4+00] > 0 implies that

ImP [w,, < @|w,, =w] =1 (4.118)
2. To conclude, we apply Ito’s formula to w?, finding that
L(w?) = 2h(w)(P(N\) — a + 3v*(N\)/2) (4.119)

Since ®(A) — o+ v2(\) > 0 for A > A, zero only if A = X, whereas v2(\) = 0 only if

A = 1, we have that £(w?) > mw? for A > X where

m:= inf 2(®(\) —a)+ 303\ (4.120)

€[N 1)
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The optional sampling theorem on z; := e~ ™w? gives us that
E [Ztnw, | Firu,) = Tinu, (4.121)
Since p,, < p2, we can apply the dominated convergence theorem to obtain
E [z, | Fu,] > 2, (4.122)

in other words

]E [wg e_m(vn_un)
n

fu}Zwi

n

(4.123)

n

Denoting the sigma-algebra generated by w,, as G,, C F,,, we have by iterated

conditioning

E [wgne_m(””_””)|gun} =FE [E [wine_m(“"_""”fun} |gun] > [w3n|gun}

(4.124)
= win
that is, by choosing ¢ € {w,,, = w}, we have
o? <E [wgne’m(”"’“")wun = EU]
(4.125)
< &QE [e_m(vn_un)]l{wvn<@}|wun = (”U] + ﬁ_Q]E [ﬂ{wUn2@}|wun = (”U]
Which implies that
0<E|(1-— e~ (Un—un) ﬂ{wv <;,}\wun =w
[( ) Lo, ] (4.126)

< (X‘1—1> 1—Plw, <@lw, =0]] >0 asn— +oo

where we have used the result obtained in step 1. We can derive convergence in

probability from the convergence in mean, that is,

P[(1—e ™) 1y, gy >elw,, =% 50 Ve>0 (4.127)
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Bayes’ rule gives us that the LHS above is bigger than or equal to

P[(1- e’m(”"’“")) > elwy, <@, wy, =& Plw, <©lw, =)

(4.128)
=P, — up > €'lw,, >0, wy, =0 Plw,, <©|w,, =]
where ¢/ = —m~!log (1 —¢). Applying once more the result obtained in step 1, we
derive the following convergence in probability of the stopping times
Plv, — u, > elw,, <W,w,, =w] =0 Ve>0 (4.129)

Observe now that if {7} = +oo} = (5 {w,, < @} N{w,, = 0} For £ €
{m = +oc0}, by the continuous mapping theorem, we must have that the solutions
at consecutive stopping times converge in probability, and that can only happen if

the system overall converges to the point (@, A), which is a contradiction according to

Theorem Thus, we must have that P [r; = +o00] = 0. O

4.3 Small volatility approximation

This section is dedicated to an in-depth investigation of the stochastic Goodwin model
when the volatility term is small. Through perturbation theory techniques, we propose
an approximation to the solution of , which can be fully solved analytically. Our
hope is that this will shed some light on the model first, before embarking in numerical
simulations.

We start by assuming that the volatility function takes small values and can be

expressed as v(\) := e¢(\) for € > 0 a small constant. We then look for solutions of

system (4.2)) of the form

wi = wo(t) + ew.(t) + O(e?)

A = Ao(t) +eXe(t) + O(e?)

(4.130)
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Observe that we can approximate the non-linear functions ® and ¢(\) as

D(N) = PN+ A + O(e%)

(4.131)
= (I)()\[)) + 5/\5(1)/()\0) + 0(82)
s(N) =¢ Mo+ A+ O
(A) =< (X (%) (4.132)
= ¢(Ao) + €A’ (No) + O(?)
while the function p is affine, so that
p(w) = p(wy) + ewept (wo) + O(?
(w) = pu(wo) (wo) + O(e7) (4.133)

= p(wp) — ew. /v + O(£?)

Using [t0’s formula in (4.130)), we obtain the following equation for dw

d(wp + ew.) = (wo + ew;) [(P(Ao) + eX®'(Ng) — @) dt + es(Ng)dW;] + O(€?)
= wp [P(Ng) — a] dt + & {[we (P(No) — @) + Aewo®' (Xo)] dt + wos(Xo)dW,} 4+ O(£?)
(4.134)

and d\

d(Xo +eX) = (Ao + ) [((wo) — a — B+ swopt (wo)) dt + es(No)dW;] + O(€?)
= Ao [p(wo) —a = B dt + & {[A: (u(wo) — a = B) + wAopt' (wo)] dt
+FX0s(A)dWi} + O(€?)
(4.135)

The fundamental theorem of perturbation theory [SMJ98| allows us to group the
terms accompanying each power of € from both sides and match them. Accordingly,

one finds that wy and Ag solve the deterministic Goodwin model (3.12)), while w., A,
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solve the following system

dw. = [we (Do) — @) + woA P (Ag)] dt + wos (o)W,

(4.136)
dhe = [Ac (W(wo) — v = B) + wehopt (wo)] dt + Xos(Ao)dWy

which is a linear stochastic dynamical system with periodic coefficients, through the

function wy(t), Ag(t). Define v. := [w., A:|T, we can rewrite (4.136)) in vector form as

du.(t) = A(t)v:(t)dt + b(t)dW (t) (4.137)
where
an |0 wwem) | eel@s0ol)
o)W (wo(t)) p(wo(t)) —a—p Ao(t)s(o(?))
(4.138)

In a later section, we compute the period of a generalized version of the Lotka-
Volterra model. Such result, stated as Theorem can be used to obtain, in par-
ticular, the period of the functions wy(t) and Ag(t), which we shall denote by T
Consequently, we have that A(t) and b(t) are T-periodic as well. The initial condi-
tions are given by (wo(0), Ao(0)) = (wo, Ag), while (w.(0), A:(0)) = (0,0). We will also

assume that (wg, A\g) # (@, A) for the rest of this section.

The next result provides a closed-form solution to (4.136]).

Proposition 4.12. Let

p(t) == ®(No(t)) — (4.139)
ot) = plenlt) — o — B (4.140)
wo(t) 0
G(t) == (4.141)
0 Xo(t)

where the pair (wo(t), Ao(t)) solves the system (3.12)) with initial condition (wo(0), Ao(0)) #
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(@, ). The solution (v.(t))so of the system (&.137)) is then

U:(t) = G(t)¥(¢) {G_I(O)ﬁs(O) + /0 U t(s)16(No(s)) dWS]

t (4.142)
— G / T (5)Le(Mo(s)) IV, for 5.(0) = [0,0]"
with 1 = [1,1]" and I the identity matriz of May2(R), and
. { 55— (O p(O)TL(0) ] .
A0, L —pO)r, ()

P / %(s)dz's()xo( )
(o) ) (144

I () = g(t) | L g,

Proof. For (wy(0), \o(0)) # (@, A) in the domain D, we can define the process Z(t) :=
[z(t), y(t)]" := [we(t)/wo(t), Ae(t) /Ao(t)]". Through Itd’s formula, we obtain that

dZ(t) = A.(O)Z(t)dt + b, (t)dW (1) (4.145)
with
A(t) == 0 Ao(B(Ro(?)) and b (t) :=c(No(t))1  (4.146)
wo ()i (wo(t)) 0

As the above elements are all functions of wy and Ay, we have that A, and b, are
both T-periodic. First we claim that we can solve the homogeneous deterministic

problem

dZ(t) = AL()Z(t)dt (4.147)

using the state-density matrix W(¢)

Zu(t) = (1) Z(0) (4.148)
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To show this, we will build the state-density matrix and show that it can be
written as . One can easily verify that Z,(t) := [p(¢),q(t)]" is a solution of
(4.147). Denote by 2 := [za(t), y2(t)]" another solution, linearly independent from
Z1. A fundamental matrix can be constructed with these two linearly independent
solutions. Abel’s formula, together with the fact that tr(A’) = 0, implies that for any
t>0

¢ = 42(0)p(0) — 22(0)q(0) = ya(t)p(t) — x2(t)q(?) (4.149)

From which we see that if Ag(t) # X then z5(t) = —c¢ [u(wo(t) — a — 8], which is
well deﬁne. Conversely, if w # @, then y5(t) = ¢[®(Ag(0) — o] ", also well defined.
Otherwise, if neither \o(t) = A nor wy(t) = @, we can isolate either zy(t) or yo(t) and

substitute in (4.147)) to obtain uncoupled one-dimensional ODEs

da(t) _ Ao(t)®'(Ao(t))

d Ta—y (c+z2(t)q(q)) s
R I aEATt)
A bit of calculus simplifies it to
d o) _ M) (Ao(t))
dt p(t) p(t)* (4.151)

dyp(t) _ wolt)p(wo(t))

dt gty T q(t)?

Solving these ODEs is trivial, and one immediately finds the solution to (4.147))

as

o(t) = =9(0) + cTu(t)
Z E(t))) (4.152)
o(t) = m?ﬂ(o) + Ly (1)

4From Chapter we know that if (wo(0), Ao(0)) # (@0, A), then (wo(t), Ao(t)) will belong to closed
orbit that does not contain (@, A)
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Replacing ¢ by its value in terms of x5(0) and y2(0) provides z2(t) and y»(t) in
terms of 25(0) and y»(0), which leads to the state-density matrix (4.143]). Since W(t)

is also a solution to (4.147)), we have

We can then use [t6’s formula on W~!'Z and find

d (\11712) = U A Zdt + U [A Zdt + b.dW]
(4.154)
= \I/_lbdet
Taking into account that ¥(0) = I, the identity matrix, we have the following

solution for Z(t)

2(t) = U(t) {5(0) + /0 t\I/_l(s)bz(s) dWs] (4.155)

which leads us to the desired result below

(t) = Gn=(
- 60w [ 00+ [0 ot ] (4.156)
— G /0 "G ()b.(s) AW, for 7.(0) = [0,0]"
]
Remark 4.8. Notice that integration by parts on ', and T, yields
(00 + (0T, (1) = H 1 (4157)

which holds true whenever p(t) # 0 or ¢(t) # 0. As well, by the periodicity of the

integrands we see in (6.34]), we find

= n@ an n = nM
(0T +0) = Daft) +n i (T) and Ty(nT' ) = Ty (1) £ 02 5Ty (T) - (4158)
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It is then easy to see that det U(¢) = 1, and thus W~!(¢) can be determined to be

L —p(O)Ty(t)  —p(O)T (1)

U lt) = 0 (4.159)
—q(0)Ly(t) T — a(0)Ta(?)
Moreover, for t = T', the period of the zero-order model, we find that
40T, (T) = —p(O)T(T) = T (4.160)
which leads to the following monodromy matrix
1-0 29p
U(T) = . LR I (4.161)
q
—ml“ 14T
with inverse
14T 207
T = - a0 (4.162)
dOp T
p(0)

5y = (4.163)

which means that 1 is an eigenvalue with algebraic multiplicity equal to 2, but geomet-
ric multiplicity equal to 1. We should then be able to find a generalized eigenvector
of grade 2 associated to this eigenvalue. For that, we need to find a vector v5 such
that (U(T) — I,)* ¥ = 0, but (¥(T) — I,) %, # 0. Since (U(T) — I,)*> = 01, our task

reduces to finding any vector that is not a multiple of #;. For simplicity, we can use

Ty = (4.164)

it is easy to see that (U(T)— I,)v, = I'th. We have then obtained the Jordan
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canonical form of the monodromy matrix

U(T)=QJIQ™ (4.165)
where
11
J = (4.167)
01

To conclude this remark, we resort to Floquet theory to say that there exists a

T-periodic matrix P(t) and a constant matrix R such that
U(t) = P(t)e™ (4.168)

which implies that

U(nT +t) = P(nT + )BT+ = p(t)efitenRT
(4.169)
= U ()"

The next result provides the variance of the first-order solution at multiples of the

period.

Corollary 4.1. Define

T=Q! ( /0 Te_R“P_l(u)11TP_T(u)6_RT“§2()\0(u)) du> QT (4.170)

We then have that the variance of the solution (U.(t))i>o of the system (4.137))
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satisfies

~ - I m 1 0
Var [i.(nT)] = G(0)Q ) 0 T 1 QTG(0) (4.171)

Proof. As mentioned in Proposition [£.12] once we apply the appropriate initial con-
dition to the solution ([4.142]), #.(0) = [0,0]", we find the martingale

7.(t) = G (t) /0 tqu<s)1g(xo(s>>dws (4.172)

with covariance matrix given by Ito Isometry

Var [v:(t)] = E [vi(t)0:(2)7]
t (4.173)
= G(t)P(t)/ eR(t_s)P_l(S)M(S)P_T(S)GRT(t_S) ds PT(t)G(t)

where

M) = 1 1 2(h(1) (1174)

is a T-periodic matrix. We can then study how the variance behaves after multiples

of the period have elapsed using the results obtained in Remark
nT
Var [5.(nT)] = G(0) / eR0T=5) p=1() M (5) P~ ()"0~ ds G(0)
0

n—1 (k+1)T
=G0)Y /k FUT=9) p=L(S\ M (s) P T(s)e™ ("T=9) g

k=0 /KT

m=1
_coeY |t " ]! (1) Q'G(0)
m=1 m

(4.175)
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]

Corollary shows that the variance of the first-order solution grows cubically
with respect to the cycles of the Goodwin model, suggesting that the first-order

approximation can only be accurate for short time horizons.

4.4 Example

To illustrate the results obtained in this chapter, we choose the functions p, ® and v

as in (3.9)), (3.25) and (4.5)), with constants according to (3.24]) and
®(0) = —0.04  ® '(a)=0.0 (4.176)

Unlike the numerical example provided in the Chapter [3, we decided to use a
smaller value for A = ®~!(a) for didactic reasons. The qualitative results would be
the same if we had calibrated ® with the previous value of A = 0.96, yet the figures
would seem rather confusing and messy.

The bound on o given by turns out to be 0 < o < 0.2550. We have simulated
several sample paths and integrated the solutions using XPPAUT with 4th order
Runge-Kutta scheme for the deterministic part, and Euler scheme for the stochastic
part. As an illustration on the general behaviour of the model under different
values of o ranging from 0.05 to 0.25, we refer to Figure [4.2]

The stochastic orbits, which were analytically studied in the previous section, are
well exemplified in Figure [4.2] There is room for improvement, however. A question
one might have is how these solutions behave, on average, at the time they cross the
line A = pw. We already know that solutions which start too close to the point (w, X)
must inevitable drift away from it. As well, we have that solutions cannot converge to

the boundary of the domain D, and that they must loop around (&, A) indefinitely ad

infinitum. Resorting to numerical methods, we have simulated the system 2000 times
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1c 110000
0.75F i > {7500
< 05 5=0.05 {5000 >
025} A/\_/\ 2500
0 ' - 0
1c 110000
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025} {2500
0 : - 0
1c 110000
0.75F == 7500
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025} {2500
0 : - - 0
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[0) t

Figure 4.2: Examples of solutions of for different values of volatility. On the
left column, we have a phase diagram w x X, where the green star denotes the initial
point, while the red start represents the last point. On the right column, we have the
evolution of output Y over time ¢.

for 100 different starting points lying on the line (@, ) and recorded the position at
the time when this line is crossed the second time, that is, the positions after a full
loop. Figure contains such examination for an array of values of 0. The expected
time it takes to complete a full-loop is also illustrated. As observed, there seems to
be a stable fixed point in terms of the expected value of the solution after a full loop.
If the starting point is picked too close to (ZJ,X), the expected crossing value after
one loop is further away from it. On the other hand, if the one starts extremely far

away from (CD,X), say with A(0) below 0.25, then the expected value after one loop

is higher. In expected terms, this indicates that the solution after one loop should
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Figure 4.3: Expected values of employment after one full loop Ar (left), and time

elapsed T' (right).

Computation performed in MATLAB, with 2000 simulations for

every value single one of the 100 initial values taken along the line A

= pw.

converge to some value.

we can approximate the solution by

For smaller values of the volatility parameter,

4.130]) using (4.12]).

The quality of such approximation has been analyzed through

For values of o ranging from 0.001 to 0.025, we point to

numerical integration.

Figure [£.4]

4.5 Conclusion

This Chapter accomplishes two goals. First, it extends the Goodwin model (3.12))

with a random productivity function. Secondly, and perhaps, more importantly, it
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5 i
Aot True Solution
.................. First Order Approximation

6=0.001
{0.8
3 1 <
10.6
05¢
: : : : o : : : : 0.4
0 100 200 300 400 500 O 100 200 300 400 500

t t

Figure 4.4: FExamples of solutions of both and for different values of
volatility. On the left column, we have the evolution of w versus ¢, while on the right
column we have A x t. The exact solution is drawn in a solid black line, whereas the
approximate solution is represented by the dashed blue line.

contains a variety of tools that, we believe, will ultimately be employed when dealing
with stochasticity in Minsky models. That being said, we do not exempt ourselves
from responsibly proposing the macroeconomical insights that will define the extended
model, hence the careful introduction of stochasticity in an intuitive, and plausible
manner.

The stochastic extension proposed proves to be a valid one: not only it conserves
the desired cyclical behaviour of its predecessor, it enriches it. By allowing the pro-
ductivity to fluctuate randomly, where the noise decreases with employment, we have
created a stochastic model that continuously extends the Goodwin model, yet also in-

troduces some stability in expectation, as verified numerically. More importantly, we

74



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

have produced several analytical properties, including: a probabilistic bound for the
time it takes before the stochastic solution deviates away from the Goodwin model’s
solution, the almost surely finiteness of the period of stochastic orbits, and a closed-
form solution to an approximation valid when the parameter o is small.

Granted, the macroeconomical knowledge developed in this chapter might not be
revolutionary, yet the tools and ideas utilized should be easily extendable to a family
of more intriguing models. One immediate extension is to include the banking sector,
and study a stochastic version of the Keen model [Kee95|, where the stochasticity
might arise from, for example, stochastic leverage ratio, credit worthiness, or risk

appetite.
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Chapter 5

Keen Model

Minsky’s Financial Instability Hypothesis, described in numerous essays [Min8&2], links
the expansion of credit with the inherent fragility of the financial system. Minsky pro-
vided a verbal prognosis of such hypothesis that follow a sequence of events. At a time
when firms and banks are acting conservatively, perhaps due to the fresh memory of a
recent crisis, defaults are rare, and moderate levels of debt are perfectly sustainable.
Profit thirsty agents realize that they can, and ought to, borrow more to increase their
revenue. Lenders and borrowers all around start feeling compelled to expand their
balance sheet through credit to meet higher market expectations — euphoria ensues.
Eventually, leverage reaches such a high level that any small downturn of the econ-
omy will be magnified beyond repair. To deleverage, some investors must sell assets,
adding negative pressure to the prices. Suddenly, liquidity has dried out, assets are
oversupplied, and euphoria becomes panic.

Despite his use of a persuasive verbal style aided by convincing diagrams and
incisive exploration of data, Minsky refrained from presenting his ideas in a formal
mathematical setting. This task was taken up by, among others, Keen [Kee95], where
a system of differential equations is proposed as a simplified model incorporating the
basic features of Minsky’s hypothesis.

Being itself an extension of the Goodwin model [Goo67], discussed in Chapter [3]
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it benefits from the simplicity, while at the same time avoiding the much criticized
structural instability. Instead of centers, we verify the existence of two key fixed
points, which are locally stable under usual conditions. Notably, Keen’s ideas have
produced a much richer model, capable of exhibiting complex phenomena, resembling,
for instance, what happened in the Great Moderation, followed by the destructive
downward spiral initiated in 2008.

In this chapter, we introduce the Keen model, study its equilibria, determining
their local stability, and then investigate global stability through numerical represen-

tation of the basin of attraction.

5.1 Mathematical formulation

The extension of the basic Goodwin model proposed by Keen [Kee95] consists of
introducing a banking sector to finance new investments. By relaxing the assumption
that capitalists invest the totality of their profits, and thus by introducing the variable
D, the amount of debt in real terms, the net profit after paying wages and interest
on debt is

(1-—w-—rd)Y (5.1)

where r is a constant real interest rate and d = D/Y is the debt ratio in the economy.
If capitalists reinvested all this net profit and nothing more, debt levels would remain
constant over time. The key insight provided by Minsky [Min82] is that current cash-
flows validate past liabilities and form the basis for future ones. In other words, high
net profits lead to more borrowing whereas low net profits (possibly negative) lead
to a deleveraging of the economy. Keen [Kee95] formalizes this insight by taking the

change in capital stock to be

K =kr(l—w—rdY — 6K (5.2)
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where the rate of new investment is a nonlinear increasing function s of the net profit
share m = (1 — w — rd) and ¢ is a constant depreciation rate as before. Accordingly,

total output evolves as

;ZEQ:ﬂ:ﬂQ—d:Mﬂ—w—m) (5.3)

v
and the employment rate dynamics becomes

A k(1 —w—rd)
AR ) a—=B-=9 5.4
whereas the time evolution for the wage share remains (3.8)).

The new dynamic variable in this model is the amount of debt, which changes

based on the difference between new investment and net profits. In other words, we

have that
D=k(l-w—-rd)Y — (1 —w—rd)Y (5.5)
whence it follows that
d D Y hl-w—rd) - (1-w—rd) k(l—w-—rd)
R, e r - ” + 0. (5.6)

Combining (3.8)), (5.4)), (5.6) we arrive at the following three-dimensional system

of autonomous differential equations:

*:Avﬂ_j_mb_a_ﬁ_ﬂ 57
d:dP—EQZ%ZﬂQ+4+wu—w—nn_@_w>

For the analysis that follows, we assume henceforth that the rate of new investment
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in ((5.2) is a continuously differentiable function k satisfying

k'(m) > 0 on (—o0, 00) (5.8)
0< 7r1_1310O k(m) <v(a+B+9) < Wl_l}glooli(ﬂ) <1 (5.9)

lim 72k'(7) < 00 (5.10)
T——00

Recalling from Section that consumption in the Keen model is given by
C =Y [1 — k(m)], condition (5.9)) ensures that the consumption ratio will belong to
the [0, 1] interval.

5.2 Equilibria in the Keen model

We see that
(@o, Ao, do) = (0,0, dp), (5.11)

where dj is any solution of the equation

qlp—ri=rd + k(1 —rd)—1=0, (5.12)
14

is an equilibrium point for . Equilibria of the form (5.11)) are economically mean-
ingless, and we expect them to be unstable in the same way that (@o, \g) = (0,0) is
saddle point in the original Goodwin model.

For a more meaningful equilibrium, observe that it follows from that v(a +

B+ 0) is in the image of k so that we can define

7=k (v(ia+ B +9)) (5.13)
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and verify by direct substitution that the point

5) =
wlzl—ﬁl—ry(a+ﬂ+ ) — T

a+f
A =3 Ha) (5.14)
- via+p+9)—m
a—+
satisfies the relation
1w —rd =7, (5.15)

and is an equilibrium for . This equilibrium corresponds to a finite level of debt
and strictly positive employment rate and is therefore economically desirable, so in
the next section we shall investigate conditions guaranteeing that it is locally stable.
As with the Goodwin model, it is interesting to note that the growth rate of the
economy at this equilibrium point is given by

k(1 — @ —rdy)

w(m) = . —d=a+p. (5.16)

We can obtain yet another set of equilibrium points by setting w = 0 and
l—rd=7=r '(v(a+B+96)) (5.17)

so that w = A =0 in (5.7) regardless of the value of \. However, to have d =0 as well
we must have d = d; as before. But this can only be satisfied simultaneously with
(5.17)) if the model parameters satisfy the following very specific condition

Tu(a—l—ﬁ+5) — kN v(a+ B +9))
a+p

1—

=k '(v(a+ B +9)). (5.18)

Provided ([5.18)) holds, we have that points on the line (0, \, d;) are equilibria for (5.7)
for any value 0 < A < 1. We see that equilibria of this form are not only economically

meaningless, but are also structurally unstable, since a small change in the model
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parameters leading to a violation of ([5.18)) makes them disappear.

Finally, if we rewrite the system with the change of variables u = 1/d, we obtain

= w[B() - al
}\:)\{Ml_ujj—r/u)—a—ﬁ—d} (5.19)
u:u{”(l_“’y—’"/u) —7’—(5} (1 —w — /) — (1 —w)].

We now see that (0,0,0) is an equilibrium of ((5.19)) corresponding to the point
(@a, Aa, da) = (0,0, +00) (5.20)

for the original system. This equilibrium for corresponds to the economically
undesirable but nevertheless important situation of a collapse in wages and employ-
ment when the economy as a whole becomes overwhelmed by debt, rendering of
paramount importance to investigate its local stability. Observe that condition ([5.9))
guarantees that

kK(l —w—r/u) = k(—o0) (5.21)

as w — 0 and u — 0T, so the vector field for (5.19) remains finite on trajectories

approaching (0,0, 0) along positive values of w.
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5.3 Local stability in the Keen model

Denoting m = 1 — w — rd, the Jacobian for (5.7) is

D(N\) — « wd’(\) 0
J(w, )\7 d) — _)\n;(ﬂ') n(w)—qua-‘,—,B—i-(S) _r)\nli(ﬂ') (522)
(d—v)K'(m)+v 0 v(r+0)—k(m)+r(d—v)K' ()

At the equilibrium point (0,0, do) this reduces to the lower triangular matrix

®(0) — « 0 0
J(0,0,dy) = 0 ~lTo)—vlotBid) 0 (5.23)
(do—v)r'(To)+v 0 v(r+8)—k(To)+r(do—v)x' (To)

where Ty = 1 — rdy. Its real eigenvalues are given by the diagonal entries, and it
is hard to determine their sign a priori since dy is given as the solution of equation
. Although they can be readily determined once specific parameters are chosen,
we observe that these equilibrium points are likely to be unstable, since a sufficiently
large value of 7wy makes the second diagonal term above positive, whereas a sufficiently
small value of 7, (and correspondingly large value of dy) makes the third diagonal
term above positive.

At the equilibrium (@, A, d1) the Jacobian takes the interesting form

0 K, 0
J(@i, ,d) = | —K; 0 —rK, (5.24)
K2 0 T'KQ — (Ct =+ 6)
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where

K, = A“{T(M) >0 (5.25)
Ky — (dy —v)K'(T1) + v
14

Therefore, the characteristic polynomial for the matrix in (5.24) is
ps(y) = v’ + [(a + B) = rEo]y? + KoKy + KoKy (o + 3). (5.26)

According to the Routh-Hurwitz criterion, a necessary and sufficient condition for all

the roots of a cubic polynomial of the form
p(y) = asy® + azy® + ary + ag (5.27)
to have negative real parts is
a, > 0,Vn and asa; > asag. (5.28)

Our characteristic polynomial already has three of its coefficients positive; there-
fore all we need is

(a+ ) >rK, (5.29)

and

((a+ B) = rKy) KoKy > KoKi(a+ ) (5.30)

Since we are already assuming that o > 0 and 8 > 0, we see that the equilibrium

(@1, A1, dy) is stable if and only if 7K, < 0, which is equivalent to

K (1)

(71 —vd) — (a+B)| > 0. (5.31)
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Because the real interest rate r can have any sign, condition ([5.31]) needs to be checked
in each implementation of the model. Observe, however, that once the sign of r is
chosen, the remaining terms are all independent of the magnitude of the interest
rate. For the most common situation of » > 0, condition imposes interesting
constraints on the investment function x. Condition states that for 7; to
correspond to a stable equilibrium we must have 7, > v9, suggesting a lower bound
for equilibrium capitalists profits, while at the same time £’(7; ) needs to be sufficiently
large, leading to a rapid ramp-up of investment for net profits beyond 7.

As we mentioned in the previous section, equilibria of the form (0, \,d;) depend
on a very specific choice of parameters satisfying , making them structurally
unstable. Therefore we are not going to discuss them any further, except by verifying
that they do not arise for the parameters used in the numerical example implemented
later.

Finally, regarding the point (@, Ay, ds) = (0,0, +00), observe that the Jacobian
for the modified system is

(N — « wd’(N) 0
J((JJ, )\’ 'LL) — )\H;/(ﬂ') n(ﬁ)—ugja—l-ﬁ—l-&) _r)\:;l(/w)
(vu?—u)K' (1) —vu? 0 K(m)(1—2u)+rk (7)(1/u—1)+2uv(1—w)—v(r+4)

where 7 = 1 — w — r/u. At the equilibrium (@, g, %2) = (0,0,0), conditions (5.9)
and ([5.10)) ensure that this reduces to the diagonal matrix

: (5.32)

K(—00)—v(r+d)

v

from which all real eigenvalues can be readily obtained. Observe that the first two
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eigenvalues are negative by virtue of conditions (3.16) and (5.8) on the functions ®

and &, so this equilibrium is stable if and only if

R(=0)

pu(—o0) = —d<r. (5.33)

14

Recalling expression ([5.3|), we see that this equilibrium is stable if and only if the real
interest rate exceeds the growth rate of the economy at infinite levels of debt and zero
wages.

It is interesting to note that assumptions and were made in order
to guarantee the existence of the economically desirable equilibrium (@, A, d;), but
perversely contribute to the stability of the undesirable point (ws, Ao, 32) = (0,0, 400).
Moreover, in view of , we see that a sufficient condition for to hold is

a+p<r. (5.34)

Recalling we conclude that a sufficient condition for (@a, Ag, %) = (0,0,0) to
be a locally stable equilibrium for is that the real interest rate r exceeds the
growth rate of the economy at the equilibrium (wl,Xl,Ezl), which resembles the con-
dition derived by Tirole [Tir85] for the absence of rational bubbles in an overlapping

generation model, corresponding to an “efficient” economy.

5.4 Example

Choosing the fundamental economic constants to be the same as in ([3.24) with the
addition of
r = 0.03, (5.35)

taking the Phillips curve as in (3.25)) and (3.26]), and defining the investment function

K as

k() = Ko + K1 tan ™! (ke + K3) (5.36)
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where the constants kg, k1, ke and k3 are chosen according to

k(—o0) =0, k(+00) = 1,

(5.37)
7 = 0.16, K (T1) =5
it follows that conditions ((5.8)—(5.10]) are satisfied.
Observe first that the real solutions for equation ([5.12)) in this case are
—0.021
o= (5.38)
32.503

The eigenvalues for J(0,0, dy) for these two points are

(—0.2915, —0.0650, 0.2763)

(0.0849, —0.0650, —0.0448),

confirming that the equilibrium (0,0, do) is unstable in either case, as expected.
Moving to the economically meaningful equilibrium, we obtain the equilibrium
values

(@1, A1, dy) = (0.8367,0.9600,0.1111). (5.39)

with corresponding eigenvalues
(—0.0451, —0.0572 + 2.0855¢, —0.0572 — 2.08551) (5.40)

all of which have negative real part. Alternatively, we find that

K (1)

(71 — v8) — (a+ B) = 0.1717 > 0, (5.41)

14

so that (5.31]) is satisfied and this equilibrium is locally stable. When the initial condi-

tions are chosen sufficiently close to the equilibrium values, we observe the convergent
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behaviour shown in the phase portrait for employment and wages in Figure [5.1l The
oscillatory behaviour of all variables can be seen in Figure [5.2] where we also show

the growing output Y as a function of time.

W, = 0.9, )\0 =0.9, do =0.1, YO =100
1 T T

0.98 - i

0.94 - *

0.92 - N

0.88 - i

0.86 1 1 1 1 1 1
0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92

Figure 5.1: Phase portrait of employment and wages converging to a stable equilibrium
with finite debt in the Keen model.

We notice that condition ([5.18) is violated by our model parameters, so we do not
need to consider the structurally unstable equilibria of the form (0, A, d;). Moving on

to the equilibrium with infinite debt, we observe that

@ S —r=—0.04 <0, (5.42)

so that ([5.33)) is satisfied and (@s, A2, d2) = (0,0, +-00) corresponds to a stable equilib-
rium of (5.19). Therefore we expect to observe ever increasing debt levels when the

initial conditions are sufficiently far from the equilibrium values (@y, A;,d;). This is
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w, =0.9, )\0 =0.9, d0 =0.1,Y,=100

10000 0.92 11 105
w
—
9000 —Y 40.45
0.9} ———d| 098
8000}
{04
20000 0.88 10.96
{0.35
6000
0861 | | 10.94 los
> 5000t 3 | < ©
\
o0.84H| || J0.92 1025
4000
(%Y ~ 102
3000 082 T\ {09
A2\
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2000 - N ‘
N
—
0.8 {o.88
1000 \ 101
\
\
o 0.78% i ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 086 ~o.0s
10 20 30 40 50 60 70 80 ) 100

time

Figure 5.2: Employment, wages, debt and output as functions of time converging to
a stable equilibrium with finite debt in the Keen model.

depicted in Figure 5.3 where we can see both wages and employment collapsing to
zero while debt explodes to infinity. We also show the output Y which increases to
very high levels propelled by the increasing debt before starting an inexorable descent.

While it is difficult to determine the basin of convergence for the equilibrium
(@1, A1, d;) analytically, we plot in Figure the set of initial conditions for which
we observed convergence to this equilibrium numerically. As expected, the set of
initial values for wages and employment leading to convergence becomes smaller as

the initial value for debt increases.
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@, =0.7,,=07,d =01, Y, =100

700 14500

4000

600 -
13500

500

<3000

12500

> 400 3

2000

300

11500

11000

1500

100 —

. !
0 10 20 30 40 50 60 70 80 90 100
time

Figure 5.3: Employment, wages, debt and output as functions of time converging to
a stable equilibrium with infinite debt in the Keen model.

5.5 Conclusion

Introducing debt to finance new investment leads to the three—dimensional Keen
model exhibiting two distinct equilibria, a good one with finite debt and strictly
positive employment and wage share, and a bad one with infinite debt and zero em-
ployment and wage share. We have determined that for typical model parameters,
both can be locally stable.

As we have seen, this simple model is able to generate remarkably rich dynamics,
but can still be generalized in a variety of ways. Staying in the realm of deterministic
models, one possible extension already considered by Keen [Kee95, [Kee09], and fully
explored in Chapter 8], consists of introducing a government sector with corresponding
spending and taxation, increasing the dimensionality of model and the complexity of

its outcomes. Alternatively, in Chapter[7]we propose a second extension, where capital
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10~

15 04 A

Figure 5.4: Basin of convergence for the Keen model for wages, employment and
private debt.

investment projects are not immediately developed.
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Chapter 6

Low Interest Rate Regimes

The purpose of this chapter is to further develop to analytical analysis of the Keen
model when the real interest rate is assumed to be close to zero. To begin with,
observe that if » = 0, the first two equations in decouple, and we have the
following system for the variables, which we will write in terms of (wp, Ag) for wage

share and employment, respectively

d)o = W [(I)()\()) — a] ( )
6.1
).\0:>\0 {M—(CX‘FB—F(S)}

with the capitalists’ debt, dy, solving its own (non-autonomous, but one-dimensional)

ODE
do = /{1(1 — wo) — (1 — UJO) — do [M — (5:| (62)

v

This system has only one fixed point,

- :wo—(l—u(a+ﬁ+5))

Wy = 1—Ii_1(7/(01+5+5)), X():q)_l(&), do a+5 (63)
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In result, wy(t), Ao(t) must follow cycles given by the energy function

w0l (1 —wy) — k(1 —x Ao(®) —®(N\g
Vieo(®)olt) = [ L)l )czac+/A wd@’ o

= V(wp(0), A(0)),

which can be verified from the fact that V' = 0 everywhere. Theorem [6.1] gives the
period of such cycles, which depends only on the initial energy V (wo(0), A\g(0)).

The assumption of low interest rates will be translated into assuming that r equals
some ¢ arbitrarily small. Suppose next that we can expand the solution to the Keen

model (5.7)) linearly as follows

w(t) = wo(t) + ew:(t) + O(e?)
A(t) = Ao(t) +eXc(t) + O(£?) (6.5)
d(t) = do(t) + ed.(t) + O(£?)

The continuously differentiable functions x and ® can be expanded as

@()\) = @()\0 + 6)\5) = (I)()\o) + 5)\5@/()\0) + 0(62)

k(1 —w—rd) = k(1 —wy — e(w. + dy) + O(e?)) (6.6)

k(1 — wp) — e(we + do)K'(1 — wp) + O(e?)
Differentiating (6.5 with respect to time, we have

wo + ewe + O(e%) = (wo + ew: + O(€%)) [®(Xo) + XD (Ng) + O(€?) — @] 67)
= Wy [(I)()\o) — Oé] +e€ [wa [(I)()\()) — Of] + WO)\E(I),(A())] + 0(52)
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Ao +el +0(e?) = (Ao + X + O(e%)) [M —a—fF-=9

K'(1 —wp)

— 5(&)5 + do) y

+ 0(52)]

=0 [M - (a+ﬁ+5)} +0(%)

+e {Ae [M —(a+ B+ 5)] (e + ) L) “’0>}
(6.8)

do + d. + O(e%) = k(1 — wp) — e(we + do)K' (1 — wp) + O(e%) — (1 — wy — e(w. + do))
K(1 —wp) K (1 — wop)

14

— 0 —e(w: + dp) +0(e?)

— (do + ed. + O(e?))

:m(1—w0)—(1—w0)—do{M

+a{(ws+do)n’(1—w0) (%—1) +w. +dy — d. {M —5]}
(6.9)

— 5} + O(e?)

The fundamental theorem of perturbation theory [SMJ9§| allows us to say that
the terms accompanying the powers of € must be the same on both sides of the above
equations. Accordingly, one finds that wy and A\g do indeed solve ([6.4]), while the

remaining variables solve

do = K(1 — wy) — (1 — wp) — do [@ —5} (6.10)
G = w. [B(N) — a] + wod®'(Ao) (6.11)
A=\ {@— (a+6+5)] —AOM@H%) (6.12)

d. = (we + do)w' (1 — wp) (% — 1) +we +dy — d. (M - 5) (6.13)

14

(6.14)
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6.1 Zero-order solution

So far, we know that wage share wy and employment Ay must oscillate in a cycle,

while dj is given by

do(t) = Fa(t) [do(o>+ /0 ) ha() du] (6.15)
" Fau) = exp {— /0 t (w - 5) ds] - iz—((%)e%wmt (6.16)
and

ha(u) = k(1 —wo(u)) + wo(u) — 1 (6.17)

The following analysis follows closely the procedure developed in [ST1la]. The

homogeneous term is

do(0)20(0) _ a1yt BN (6.18)

dr(t) = fa(t)do(0) = Xo(t) t—+o00

Denoting the period of the oscillations of wy and Ay as T', one can easily see that

fa(T) reduces to

Fa(T) = exp (— /0 ' (w = 5> ds) — e AT 21 (6.19)

14

while fy(nT') factors into

fa(nT) = )\Z\((]—%e(aJrﬁ)nT _ (e*(aJrﬂ)T)" = fu(T)" (6.20)
Hence, we can calculate
dy(nT) = do(0) fa(T)" (6.21)

It can also be shown that the full solution for dy at multiples of the period T
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satisfies

Ao(nT) = FulT)"do(0) + Ful )5 — fd / Falw) ™ ha(u (6.22)

from which we readily obtain that

nll_)rgodo(nT T fd)T / fa(u) " thy(u (6.23)

since fy(T) < 1. In fact, we can show that dy converges to a steady state solution.
For that purpose, let t € (0,7), n =1,2,-- -, and observe that the particular solution

d, can be expressed as

dy(t +nT) = folt +nT) /an( () du

~aonr ([ [+ +/<f_T1>T+LZT”) At

(14 foT) " 4o fuT) D) /

0

= fa(t) {fd / fa(w) " h(u du+/fd ) ha(u )du}

(6.24)

which converges, as n — +o00, to the steady state solution dg, as follows

) / fa(w) " ha(u) du + /Otfd(u)_lhd(u) du} = RHS(t)

dss(t +nT') = fa(2) {Td(T) ;
(6.25)
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Notice that RHS(t) is periodic with period T, since

T+t

RHS(t+T)= fa(t+1T) { / Falw) ha(u )du+ Fa(w) " ha(w) du}

1— fa(T

= sao)| (s + 7205 [ ot
1) [ gt du]

= fa(t L_fd / fa(w) T ha(u) du + fo(T /fd £l 1) halu )du]

= X(t |:1_fd / fa(w) " ha(u du+/fd )" halu ]

— RHS(t)
(6.26)

Recalling the fact that the homogeneous term decays to 0 as t — 400 (exponen-
tially fast, with rate —(a + f)), we can conclude that dy(t) converges to dss(t) as

t — 400.

6.2 First-order solution

The first order variables solve the following linear system

(,;)6 @(/\0) — wg<I>’(/\0) 0 We
M| = N G AT 0 Y
dE 14 /(1 wo) (d i V) 0 . (n(l;wo) o (5) ds
0
+ —do )

dOM(dQ — V) + d()

v

(6.27)
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Likewise the perturbation model proposed for the stochastic Goodwin model in
Section , we can express the solution to (6.2)) in closed-form. This is the objective

of the next proposition.

Proposition 6.1. Let

p(t) = @(No(t) — @ (6.28)

q(t) =kl —wo(t))/v—a—F—=9¢ (6.29)

o) = | @ 0 (6.30)
0 Xo(t)

he(t) := [0, —do(t)r' (1 — wo(t))/v]T (6.31)

where the pair (wo(t), Ao(t)) solve the system (6.1)) with initial condition (wy(0), Ao(0)) #
(@, ), while do(t) is given by (6.15). Denote v.(t) = [w-(t),\c(t)]". The solution of
the system (6.27)) is then

(6.32)

where

()= | ? (6.33)

with

Fo(t) = p(t) /Ot Ao(8)2(o(s))

p(s)?

) 1= gte) [ LMl g,

o q(s)?

(6.34)

97



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

Finally, d.(t) is given by

d-(t) = /tAO—(S)e_(O‘J’B)(t_S) [w=(s) + do(s)] |1+ M(do(s) —v)| ds (6.35)

0 ol(t) v

Proof. Making the change of variables © = w./wg and y = A./\g, we obtain the

following model for z and y

A(t) he (t)
x 0 MA@’ (A x 0
_ , o®(%o) i , (6.36)
n _won (1V—wo) 0 y At (1;0.10)

First, we will solve the homogeneous version

T 0 MDD (A T
= y o® (%) i (6.37)
Ym —wow 0 Y

With the exact same procedure developed in Proposition 4.12] we find that W(¢)
from ([6.33)) is the state-density matrix that solves (6.37)), and thus Z(t) = [z(t), y(¢)]"

satisfies

Z(t) = U(¢t) {5(0) + /O t\I/(S)ﬁa(s) ds} (6.38)

In other words,
(6.39)

Taking into consideration that 0.(0) = [0,0]", we obtain (6.32)). The solution for

d.(t) follows immediately from the observation that

(O™ ()] = (wa(t) + do(t))0—20(®)

7 V (do(t) —v) (6.40)
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which can be solved a priori. O

Remark 6.1. Borrowing the results from Remark [4.§ we can express the solution

at multiples of the period as

we(nT") Jwo(nT) _
Ae(nT) /[ Xo(nT) =1

k=1

(6.41)

Observe that since
/\If Yu)he(u+ (k —1)T) du%/ u)du as k — 400 (6.42)

0

where we have defined

has(t) - 0 (6.43)
s\ dss(t)n'(l—:)o(t)) ’ '
together with the fact that
k1 T L n—k+1 —1
pr (T)y=VvJ" Vo=V V=, (6.44)
0 1

we can conclude that both w.(nT) and A.(nT') diverge as n — oo, indicating that the

approximate solution is only valid for finite time horizons.
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6.3 Period of a generalization of the Lotka-Volterra
model

The work presented here was motivated by [Hsu83|. In this section, we make the
contribution of deriving the period of a general non-linear Lotka-Volterra model]
([Lot25] and [VoI27]). Here, we consider general cross-dependence between x and y
through the functions f and g which are only assumed to be increasing, with a and b

in the interior of their respective images

i=uzla— f(y)]

y=ylg(x) =]

(6.45)

The next Theorem provides a closed-form expression for the period of (6.45)).

Theorem 6.1. If f(z) satisfies

fHa), _ 00 _
/ a— f(y) dy = /+ fly) —a dy = +00 (6.46)
0 Y f~(a) Y

then the period of the non-linear Lotka-Volterra model (6.45)) is given by

lOg(xmaz) 1 10g(xmm) 1 ( )
T= / ———dz + / ——dz 6.47
10g(xmzn) Fl ! (G(Z)) 10g($m,ax) F2 ! (G(Z))

where Tpyn and Ty,qe are the two roots of

T ogln)—b "0 g(n) —b YO f(€) —a
AW =2 gy =V, = A =2 g IS 7%y 6.48
/gl<b> o /gl<b> T /fl(a) § ¢ (648)

also

e?

Q@:%+/ b=9l@) 4, (6.49)

g~ 1(b) x

L As opposed to the original Lotka-Volterra model, which is quadratic in = and y.
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and Fy(w), Fy(w) are the restrictions of
M a—w) _
Flw) = / fy=a, (6.50)
!

to [0,a — f(0)) and (—o0,0], respectively.

Proof. Solutions of the dynamical system (6.45)) are cycles centered at

]
I

~1(b) (6.51)

<
I
-~
L
—
Q
S~—

(6.52)
We can separate variables and find an energy potential
x —b y _
V(z,y) = / g2 (”z] dn + / J)-a (@5 L e (6.53)
T Yy

that must remain constant on the trajectories, that is, for a given starting point

(2(0),4(0)), the solution (x(t),y(t)) must solve
V(a(t),y(t)) = V(x(0),4(0)) = Vo (6.54)

The variable x(t) oscillates between Z,,;, and Zuee, Where T, < Tijee are the

roots of
r —-b
/ 9 =b b v, (6.55)
z n
Likewise, y(t) fluctuates between ¥min < Ymaz, roots of
) —
/ 1e) —a (5)5 Cde =g (6.56)
Yy

Observe that we can write

y=f"! (a — f) (6.57)
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and thus

i=ila—fy)—zf(Yylg(z) -]
= ‘”7) — flof™ ( - g) I (a - g) lg(x) =] (6.58)
- n (o) -

T T

where h(¢) = flof%(¢()f~'(¢). Performing the change of variable x = ¢* give us

i =e"z, & =e*[(2)* + Z], along with
Z4+h(a—2)[g(e®)—b =0 (6.59)
We can write this second-order ODE as a system of first order differential equations

i=w (6.60)

w=[b—g(e*)]hla—w) (6.61)

where we introduced the new variable w = 2 = £ = a — f(y).

By separation of variables, we have

b—g(e*)] dz = ﬁ dw (6.62)

Suppose that at t = 0, x = x,,,;, and y = y. We want to find out how long it takes
for = to reach x4, (at which point, y will return to 7). Suppose this happens at
t =T7. We know that for 0 <t < T}, ZTyin < T < Tpae and 0 < y < 7y. Furthermore,
log(Zmin) < 2z <10g(Tmas) and 0 < w < a — f(0). Hence,

5 4

F(w) := /0 o= d¢ = log(xmm)b —g(e") dn=: G(2) (6.63)
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Notice that

d¢ et y = f~(a = &), then d€ = —f'(y)dy

/ f’ ))f‘l(a—ﬁ)

(6.64)

exists for w € (a — Im(f)). If f is bounded from above, then a — max{f} < w <
a—f(0), otherwise, —oo < w < a— f(0). In any case, we will say w;,,; < w < a— f(0),
with w;, s equal to either @ —max{f} or —oo. Given that a is in the interior of Im(f),

we obtain that

[ (/ //2>a_ Lay > tim (0~ (5/2) 08 - = +ox

and

/+00f "= (/ /*"") “dy> lim (y —y*)log%:%o

(6.66)
for some y* € (7, +00). It follows that F'(w) must satisfy the following properties

F(0)=0 (6.67)
F(w) is increasing for 0 < w < a — f(0) (6.68)
F(w) is decreasing for w;,r < w <0 (6.69)
wggjnf F(w) = w_)lir_r}(o) F(w) = +o00 (6.70)
Moreover, we can rewrite G(z) as
Vo
G(z) = / b_Tg(I)da:—i—/e b_xﬂdx (6.71)
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Since

<0 ifz>T7,
we have that G (log(T)) = V; is the maximum, while G (log(Zmin)) = G (10g(Zmaz)) =
0 are the minima of G(z) for log(zmim) < 2z < 10g(Tmaz)-
One can then define Fi(w) to be the restriction of F(w) to [0,a — f(0)), from
(6.63)) we have

_ dz
FHGE) —w =5 (6.73)
which implies that
T / 1 (6.74)
1= - z .
tog(emin) F1 ' (G(2))

For the rest of the cycle, suppose now that at t = 0, * = x4, and y = 7. We
wish to find how long it takes for x to reach x,,;, (when also y = 7). Denote this time
length T;. We have that z(0) = log(®maz), 2(T2) = log(Tmin), w(0) = 0, w(Ty) =0
and w(t) <0 for 0 <t < Ty. From (6.62)), we have

Vo

A\

z

(M€ [ g [Tegl@)=b b —g(x)
F(w)—/o h(a_g)dg /1(xmaz)b g (e") dn / . daH—/ — dx

og T T

(6.75)

Similarly, we can define Fy(w) to be the restriction of F'(w) to (—oo,0] and con-

IOg(xmin) 1 ( )
T2 = / —_— dZ 676
log(zmaz) F2 ! (G<Z))

clude that

]

Remark 6.2.  The zero-order model for wy and A¢ (6.1)) can be written as our
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generalization of the Lotka-Volterra model if we define its variables as follows

T = )\0
Y = Wwo
g(z) = @(z) 677)
6.77
b=«
K1 —y)
) = -0
a=—(a+p+9)
By Theorem [6.1], Ag cycles between A,,;, and A4, Troots of
X (D _
Vp = / e —a (6.78)
o n
The function F'is then
1-k~ (v(wta+B+5)) — k(1=
Fw) = / dChalths (ZJ AML=Y) g (6.79)
wo

where wo = 1 — k! (v(a + 8+ d)). As consequence, the functions F} and F are the
restrictions of this function F to [0,x(1)/v — (a4 8+ 4§)) and (—oo, 0], respectively.

The function G, in turn, can be written as
————dx (6.80)

where \g = & ().
Around the equilibrium point (@, Ag), linearization shows that the period con-

verges to
27

\/@QXO(I)/(X())K/(l — wo)/y

(6.81)
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6.4 Example

In this section, we take the parameters as , besides using the functions ® and k
as defined in (3.25)), and (5.36), calibrated according to (3.26) and (5.37).

First, to illustrate Remark we refer to [Figure 6.1 where the period of the
zero-order model for different starting values of (wg, Ag) is illustrated. There

seems to be a linear relationship between V and 7', with vertical intercept at 3.2.

This value agrees with (6.81]), which gives us a base period of 3.0039.

20 T T T T T T T

y = 3.6e+002*x + 3.2
15~

Exact value
Linear Approximation -

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

Figure 6.1: Period of the zero-order system.

Moreover, the limit cycle described in can be observed in Figure while
the quality of the overall approximation developed in this chapter can be assessed
through Figure 6.3

As expected, due to the fact that the monodromy matrix cannot be di-
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0.8

0.6

0.4

0.2

-0.2
0.81

)

Figure 6.2: Example of the zero-order solution (wg, Ao, dy), depicting the limit cycle

in dy as described in ((6.25)).

agonalized, the first-order solution grows unbounded with time, spoiling the approx-
imation when ¢ is large. In our numerical example, with a value of the interest rate
of order 10~*, the approximation seems to be almost indistinguishable from the true
solution until at least ¢ = 100, whereas once we raise the interest rate to 1073, at

t = 80, we can already see the growing trend of the error taking place.

6.5 Conclusion

In this chapter, we have studied the Keen model under regimes of extremely low levels
of the real rate of interest. Through perturbation methods, we are able to derive
simpler dynamical systems that can be fully solved analytically. More specifically,
we find that the zero order variables wy, A\g belong to a cycle specified by an energy

functional, with period that can also be analytically determined. The zero order debt
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Figure 6.3: Examples of solutions of both , and plus , for different
values of the real interest rate. On the left column, we have the evolution of w versus
t, while on the right column we have A x t. The exact solution is drawn in a solid
black line, whereas the approximate solution is represented by the dashed blue line.

dp, on the other hand, converges a steady state periodic function of time, meaning
that the zero order solution, as a whole, converges to a limit cycle.

Unfortunately, as the monodromy matrix associated to the problem can-
not be diagonalized, the first-order solution inevitable grows quadratically with time,
compromising the accuracy of the approximation for large values of t. Still, as nu-
merical examples show, when the interest rate is of order 107, the error is virtually

inexistent for at least a century.

108



Chapter 7

Distributed Time Delay

Behind the capital goods dynamical equation lies the assumption that capital
goods are added to the system as soon as the cash is invested. In reality, capital goods
expansion cannot be instantly developed. Every time capitalists decide to invest in a
new enterprise, the money spent at time ¢ will only generate revenues at a later time
t + 7. In the context of the Keen model, this means that capital should not respond
to new investment immediately. We can attempt to capture this effect by adding a
delay in the the capital dynamics, representing the amount of time between when the
profits are invested and when new capital is effectively added to the economy.

Previously, in the Keen model, capital would be driven by

K = k(m)Y — 6K (7.1)

Introducing a discrete delay can be achieve by replacing the previous equation by

K@) =r(r(t—7)Y(t—7)—0K(t) (7.2)

When analyzing the dynamical equation (7.2)), one needs to deploy the arsenal of
delay differential equations, notably quite involving. We can alternatively emulate

the time delay through a series of exponentially distributed times, as we will see next.
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7.1 Alternative formulation

The technique described in this section is well documented in the Mathematical Bi-
ology literature (see, for example, [AD8(]). Ultimately, the latent time for capital
expansion will follow the Erlang distribution. The main idea behind this trick is
that the sum of independent exponentially distributed random variables is Gamma
distributedﬂ If we break the project implementation stage in n sub-stages, each ex-
ponentially distributed with mean ~, then the total completion time will follow an
Erlang distribution with shape parameter n and scale parameter ~. In the limit case
where n — oo, this converges to the delay differential equation described by .

We will introduce a new variable, O, to represent the amount of money invested

in projects yet to be completed. In the simplest case, where n = 1, we have

& — k(m)Y — %@ (7.3)

Equation (7.3 contains the inflow of capital goods, x(7) and the outflow repre-
senting projects being completed at an exponential rate. The capital dynamics, in

this case, is simply

K=lo_sK (7.4)
T

Capital assets are now completed according to the inflow represented by © and
depreciate at an exponential rate given by d. The debt dynamics remain unchanged,
as it is driven by the amount of money being currently invested.

In the general case, we have n intermediate investment stages.

IfX~T (n, ) for n € N, then X ~ Erlang (n, %) Also, E[X] = 7.

r
n
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@1 == I€<7T)Y — —@1
T

_ N (7.5)
@n = ; (@nfl - @n)

K= ;gn — K

D= (k(m)—n)Y

Using several sub-stages, which can be understood either as a purely mathematical
device or even as the several intermediate stages present in real capital projects, the
projects take an Erlang distributed amount of time to be completed.

Defining 6, = %, k=1,--- n,wecan fully specify the model using {w, A\, d, 01,05, -- ,0,}.
A bit of algebra leads to

w=w(®\) —a)
}\:A<T%9n—(a+ﬁ+5)>
dz/ﬁ:(ﬂ)—ﬂ—d(%@n—cS)

k() — O, E (1 + %0,1) - 5}

=0 —0)—0, (L — (7.6)
s = = (61 = 6) 92<w9” 5)

0,

. n n
i = = (61— 00) — b (T—Ven _ 5)

n

by =" (01— 6,)— 0, (ﬁen - 5)
T TV
The added terms on the ), equations are due to the evolution of Y, the economy
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output (for more details, refer to the derivation of the Keen model in Chapter [5)).
This model has an equilibrium, henceforward denoted as the “good” equilibrium,

determined by

A =3 Ya)

TV

én,l = 7(Oé+ﬁ+5)
énfk,l = én,l [%(Oé + 6 + n/T):| *
(7.7)
91’1 = én,l [%(OJ + 5 + n/T>:| "

7%1 = /171 |:é171(05 +ﬁ + n/T)]
[ Ii(’ﬁ'l)—’ﬁ'l
a+p

W1:1—7AT1—7’d1

If we linearize the system ([7.6)) around this point, we arrive at the following Jaco-

bian matrix:
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r(1=#(71)) = (a+ )

—rk' ()

—(a+8+12)

213

—(a+B+12)

N3

0 0 ]

0 oM

0 —2d;

0 — 20, 4

0 — 2054
—(a+p+7%) ~ b1

2 — (2 +20+28+9) |

(7.8)

sye1g pue IRy Jo “1do(] — AMSIOATU[) IOISRIADIN — SISOUT, (JUJ — BUWIIT BISO)) ©p 1) Y OPILWIdE



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

There is also a second equilibrium (from now referred to as the “bad” equilibrium),

characterized by

)\2 =

wy =0
éLQ = 0

A (7.9)
Oro=0
én,Q =0

CZQ — +00

which, as one would expect, expresses the collapsed state of the economy.

7.2 Bifurcations

For the numerical experiments conducted in this chapter, we adopted the fundamental
constants according to (3.24])). The function ® is the same as (3.25)), with parameters
given by (13.26)). In addition, the function  is the one defined in ([5.36]), but calibrated

according to

K(—o0) =0,  K(+o0) =1, (7.10)

71 =0.16,  £(71) =500

Armed with the Jacobian matrix, we can investigate what pairs of 7 and n produce
a locally stable “good” equilibrium (that is, for what values of 7 and n, matrix ([7.8])

contains only eigenvalues with negative real part). [Figure 7.1 depicts the threshold
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at which stability is lost.

T Threshold
0.07—

0.065 —

0.055 -

0.05—

0.045—

0.04 -

Figure 7.1: Threshold values of 7 where local stability of the good equilibrium dis-
appears (for the model with project development delay). For each n, the “good”
equilibrium is stable for values of 7 below this curve.

We can see that as the number of intermediate investment stages increases, the
critical value for the average completion time decreases. There seems to be an asymp-
tote around ¢ = 0.030, about ten days. This value is arbitrarily determined in terms
of the parameters chosen for this section.

Fixing the number of intermediate investment stages to n = 10, we can study
bifurcations with respect to the parameter 7. [Figure 7.2| shows bifurcation diagram
containing the amplitude of w for values of 7 ranging from zero to one year(s). There
seems to be a Hopf bifurcation for 7 somewhere between 0.035 and 0.040. The period

of the cycles is shown in
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Figure 7.2: Bifurcations diagram for 7 when n = 10 showing amplitude of w versus
7. The solid (black) line denote local instability, while the solid (red) line represent
local stability. Meanwhile, solid (green) circles denote stable limit cycles, while empty
(blue) circles correspond to unstable limit cycles.

116



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

Period

11

0.7

[e]
o
o
o
(o]
o
o)
[e]
[e]
[¢)
[¢)
[¢)
[e)
%
08 | o -
[e]

o%

[ ]

[

06 '

[ ]
[
[ ]
@
(J

04 F o® i

0.3 1 1 1 1 1
0.03 0.035 0.04 0.045 0.05 0.055 0.06

Figure 7.3: Bifurcations diagram for 7 when n = 10 showing period of oscillations
versus 7. Empty (blue) circles denote unstable limit cycles, while solid (green) circles
correspond to stable limit cycles.

As expected, the “good” equilibrium, initially locally stable when 7 is smaller than
around 0.037, becomes locally unstable for large values of 7. This threshold value
agrees with the results observed in [Figure 7.1l Remarkably, the fixed point unfolds
into a stable cycle at the supercritical Hopf bifurcation, indicating the existence of
periodic solutions. These stable cycles with period shown in Figure are only
feasible for 7 € (0.03698,0.04419). Moreover, unstable cycles with larger periods
occur for higher amplitudes of w.

A natural question is how these results would be affected if the number of multi-

stages was not ten, but two, five, or thirty? As well, what would happen in the limiting

117



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

case when the we use infinite intermediate stages of investment? To shed some light
on these concerns, we repeated the previous analysis for different values of n. Figure
shows the bifurcation diagram, together with the 10% and 90% percentiles of the
time delay for n in {2,5,10,20,50,75}. The limiting case when n = +oo, that is,
when the time delay is discrete, was analyzed with brute force. By simulating the
model with capital dynamics given by for a long period of time, with 7 varying

from zero to one year, and recording the long-term behaviour of w, we can observe

the stable attractors, be it a fixed point or a limit cycle (see [Figure 7.5)).
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Figure 7.4: Bifurcation diagrams on the left. 10% and 90% percentiles of the delay
distribution on the right.
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Figure 7.5: Brute Force bifurcation diagram for the model with discrete delay.

Altogether, we can study the dual effect of varying the number of investment
stages and the average time for completion on the stability of the system in a two-
parameter bifurcation diagram, as depicted in |[Figure 7.6 The threshold value 7.,
corresponds to the point at which the good equilibrium, previously locally stable,
becomes unstable. On the other hand, 7,,,, denotes the maximum value of 7 for
which there exists the stable limit cycle. The unstable limit cycle is not particularly
interesting as it does not attract solutions. Besides, it seems to exist for values of 7
that already generate the stable limit cycle. As shown in [Figure 7.6, both threshold
values 7,,;, and T, drop quickly as soon as n grows from zero, settling thereafter

around 0.03534 and 0.04269, respectively.
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t_and t__ for different values of n
min max

Stable Good Eq.
No Limit Cycle

Unstable Good Eq.
Stable Limit Cycle
f =
Unstable Good Eq.
No Limit Cycle

inf
0.03 0.032 0.034 0.036 0.038 0.04 0.042 0.044 0.046 0.048 0.05

T

Figure 7.6: Two parameter (7 vs n) bifurcation diagram.

The transient behaviour of the system is studied next. First, we are interested in
the case when the good equilibrium is still locally stable. Figure [7.7] was constructed
with different values of n and 7. Apparently, higher model dimension and longer
average completion times have a similar effect on stable solutions, though in different
magnitudes: both seem to extend the transient convergence time, adding more oscil-
lations to the result. Alternatively, exhibits the convergence to the limit
cycle, as the values of n and 7 were intentionally chosen inside the region where the

good equilibrium is unstable, yet the stable limit cycle is present.
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Figure 7.7: Solutions converging to the “good” equilibrium, for different values of n

and 7.
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Figure 7.8: Solutions converging to the stable limit cycle.

7.3 Conclusion

In this chapter, we studied a modified model where projects are not immediately
completed, but take an Erlang distributed time to be developed. The resulting model
exhibits the same stability properties as the Keen model, namely two stable equilibria,
when the mean time for completion, 7, is small enough.

Beyond a threshold, which depends on the number of intermediate stages one
chooses to model, the good equilibrium becomes locally unstable, giving rise to a
stable limit cycle. As this parameter increases, we verify a complete instability around
the good equilibrium, where the limit cycle vanishes, leaving the bad equilibrium as
the single stable attractor.

Put differently, when the gap between the time investment decisions are made and

when projects start generating revenue becomes too large, the economy ceases to see

122



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

positive effects from the investments, which inevitably leads to the collapsed state.

123



Chapter 8

Government Intervention

Ever since the financial crisis that brought the world’s economies to their knees in 2008,
Minsky’s take on financial fragility has been a growing trend amongst economists.
Accordingly, mathematical formulations of his Financial Instability Hypothesis have
been gaining increasing popularity in the economics literature. Surprisingly, most
of these models have not given enough substance to the government role, confining
it to the task of regulating and/or issuing bonds to be purchased by more active
players such as firms and households. For instance, as Santos [DS05] points out,
Taylor and O’Connell in their early influential article [TO85| fall short of completely
specifying the government policy, thus leaving room for “hidden” assumptions, that
is, model ingredients that were not acknowledged by the authors, let alone analyzed.
On the contrary, we model the government intervention explicitly, carefully analyzing
its impact on the overall economy.

As Minsky himself had already pointed out throughout [Min82], the debt-deflation
spiral can be interrupted with an appropriate intervention by the government, as gov-
ernment spending enter the Kalecki equation increasing firm profit. We model this
behaviour by introducing government expenditure, subsidies and taxation into the

Keen model in Section 8.I] We then perform local stability analysis of the many

equilibria available in Sections [8.1.1| and [8.1.2] As before, we identify a “good” equi-
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librium, which proves to be stable under regular conditions, as expected. On the other
hand, there are many undesirable equilibria, both with finite and infinite (negative)
levels of profit. Fortunately, the finite undesirable equilibria are all either unstable or
unachievable under usual assumptions. Moreover, we prove in Proposition that
all the equilibria with exploding negative profit are either unstable or unachievable
provided the size of government subsidies is large enough around zero employment
rate. In other words, even when the bad equilibrium is locally stable in the model
without government, we are able to design the government intervention in a specific
way that it destabilizes these unwanted fixed points associated to economic crises.
Moreover, we present in Section our main result. As opposed to local stability
analysis, persistence theory [ST11Dh] studies the behaviour of the solutions around a
specific value for a single variable alone. Instead of answering questions about the
convergence to a point in the space, we are now concerned about the convergence
to a hyper-plane. Widely used in mathematical biology, where mathematicians are
interested in the survival of a specific species over the long term, or whether a cer-
tain disease-control protocol will be able to eradicate the pathogen, we bring the
same notion to macroeconomics. In our context, we are intrigued about the long-
term “survival” of key economic variables, for instance profits, or employment. After
proving preliminary results addressing positive exploding profits in Proposition
we show in Propositions 8.3 and that under a collection of alternative reasonable
conditions on government policy, we obtain uniform weak persistence for both the
employment rate and the capitalists’ profit. For a precise definition of persistence,
we refer to Appendix [C], though put simply, the main result proved in this chapter is
that if the government is willing to be responsive enough in times of crises, both the
employment rate and firm profit are guaranteed to not remain trapped at arbitrarily
small values. Like any persistence result, these statements are global, the initial state
of the economy is not addressed at all in the hypothesis. These represent a sharp

improvement from the model without government intervention, where employment
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and profits were guaranteed to converge to zero and negative infinity, respectively,

and stay there forever, if the initial conditions were sufficiently bad.

8.1 Introducing government

In accordance to Table 2.3] government intervention can be introduced in the model
through expenditures G, subsidies G'S and taxation 1. We reserve the specification
of government expenditure for the end of this section. For now, we define subsidies

and taxes in the form

GS(t) = Gy(t) + Go(1), (8.1)
T(t) = T(t) + Ty(2), (8.2)

where
Gb = Fb()‘)Y> Gs = FS(A)G& (83)
T =0y(r)Y, T,=0,(nT. (8.4)

We interpret GG, and T}, as base-level subsidies and taxation, whose dynamics depend
primarily on the overall state of the economy as measured by the level of output Y.
On the other hand, we interpret G5 and T, as stimulative subsidies and taxation,
supposed to react exponentially fast to changes in employment and firms profits with
rates given by functions I'y and ©,. Initially, we only make the following general

assumptions on the subsidies and taxation structural functions:
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I (A\) <0 and I',(A) < 0 on (0,1) (8.5)
©}(x) > 0 and ©/,(r) > 0 on (—o0, 00) (8.6)
Wy(—00) = lim_64() (8.7)
%g—m)zgg;@m)<gg;“f)—5:ﬁﬁf”—5 (8.8)
lim 0. (T) < oo (8.9)

Denoting capitalist and government debt respectively by Dy, and Dy, and defining
gy = Gb/Y, gs = GS/Y, Je = Ge/Y, Ty — Tb/Y, Tsg = TS/Y, dk = Dk/Y, dg = DQ/Y,
it follows from Section that the profit share of capitalists is now

T=1—w—rdy+gy+9s —Tp — Ts (8.10)
and government debt evolves according to
Dy=1rDy+ Gy +Gs+Ge —Tp, — T (8.11)
To simplify the notation, let the rate of growth of the economy be denoted by

LG (8.12)

A bit of algebra leads to the following eight—dimensional system:
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o= w[d() - a]
A=Au(r) —a—f]
d = k() — 7 — dip(m)
9o = Tp(A) = gopu(m)

7y = Oy(m) — Topu(7)

s = g5 [I's(A) — pu()]
7, =7, [0,(7) — p(m)]

dg:dg<7"_/l(7r))+ge+gb+gs—Tb_TS

(8.13)

Notice that the capitalist profit share 7 in (8.10) does not depend on the gov-
ernment debt ratio d,, which implies that the last equation in (8.13) can be solved

separately from the rest of the system. Observe further that we can write

W:—w—rdk—f—gs-f—gb—fs—fb
= —w(®(\) — ) = 7(k(m) = 1) + Tp(A) + g Ts(A) = O4(7) — 7,04(7)

+ (rdy — gs — gp + 75 + ) ()

= —w(®(A) —a) = r(s(m) = 7) + (1 = w = m)p(r) + Tp(A) + gsLs(A) = O(m) = 7,04(7),

E]

so that the model reduces to the following five-dimensional system:

(8.14)
7, =T, [0s(7) — pu(m)]

T ==w(@A) —a) = r(k(r) —m) + (1 —w—m)u(r)

+ FbO‘) + gsFS()‘) - ®b<7r) - 7-368(71—)
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We shall base our analytic results on the reduced system (8.14), since this will
be enough to characterize the equilibria in which the economy either prospers or
collapses. Observe that when working with the reduced system (8.14)), we cannot

recover dy, g, and 7 separately, but rather the combination

rdy,—gp+m=1—-w—mT+g,—T (8.15)

E]

For numerical simulations, however, we compute the trajectories for the full system
(8.13)), so that the evolution of each individual variable can be followed separately.

For completeness, we can express the dynamics of total debt d = dj, + d,; as

d:dk—l—dgzlf(ﬂ)—w—dk,u(w)—i—rdg—dg,u(ﬂ)—l—ge—i-gb+gs—7b—75 (8.16)
=r(r)— (1 —w—rd)+ g |

The hyperplanes gs = 0 and 7, = 0 are invariant manifolds, indicating that if the
initial value for either g, or 7, is positive (or negative), the corresponding solution
is also positive (or negative). In general, 7, > 0, as we understand that tax cuts
will be captured by the decreasing function 6, as opposed to negative taxes. As well,
we will typically have g, > 0, as we want to represent a government attempting to
stimulate the economy with subsidies, although one could also have g; < 0 in the case
of austerity measures intended to reduce the government deficit (as a naive attempt
to decrease the debt) when the economy performs badly.

We now return to the specification of government expenditures G.. Observe that,
since G, does not affect the profit share in (8.10]), its dynamics can be freely chosen
without altering the solution of either the reduced system or the full system
. In fact, the only other variable affected by G. is government debt, which is

driven by (8.11]).
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For example, if we postulate the dynamics for expenditures in the form

Ge =T(t,w,\, 7, gs, 75, G, Y), (8.17)
we obtain
) [(w, A\, 7, gs, Ts, Ge, Y
Ge = ( % ) - gelu“(ﬂ-) (818>

In other words, as long as the dynamics for government expenditures does not
depend explicitly on the level of government debt, equation (8.18|) can be solved
separately first and then used to solve the dynamics of d,. Equivalently, we can model

the government expenditure ratio directly as a function g, = ge(t,w, A, 7, gs, Ts)-

8.1.1 Finite-valued equilibria

It is straightforward to see that the only possible finite-valued equilibria for the system
(8.14)) are given by the following six cases:

1. Define

(8.19)
Ti=p " (a+f)

so that & = A = 0. Discarding the structural coincidences Iy(A;) = o + 3 or
O4(T1) = a+ 3, the only way to obtain g, = 75 = 0 is to set g,; = 751 = 0. This

leads us to

r(v(a+ B +6) —71) n Ty (A1) — Oy(T)

Sl
w1 i a+ S a—+p

(8.20)

as the only way to obtain 7 = 0. This defines what we call the “good equi-
librium” for (8.14)), that is, an equilibrium characterized by finite values for all
variables and non-zero wage share. As we will see next, all remaining cases have

the equilibrium wage share equal to zero.
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2. Take Wy = 0 and Ty = 7; so that w = A = 0. In this case, discarding the
structural coincidence O4(71) = «a + 3, the only way to obtain 75, = 0 is to set

Ts = 0. For the remaining variables we define
Xo =T a+p) (8.21)

so that g; = 0 and

@b(ﬁl) - Fb(XQ) T T’(V,U,(ﬁl) + V5 — 71)
a+p a+

oo = —(1=m) (8.22)

so that 7 = 0.

3. Take w3 = T43 = 0 and 73 = 7, and so that w = A = 7. = 0 as before. In

addition take g,4 = 0 so that g, = 0. To obtain 7 = 0 define

N =T, (r(vu(@) +vd —71) — (1 =71) (a+ B) + 6 (7)) - (8.23)

4. Take@;:X4:§S4:?s4:Osothathjx:gs:T's:O. To obtain 7 = 0

define 74 as the solution of
—r(vp(r) +v0 — ) + (1 — m)u(r) + Tp(0) — Op(7) =0 (8.24)

5. Take @5 = \y = gss = 0 so that w = A= gs = 0. To obtain 7, = 0 define 75 as
the solution of

Os(m) — u(m) = 0. (8.25)
Finally, to obtain 7 = 0 set

—r(v(Ts) + vd —75) + (1 — 75)O4(Ts5) + L (0) — Op(7Ts)
O4(7s)

(8.26)

Ts5 =
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6. Take wg = A\¢ = 0 so that & = A = 0. To obtain gs = 0, define
To = (05(0)). (8.27)

Provided we discard again the structural coincidence O (7s) = I's(0), this means

that to obtain 7, = 0 we must set T, = 0. For the remaining variable we take

_ rvpu(ms) +vd — ) — (1 —76)'s(0) — I'y(0) + O(Ts)
9s6 = FS(O)

(8.28)

so that 7 = 0.

To summarize, discarding equilibria whose existence depend on structurally un-

stable coincidences in the choice of parameter values, the finite-valued equilibria for

system (8.14)) are given by

(517X17 07 07 ﬁl)

(07 XQJ 5527 07 ﬁl)

(07 X37 Oa O7ﬁ1)

(W, A\, gs, T, T) = (8.29)
(Oa Oa 07 07 ﬁ4)

(07 07 07 ?857 ﬁ5)

(07 Oa gsﬁa 0776)

\

Once the system (8.14) converges to an equilibrium (@, A, g,,7,, 7), the dependent

variables g, 7, d, must solve

9o = Tu () — goua(T) (8.30)
7y = Oy(T) — g1, 1u(T) (8.31)
dy = dglr — p(®)] + g5 + g+ ge — T — T (8.32)

132



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

As a result, base government subsidies and taxation will converge exponentially

fast to their corresponding equilibrium values

9y = L)

()
e @ (8.33)

"7 um)

Similarly, if the government expenditure ratio reaches an equilibrium value g, com-
patible with the equilibrium values for the remaining variables, then the government

debt ratio converges to

§s+§e+§b_Fs_Fb

— if r < p(7)
~ pm) —r
dg = 400 if r> u(@), orr =p(7) and G, + G, + G, — Ts — 7 > 0
10 ifr=pm and g, +39.+9, —Ts — 76 <0

(8.34)

Local Stability

We begin our local stability analysis by determining the Jacobian matrix for the

system (8.14)):

PN —« wd’(N) 0 0 0

0 pw(m) —a=p 0 0 AW ()

0 gsTe(A) [s(A) = p(m) 0 —gsht' ()

0 0 0 O(m) — p(m) =T, W ()
r— p(m)

—w® (\) + T (A
a—Q(A) — p(m) )+ T s(N) —O4(m) +u/' (M) (1 —w—m—1v)
+9sI5(A)
i —(©y(m) +7.04(m) |
(8.35)
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Returning to the equilibria defined in (8.29)), we have the following six cases:

1. Defining the constant
K=r+p@m) Q-7 —m)— (a+8) —0,(7) (8.36)

the characteristic polynomial for the Jacobian matrix (8.35)) at the good equi-
librium (@, A1, 0,0,7;) can be written as
pi(y) = { — P+ YK =@ () + yhpd (T) (TO0) = @@ (W)
—%a+@ﬁﬂﬁﬁm@@ﬂ (8.37)
x (Do) = (@ + 8) = y) (0s(71) — (e + B) — y)
This equilibrium will be locally stable if and only if the polynomial (8.37) has
only roots with negative real part. We can identify two of the real roots to be

I.(A) — (a4 B) and O,4(7;) — (o + 3). The Routh-Hurwitz criterion gives us

the remaining necessary and sufficient conditions for stability:

Li(\) <a+p (8:38)

0.(7) <t 5 (8.39)

o (8.40)

D)~ K 9 (M) (8.41)
a+f w19/ (Ar) = Ty (A)

2. The characteristic polynomial at the equilibrium (0, Xg, Gy, 0,71 ) is

Da(y) = (P(X2) —x —y) (@s (1) — (e + ) — y){ -y’ + Ky?

+ 1/(T1) Ao (T3 (A2) + Gl (N2)) — G (a4 B)] y + ( + ) X2552!/(71)F;(X2)}

(8.42)
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It follows that this equilibrium is locally stable if and only if the following

conditions are satisfied:

P(N2) <« (8.43)

O,(m) <a+p (8.44)

K <0 (8.45)

oz [(@+ B) = AT ()] = Aol (A2) > (a + B) Mool (Na)/ K (8.46)

It is noteworthy that this equilibrium will only be attainable if 0 < Ay = I';*(a+
B) < 1, for which it is necessary and sufficient to have I's(0) > o + 3 > ['4(1).

On a different note, if we assume that the good equilibrium is stable, then not
only we have O,(7;) < a+ B but also I';(\;) < a+ 8 = I'y(\z), which shows us
that A\; > ), since I'; is a decreasing function. Since @ is an increasing function,
we have that a = ®(\;) > ®()\,), so the first two conditions and

for stability of this equilibrium are satisfied.

3. The characteristic polynomial at the equilibrium (0, A3, 0, 0,7) is

Pa(y) = (00%) —a—y) (€.(71) — (a+ 8) =) (L) — (a+ B) —y)
< (4 = Ky =Xt ()T (0))
(8.47)

Accordingly, local stability is guaranteed if and only if the following conditions
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are satisfied:

d;) < a (8.48)
0,(71) < a+ (8.49)
L,(\3) < a+ 3 (8.50)

K <0 (8.51)

Recalling that the employment level for this equilibrium is
Xg = Fb_l (Fb(xl) — (Oé + B)wl) > Xl,
we have that
@(Xg) > @(Xl) = Q,

which shows that this equilibrium is locally unstable whenever the good equi-

librium is stable.

4. The Jacobian matrix at the equilibrium (0,0,0,0,7,) is diagonal, hence we
can identify the eigenvalues at the diagonal and conclude that local stability is

equivalent to the following conditions:

w(m) < a+f (8.52)

Ia(0) < pu(ms) (8.53)

O4(Ta) < pu(Ta) (8.54)

r 4+ (T) (1 =7y — 1v) < u(Ts) + O,(T4) (8.55)

These inequalities can only be satisfied simultaneously if I's(0) < a + .
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5. The characteristic polynomial at the equilibrium (0,0, 0,75, 75) is

Pa(y) = |17 =y (r+ 4/ (7s) (1 = 75 — 1) = O,(7s) — O}(Fs) — G, OL(7s))
~ 9,04 1 (75)]

< (2(0) ~a —y) (6:75) — (@ + ) ) (Du(0) = O.(73) ~v).

from which we can derive the necessary and sufficient conditions for local sta-

bility:

(5 <Oé+ﬁ

O4(s)

) (8.57)
I'5(0) < (8.58)

r+ 1 (Ts5) (1 — 75 — 1) < O4(T5) + O (T5) + To59%(T5) (8.59)
) (8.60)

7'55@( T5) < 0

Since 7,(0) > 0, this equilibrium can only be attained if 745 > 0. In that case,
we need O4(75) < 0, for it to be locally stable, which would then force I';(0) to
be negative. Since this is not economically meaningful, we can conclude that

this equilibrium will always be locally unstable to all effects and purposes.

6. The characteristic polynomial at the equilibrium (0,0, G, 0,7g) is

Pe(y) = [y2 —y (r+ i (Ts)(1 =76 —rv) —Ts(0) — O,(T6)) y + Fs(O)ﬁsw/(%)]

< (2(0) = a —y) (1(0) = (@ + 8) ) (84(F) = T(0) )
(8.61)

Therefore, this equilibrium is locally stable if and only if the following conditions
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are satisfied:

I,0) <a+p (8.62)

0,(7s) < Ts(0) (8.63)

v+ 1 (%) (1 — g — 1) < T4(0) + O (7s) (8.64)
J60s(0) >0 (8.65)

8.1.2 Infinite-valued equilibria

Our original motivation to introduce a government sector was to prevent the econ-
omy from reaching the bad equilibrium (5.20]) in the Keen model without government.
Because this equilibrium is characterized by infinitely negative profits caused by ex-
plosive private debt, we focus on the cases where m — —oc.

Making the change of variable u = €™, we obtain the system

w=w[®(\) — q]
A =Alu(logu) — a — f]
gs :gs[rs<)‘) - :u(log u)]

7, =7,[0s(log u) — u(log u)] (8.66)

i =u|—w(®\) —a) —r(vpllogu) + vé —logu) + (1 — w — logu)u(log u)

+ Fb()‘) - @b(log U’) + gsrs()‘) - Ts@s(log U)
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The Jacobian matrix for this system is

B\ —a W (a) 0 0 0

0 p(logu) —a—f 0 0 A (logw) /u

0 gsTs(A) I's(A) — p(logu) 0 —gsp/ (logu)/u

0 0 0 Os(logu) — p(logu) 7,[6;(logu) — ' (logu)]/u
| Ssaduw) T52(A gsu) ul's(\) —uO;(log u) J5,5(w, A, gs, 7, 1)
where

Js1(u, A) = — u(P(N\) — a+ p(logu))
J52(u, A, gs) = u(gsI(A) + TH(A) — wd'(N))
Js5(w, A, gs, 7., u) = — log u[u(logu) — r + 1/ (log u)] 4+ T'p(X) — Op(log u)
+7[1 —vu(logu) — vd — vi'(logu)] + gLs(A) — 7.0,(log u)
—w[®(\) — a+ p(logu) + p'(log u)] + 1 (log u)
— O, (logu) — 7,0 (log u)

We can see that (w, \, gs,, g1,, u) = (0,0,0,0,0) is an equilibrium point for (8.66)),
since all terms inside square brackets in the right-hand side of (8.66)) approach con-
stants as v — 07, with the exception of logu, for which we have that ulogu — 0.

Assuming further that
Iy, T, € CY0,1] (8.67)
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we then have that the Jacobian at this equilibrium becomes

[ 5(0) -« 0 0 0 0
0 pu(—o0) —a—p 0 0 *
0 0 [5(0) — p(—o00) 0 *
0 0 0 Os(—00) — p(—00) *
] 0 0 0 0 00 - (pu(—00) — 1)

where * denotes any value, and we have replaced lim,,_,o+ [— log(u)] by oco. Recall that
we assumed in , , and that the functions k, 6, and 6, have horizontal
asymptotes satisfying 0,(—o0) < pu(—o00). Local stability is then guaranteed if, in
addition to the standard requirements , , , and the new condition

(8.8), we impose that
L5(0) < pl(=00) (8.68)

That is, the bad equilibrium (w, A, gs, 75, u) = (0,0, 0,0, 0) fails to be locally stable
whenever condition is violated, which is easy to achieve in practice, since p(—o0)
is in general very small. This constitutes our first positive result regarding government
intervention.

Unfortunately, this is not the only plausible equilibrium for the extended system
corresponding to the bad equilibrium in the Keen model without gov-
ernment. Namely, allowing I's(0) > p(—o00) in (8.66)) gives rise to the possibility that
gs — 00, depending on the initial condition g4(0). To investigate these other possi-

bilities we make a second change of variables v = 1/g5s and x = g5/, which leads to
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the modified system

7, =, |©, (%) o (%)] (8.69)

T =x [FS(A)(l —x)—r+ur <w(CI)(/\) — ) —H“V,u( ! ) +rvd

vxT

a-om(L) e (L) sme. (L) -niw)].

We then see that (w, A\, v, 7,,2) = (0,0,0%,0,0F) are equilibria for ([8.69) since all
terms in the square brackets on the right-hand side of (8.69) approach constant values
as v — 0% and x — 0F. Recalling ((5.10) and , the associated Jacobian matrix

for these fixed points is

[ 5(0)—a 0 0 0 0o |
0 p(—o0) —a—pf 0 0 0
J= 0 0 11(—00) — T4(0) 0 0
0 0 0 ©;(—00) — p(—00) 0
I 0 * * 0 rs(0)—r

(8.70)
Therefore, local stability for these equilibria is guaranteed by (3.17)), (5.9)), (8.8]

and the new condition

p(—o0) < I'y(0) < r. (8.71)
If we assume that I's(0) # 0, two other possible equilibria for (8.69)) are given by

I',(0) —
(wa )\,U,TS,I') = (Oa()?OiaO? M) )
5(0)
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which are achievable provided either (i) gs(0) > 0 and I's(0) < r (so that v — 0T and
T — —00), or (ii) gs(0) < 0 and I';(0) > r (so that v — 0~ and 7 — —o0). The

associated Jacobian matrix for these fixed points is

B(0) — a 0 0 0 0
0 p(—o0) —a—pf 0 0 0
J= 0 0 11(—o0) — Ty(0) 0 0
0 0 0 O4(=00) — p(—00) 0
I 0 * * 0 r—1T'4(0) |

(8.72)

Therefore, local stability for these equilibria is guaranteed by (3.17)), (5.9)), (5.33)),
(8.8)) and T's(0) > 7.
The case I',(0) = 0 allows for the possible equilibrium (w, X\, v, 7, z) = (0,0, 0%, 0, 0),

’ T8

depending on the sign of initial condition g,(0), with associated Jacobian matrix

B(0) — a 0 0 0 0
0 p(—o0) —a—pf 0 0 0
J = 0 0 p(—o0) — T'4(0) 0 01,
0 0 0 Os(—00) — u(—o00) 0
I 0 * * 0 0 |
(8.73)

so that its local stability can never be guaranteed.
We summarize the different results for infinite—valued equilibria in the next propo-

sition.

Proposition 8.1. If, in addition to the standing assumptions (3.16])—(3.18), (5.8)—
(5.10), (8.5)(8.9), we have that (8.67) holds, then the following are the infinite-valued
equilibria of (8.14) corresponding to the bad equilibrium (5.20) for a Keen model
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without government:

(w, A, gs, 7,, ) = (0,0,0,0, —00) (8.74)
(W, A, g5, 7., ) = (0,0, 400,0, —00) (8.75)
(W,)\,QS,TS,W) = (0,0,—O0,0, _OO) (876)

Assuming additionally that (5.33) is satisfied, the stability of these equilibria depend

on stimulus government subsidies gs as follows:
(a) When g5(0) > 0 (stimulus):
(i) if Ts(0) < p(—o00), then equilibrium (8.74) is locally stable, equilibrium
(8.75) is achievable but unstable, and equilibrium (8.76|) is unachievable.
(i) if p(—o0) < T's(0) < r, then equilibrium (8.74) is unstable, equilibrium
(8.75)) is achievable and locally stable, and equilibrium (8.76|) is unachievable.

(111) if r < T's(0), then equilibrium (8.74)) is unstable, equilibrium (8.75)) is achiev-
able and unstable, and equilibrium (8.76)) is unachievable.

(b) When gs(0) <0 (austerity):
(1) if T5(0) < p(—o0), then equilibrium (8.74) is locally stable, equilibrium
(8.75) is unachievable, and equilibrium (8.76]) is achievable but unstable.

(i) if p(—o0) < I's(0), then equilibrium (8.74)) is unstable, equilibrium (8.75)) is
unachievable, and equilibrium (8.76|) is achievable and locally stable.

In other words, under a stimulus regime (gs(0) > 0), any achievable equilibria
with m — —oo0 becomes unstable provided I'4(0) > r. On the other hand, under an
austerity regime (gs(0) < 0), there is no value of I'y(0) that eliminates the possibility

of local stability from all achievable equilibria with 7 — —oc.
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8.2 Persistence results

As it is typical in persistence analysis, although we are primarily interest in preventing
the crisis situation characterized by the bad equilibrium, our first result will clear the

concern of exploding positive profits.

Proposition 8.2. If 7,(0) > 0, and conditions (5.8)),(5.9) are satisfied, then the
system described by (8.14)) is e ™-UWP.

Proof. Showing this consists of demonstrating that
limsupe™ > ¢
for some € > 0, which is equivalent to saying that
liminfr <m

for some m € R. We are going to show this by contradiction, so assume that
liminf 7 > m for any m, as large (and positive) as we want. We can then find a
to such that 7(t) > m for all t > t.

First, we can then bound employment from below since for ¢ > t, we have
MA=p(r)—a—B>pm)—a—p

which is positive for m large enough. That means that A\(t) > \(tg)eH(m=—a=B)t—to)
for all ¢ > t,.

Consequently, there exists t; > ty for which ®(A(¢1)) > « and thus

w/w=>(\) —«a
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will be positive. We then have that
w(t) > w(ty) exp [P(A(t1)) — ]
Next, for t > t;, the government subsidies dynamics satisfy

QS/gs - PS(A) - :u(ﬂ-) S Fs()‘(tl)) - M<m>

which can be made negative for m large enough. Consequently,

195 (D) < 1gs(t2)| exp [(Ts(A(t1)) — u(m))(E = t1)]

for all ¢ > t,.
Finally, one can choose m big enough such that x(m) > 0, 6,(m) > 0, 65(m) > 0,
and p(m) > r — possible because of (5.9) — allowing us to find the following bound

for 7, valid for all t > ¢;:

7=—-w[@\) —a] —r(k(r) =)+ (1 —w—m)u(m) + To(A) — Op(7) + gsT's(N) — 7.04(7)
< 7l = ()] — ol el [B(A(11)) ] + O,
(8.77)

where C,, = Ty(Mto)) + (gs(to)) " Ts(A(to)) is a positive constant. Consequently,

Gronwall’s inequality gives the following bound, valid for any ¢ > ¢,
Cn,

p(m) —r
_ 1) (el =l=t2) _ =lptm)=re=10)

m(t) < w(ty)e”Wm=—nlt=t) 4 (1- e*[u(m)fr](tftl))

(8.78)

From ([3.18)), we can choose ¢; appropriately such that ®(A\(¢1)) — o > u(+o00) —r
and thus the RHS of (8.78]) converges to —oo as t increases, which provides us with

a contradiction.
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]

Our core results are presented in the next two propositions. We first show that
government intervention can achieve uniformly weak persistence of the functional €™

even when the bad equilibrium for the model without government is locally stable.

Proposition 8.3. Suppose that the structural conditions (3.16[)—(3.18)), (5.8))—(5.10)

and (8.5)-(8.9) are satisfied, along with the local stability condition (5.33) for the
bad equilibrium of the Keen model (5.7) without government. Assume further that

gs(0) > 0. Then the model with government is e"-UWP if either of the following

conditions is satisfied:
(1) T's(0) > r, or

(2) AL'y(A) is bounded below as A\ — 0.

Proof. We prove it by contradiction. If limsup, . 7(t) < —m for any given large
m > 0, there exists ¢y > 0 such that m(t) < —m for t > t5. From the equation for A,
it follows that

A1) < )\(to)e(tfto)(u(fm)fafﬁ),

for t > t;. Choosing m > 0 large enough so that u(—m) < o + f (recall condition
(5.9)), we get that for any small ¢ > 0, there exists t; > ty such that A(t) < ¢ for

t > t,. From the equation for w, this readily implies that
w(t) < w(t1>e(t_t1)(q>(5)_a)’

for t > t;. Again, we may choose ¢ > 0 sufficiently small that ®(¢) < « (recall
conditions and (3.17)). Hence, there exists t, > t; > ¢, such that w(t) < ¢ for
t > t5. Finally, condition guarantees that we can choose m large enough such
that

Oy(m) — pu(m) <0, Vr<—m.



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

It then follows from the equation for 7, that there exists t3 > t3 > t; > ¢y such that
7,(t) < ¢ for t > t3. In other words, we can bound w, A and 7, by ¢ for ¢ large enough.

At this point, we need to consider the hypothesis I's(0) > r and AI',(\) bounded
separately. Assume first that I's(0) > r. Since I' is a decreasing function, we can

immediately see from the equation for ¢, that

gs

g = D) = ulm) > Tu(e) = p(m),

for t > t,. Moreover, since I';(0) > r > pu(—o00) (see condition ([5.33))), we can choose
e small enough and/or m big enough such that I';(¢) > pu(—m). Accordingly, for any

t > s > t;, we have that
gs<t> > g5<5)e(t*s)[1‘s(€)7#(im)}.

Using the equation for 7 we have:

T =—w[®A) — o] —rlpp(r) + v — 7] + (1 —w —m)u(m) + To(A) + gsL's(A) — Op(m) — 7,0,(m)
= —w[®(A) —a] = ra(m) + 7 (r — p(m)) + (1 —w)pu(r) + To(A) + gsl's(A) = Oy(7) — 7,04(7)
> — rmax{[r(—00)|, [s(=m)[} + 7(r — p(—00)) — max{|p(—o0)|, [u(—m)|} + I'y(c)

+ Ty(€)gs (t3) e 1] — @y (—m) — e max{|©(—00)], [0, (=m) |}
=C + Am + De®'
(8.79)

where C' is finite and does not depend on t, D = T',(g)g,(t3)e T=E)=r=m) > o
A=r—pu(—o00) >0, and F =T4(e) — u(—m) > 0. Consequently, for ¢t > t3, we have
that m(t) > y(t), where y(t) is the solution of

y=C+ Ay + DeP',  y(t3) = 7(t3) (8.80)
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that is,

ylt) = wlta)e O+ G (A 1)

D
E — AeEtg (eE(t—tg,) o eA(t—tg)) ) (881)
At last, since I';(0) > r, we can choose ¢ sufficiently small and m sufficiently large

such that
E—A=Ts)—r+ p(—o0) — p(—m) >0,

which leads us to conclude that e* dominates the solution y(t) when ¢t — oo, that is,

: _ D m
tlggloy(t) CE-A

Yet, since 7(t) > y(t) for ¢ > t3, we must have also 7(t) —— o0, which contradicts
the fact that m(t) < —m for t > ¢,.

Alternatively, assume now that A\[',(A) is bounded from below as A — 0. We can
still bound w, A and 7, by ¢ for ¢ large enough as before. Moreover, since AI'y(\) > L
for some positive L as A — 0, we now have that I',(A) > I'y(A\)A/e > L/e. From the

equation for 7 we then have

T == w[®A) = af =rlvu(r) +vé — 7] + (1 —w —m)u(m) + Tp(X) + g.Ls(A) = Op(m) — 7,0()
= —w[®(A) —a] = rr(m) +7(r — p(m) + (1 = w)pu(7m) + Tp(A) + gsI's(A) — Op(m) — 7,04()
> — rmax{|k(=00)], |k(=m)[} + 7 (r — p(=00)) — max{|p(=00)|, |n(=m)|} + L/e

— Op(—m) — e max{|0(—00)|,[Os(—=m)]}

(8.82)

where C' can be made arbitrarily large by choosing ¢ sufficiently small, while A =

r — u(—o00) > 0. Therefore, for ¢t > t3, we have that 7(t) > y(t), where y(t) is now
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the solution of

y(t) = C + Ay, y(t;) = n(ts)

that is,
(C’(s) + Ay<t3)) eAli=ts) _ ¢

y(t) = 1

We can then choose € small enough such that C(g)+Ay(0) > 0 and hence lim,_, y(t) =
+oo. But this implies that 7(f) == +o00, which again contradicts the fact that

m(t) < —m for t > t,. O

Although profits play a key role in the model, from the point of view of economic
policy, arguably the most important variable in is the rate of employment. Our
next and final result shows that under slightly stronger conditions we can still obtain
uniformly weak persistence with respect to the functional \ itself. Before stating it,

define the function
h(z) = —rlvu(x) + vd — x] + (1 — z)p(x) + Tp(0) — Op(x), (8.83)

and observe that it has the the properties:
(i) h(m1) = @i(a+ B) + T5(0) — Tp(Ar) > 0,

(ii) ;rl—1>I:Eloo h(x) = —o0, and

(iii) max[h(7)] < 4o0.

Proposition 8.4. Suppose that the structural conditions (3.16[)—(3.18), (5.8))—(5.10)

and ({8.5)) — are satisfied, along with the local stability condition (5.33) for the
bad equilibrium of the Keen model (5.7) without government. Assume further that

gs(0) > 0. Then the system (8.14) is \-UWP if either of the following four conditions

18 satisfied:
(1) 75(0) = 0 and T's(0) > max{r,a + 5}, or
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(2) 75(0) = 0 and AI'y(X\) is bounded below as X — 0, or
(3) 7,(0) =0, r <T's(0) < a+ B, and h(z) > 0 whenever u(x) € [I's(0), a + 5], or
(4) T's(0) > max{r,a + f}, O5(—00) <0, O4(T1) < a+ 3, and O is convex.

Proof. We prove the result by contradiction again. If limsup, . A(t) < e for any
e > 0, then there exists ¢y > 0 such that A(t) < e for t > ty. Since we can always
choose ¢ small enough so that ®(¢) — o < 0, it follows from the equation for w as
before that there exists t; > ¢y such that w(t) < € for all ¢ > ¢;.

For items (1) and (2), observe that it follows from UWP of e™ obtained in Propo-
sition that we can find a large m; > 0 such that limsup, ,  7(t) > —my. In
addition, we have that liminf; ..o ™ < pu~'(a + 3) = ma, since otherwise A cannot
converge to zero and there is nothing left to prove. Let m = max{m;, ms}.

If 1,(0) > max{r, a + (8}, we sce from the equation for A that

t
€
(a+B)(t—to)
exp ms)ds| < ——e vVt > ty,
[ s < 55 :

which implies that

exp[(To(e) — (0 + B)) (t—1)] V>t

o) > 200

In other words, given any large L > 0, provided we choose ¢ sufficiently small so that
[s(e) > a + [, there exists ty > t; such that g,(t) > L for ¢t > ty. Alternatively, if
Al'y(A) is bounded below as A — 0, given any large L > 0, we can choose ¢ sufficiently
small so that I'y(\) > L for A < e (since I'y(\) > Lo/A > Lo /ey for some Lo > 0).

In either case, we can find € > 0 small enough and/or ¢t > t; such that
—w[®\)—a]—rlvu(r)+vd—7]+(1—w—m)u(7)+Tp(N)+ gL (X)) —Oy(7) > & (8.84)
for all w € [0,¢], A € [0,¢], 7 € [-m,m] and t > 5. Since limsupm > —m and
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liminf 7 < m, we can find t3 > t5 such that w(t3) € (—m,m), from which it follows
from (8.84) and the equation for 7 that 7(¢3) > 0. Furthermore, 7(t) > 0 for all t > 3
with 7(¢) < m. Hence, there exists t; > t3 such that 7(t4) = m and 7(t) > m for all
t > t4. But this contradicts the fact liminf 7 < m, and UWP of X follows.

For item (3), we can again find a sufficiently small € and a sufficiently large ¢, > 0

such that w(t) < € and A(t) < ¢ for all t > ¢;, and
—w[®(\) — o] —rlvp(r) +vd — 7]+ (1 —w —m)p(r) + Ti(e) + gsLs(e) — Op(m) > €

for all w € [0,¢], A € [0,¢] and 7 in the interval such that I';(0) < u(7) < a+ f. We
use the fact that [';(0) > r, which implies e™ — UW P, to obtain that m does enter
the interval [—m,m], for some large m > u~'(a + 3)), at some instant ¢; > t;. But
since 7(t) > € whenever 7(t) lies in the interval such that I';(0) < u(7) < a + f),
this in turn implies that —m < 7 < p~'(T4(0)) for all ¢ > ¢;, because otherwise
7 > ut(a+ B) for all large t and A(t) could not go to zero. However, u(m) < T'y(0)
for all large ¢ implies that g,(¢) can be made arbitrarily large and we have that
holds, which again leads to a contradiction.

For item (4), let 75(0) > 0, since otherwise this reduces to item (1) and there is

nothing to prove. We start by defining v = ;— and observing that
2= 0,(r) —T,(M).
v
We can write 7 in terms of v and h (defined in (8.83)) as
T = —w[®(A) = a] —wp(m) + h(m) + Tp(A) = T4(0) + g5 [[s(A) —vO4(m)]  (8.85)

Let us now choose € small enough such that ®(¢) < a, I's(e) > a+  and

Li(e) — 2¢

L0 52:

Os(7), (8.86)
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which is possible because by hypothesis O,(71) < a + 8 < I'4(0).
There must then exists some ¢, > 0 such that A(t) < e and w(t) < ¢ for all t > .
From UWP of €™, we can find m > 0 large enough such that limsup7 > —m and

liminf 7 < m. Let us choose m large enough such that —m < ©;'(0) and

[(e) — 2¢
m@s(m) > I'5(0).

Using the equations for A and Js, it is straightforward to see that
£95(t) > gs(to)A(tg)e=E—@tBllt=to) w4 (8.87)

which grows exponentially since I's(e) > a + . Accordingly, we can find ¢; > t, such
that:

(i) egs(t) > ea — P(0) — pu(—00)] + max,cg[h(7)] and

(i) €gs(t) > ep(m) + max e m [2(7)] +T5(0) — I'y(e) and

I'5(0)?
(ili) egs(t) > m and

. O5(m)[0s(m)—Ts(e)]
(iv) egs(t) > oL (—m)

for all £ > t;. As a result, m can be globally bounded from above by

T < ela—®(0) — p(—00)] + max[h(m)] + g;[['s(0) — vO()] (8.88)

< Ys [5 + Fs(o) - U@S(ﬂ—)] (889)
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for all £ > ¢;. In addition, we have that 7 can be locally bounded from below by

> —ep(m) — neﬁri%fm] |R(m)| 4+ To(e) — T(0) + gs[I's(e) — vO4()] (8.90)
> gs[—e + Ts(e) — vO4(m)] (8.91)

for all t > t; such that 7(t) € [-m,m]. We can therefore conclude that, for ¢t > ¢; and
7(t) € [-m,m], if vO4(m) > ['4(0) 4 2¢, then 7 < —eg, and if vVO4(m) < T's(e) — 2¢,
then © > eg,.

Moreover, we can globally bound o from both sides as
0,(r) — T,(0) < % < 0,(r) - Ty(2), (8.92)

so that 7 < ©71 (T'4(¢)) implies v < 0, whereas ™ > ©~! (I'4(0)) implies v > 0.

Observe further that lim inf 7 > ©;1(0), because when 7 € [—m, ©;'(0)] the lower
bound for 7 becomes strictly positive for ¢ > ¢, forcing 7 to grow higher than ©;*(0).
We can therefore assume, without loss of generality, that 0 < O4(7;) < ©4(m), since
otherwise we would be done (7; = ' (a+ 3) would be smaller than the lower bound
of the liminf 7 and A could not go to zero).

We shall now define the following regions, contained in [—m,m] x R

oV = {(W’U) e [0:(0), m] x [%,4—0@) :Ty(e) — 26 <vO4(m) < T4(0) + 26};

o S := {(7‘(‘,1}) € [©;1(0),m] x [Fséfza)%, 1“31222:)25] :To(e) — 26 <vO4(m) < T4(0) + 26};

[ P = (@71 (F5<O)) 7m] X <0’ FQG(?();)2€>

153



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

10

- VAL (e)-2¢10 (n)
o V=Ir (0)+2¢)/6 ()

0 . F;(e) F;(O) m
Os(m)

Figure 8.1: The part of the plane (©4(7) x v) where one can see the invariant regions
V and S. Every solution that enters V' eventually makes it to S and never leaves it.
The region P is not invariant. Yet, solutions that enter it must eventually leave it
and enter the basin of attraction of S, either directly, or after spending some time on
(m,v) € [m,00) x RT.

With the bounds on 7 and © obtained above, one can observe the following (valid
for t > t1):

(i) The flow through v = %ﬁ;g goes inwards the region V. To see this, define the

outward normal vector

[5(0) + 2¢] ©()
CHY)

and notice that the flow going through the curve obeys
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Ty - { g } = [[5(0) + 2¢] ©(m)7 + O(7)v [O4(7) — T's(N)]

= [FS(O) + 28] @;(77')7'1' + @?(ﬂ.) FS(O) + 2¢

[®S(ﬂ—) - Fs()‘)]

O,(m)
= [0, (0) + 2] {64 ()7 + 0,(m)[0,(r) ~ TV}
< [14(0) + 25 {~6)(m)g. + 6,(m)(O.(7) ~ 1. (4)])
<1000+ 22 { -0y (m 2L LI ZEEN 6, ) fo. ) - 101

<0

(8.93)

(i) the flow through v = %)(;)25 also goes inwards the region V. To see this, define

the outward normal vector

- { i } = — [[s(e) = 2e]{OL(m) 7 + Os(m) [O4(7) — Ts(A)]}

< —[y(e) — 2¢] {0 (1) gs + O4(7) [O4(7) — T5(0)]} (8.94)

<~ [T(e) — 2] {@;(m ; @F, 3((21) - ngo)} <0

where we have bounded ©4(m) [©4(7) — I's(0)] by realizing that it is a quadratic
polynomial like y = x[x—T4(0)] on z € [0, O4(m)], with minimum y = —T(0) /4.
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(iii) the flow through the top side of P goes up. This is simply due to the fact that
if (m,v) € P, then m > ©;(T’5(0)), which implies that v > 0.

(iv) the flow through the left side of P goes inside P. To see this, notice that for 7 =
0;1(T'4(0)) and v < %, we have that vO4(7) < %FS(O) < Ts(e) — 2e,

hence 7 > 0.

(v) once (m,v) € V, there exists some to > t; for which (7,v) € S. One can be
convinced of this from the fact that if (w,v) € V'\ S, then it must be either that
7 < ©;1(T4(¢)), in which case v < 0, or that 7 > ©;1(I'4(0)), and hence v > 0.

Either case, © drives the solution towards S.

Finally, the last argument goes as follows. Once 7 enters [—m,m] (at time, say,
t), there exists some ty > t; for which 7(t) > 7, for all ¢ > t,. To see this, observe
that if (7(¢),v(#)) is above the curve v = %, then it must eventually enter the
region V, which then drives it to S at some future moment. If, however, (7(t), v())

%)(;)28, then it might move to V', or P. If (7, v) enters V,

starts below the curve v =
we are done, as we know that it will eventually enter S and stay away from 7. If,
however, it enters either P, we are done as well, since from that region the solution

can either:

(i) leave P through its top side, entering the region of attraction of S, or

(ii) leave P through its right side, so m becomes bigger than m, while v continues

growing. From there, the solution must return to [—m,m| at some later time,
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at which it might return to P, or enter the region of attraction of V', eventually

leading it to S.

In other words, every solution must eventually converge to the region S, where
m > 7, which contradicts the facts that A — 0. Notice that it is crucial to this proof

to have an unbounded region V', so we can guarantee that solutions entering [—m, m]

I's(0)+2e

6. ) will eventually enter the band and find

from the right, with v bigger than

their way to the region S. Hence, the importance of having O4(—o0) < 0. If this
was not the case, we would not be able to eliminate cyclic solutions starting from the
region P, exiting to (m, +o00) x R*, returning to [—m, m] above the band, completely
avoiding (v > %2::)25 for m € [—=m,m]), escaping to (—oo,m) x Rt returning to

[—m,m] under the band and then return to P, which would not contradict the fact

that A — 0. O

8.3 Examples

In this section, we compare the behaviour of the solutions to the Keen model without
government to the model with government studied in this chapter. We
fixed the basic parameters according to , and chose the functions ¢ and k as in
(3.25) and ([5.36)), with parameters according to the following constraints

A =096, ®(0)=—0.04, (8.95)
T = 016, Ii/(7_T1) = 5, (896)
K(—o0) =0, k(+o00)=1 (8.97)

It is easily verified that the structural conditions (3.16[)—(3.18]), (5.8)—(5.10)), (5.31),

(5.33) are satisfied for these functions, meaning that, in the absence of government
intervention, both the good and the bad equilibria are locally stable. The economy

must converge to either of them depending on how close to the good equilibrium the
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solution starts.

For the model with government (8.13)), we use the functions

Ty(A) =70(1 = A) (8.98)
To(\) = 71 — A (8.99)
Oy () = Oy + 61" (8.100)
O4(m) = 05 + 04" (8.101)
ge(m, A) = (1 — r(m))(1 — A)™ (8.102)
calibrated to satisfy the following
ge(T1, A1) = 0.20 (8.103)
gn = 0.004 (8.104)
7o = 0.08 (8.105)

0.02 for a timid government,

I',(0) = (8.106)

0.20 for a responsive government

L.(\) = %min {a+ B,T4(0)} (8.107)
I(\) =-05 (8.108)
lim_©,(m) = —0.20 (8.109)
0,(0) =0 (8.110)
0.(m) = 5(a+5) (8.111)
lim_©,(z) = ~0.20 (8.112)
0,(0) =0 (8.113)

The values of g,; and g.(71, A1) were chosen according to the historical average of

government subsidies and expenditure in the United States, as seen on Figures [8.2
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8.4 We chose the value of 7y, slightly higher than the historical average of government

taxation as we believe that the dataset available illustrates a period of extremely low

taxation.

100*BOSBRC1Q027SEEA/GDP

07

05

04

03

(100*Bil. of §/Bil. of §)

02

1940 1950 1960 1970 1980 1990 2000 2010 2020

Shaded areas indicate US recessions.

FRED 2013 research.stlouisfed.org

Figure 8.2: US Government subsidies over GDP.
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Figure 8.3: US Government taxes over GDP.

N I 5 R
<

Figure 8.4: US Government expenditure over GDP.

We can again easily verify that the structural conditions 1) are satisfied.
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On top of that, conditions (8.38)—(8.41]) hold as well, so that the good equilibrium
(W, \, g5, 7., T) = (@1, A1, 0,0,7) = (0.76067,0.96,0,0,0.16)

is locally stable. Moreover, we can verify that the conditions for stability of the other
finite-valued equilibria in (8.29) are easily violated for our choice of parameters, so
that none of them are locally stable.

As we have seen in Proposition [8.1] the stability of the infinite-valued equilibria in
the presence of government intervention depends crucially on the parameter I's(0) =
~1 corresponding to the maximum value of the stimulus subsidy function above.

It then follows from item (a) of Proposition [8.1| that in a stimulus regime, namely
for initial conditions with ¢4(0) > 0, equilibrium is unstable in either case,
whereas equilibrium (8.75)) is stable in the case of a timid government but unstable
in the case of a responsive government. On the other hand, it follows from item (b)
that in an austerity regime, that is for initial conditions with g4(0) < 0, equilibrium
is locally stable in either case.

Moving to the persistence results in Section [8.2] observe that condition (1) of
Proposition [8.3] is satisfied in the case of a responsive government, but that neither
conditions in this proposition are satisfied in the case of a timid government. As a
result, provided g(0) > 0, the responsive government above ensures uniformly weakly
persistence with respect to €™, but the timid government does not.

Similarly, we can verify that condition (4) of Proposition is satisfied by our
responsive government even when 74(0) > 0, but none of the conditions in this propo-
sition are satisfied by the timid government. Consequently, provided gs(0) > 0, the
responsive government above ensures uniformly weakly persistence with respect to A,
whereas the timid government does not.

We illustrate these results in the next six figures. Choosing benign initial condi-
tions, that is to say, high wage share (90% of GDP), high employment rate (90%),
and low private debt (10% of GDP), we see in Figure that the economy even-
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tually converges to the corresponding good equilibrium with or without government
intervention, even in the case of a timid government.

@(0) = 90%, A(0) = 90%, d,(0) = 10%, G,(0) = 5%, g (0) = 5%, T,(0) = 5%, T,(0) = 5%, d_(0) = 0%, 1 = 3%, 1, = 0.5%, [ (0) = 2%

MMAAA Y A In A A e ~ X 1
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H \
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0.4 0.8

— = = Keen Model 4108

x 0.3 0.6
S 3 + Government <
0.2 0.4 0.4
0.1 0.2 0.2
o 0 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200
time
0.4 0.2 0.12 4

0.3 015] 3
soz % /‘ VWA | 2 o

0.09

95*0.
T+l

0.1 0.05H 1
0.08

I I | n T T T
0 20 40 60 80 100 120 140 160 180 200
time

Figure 8.5: Solution to the Keen model with and without a timid government for
good initial conditions.

As we move to worse initial conditions, that is lower wage share (75% of GDP),
lower employment rate (80%), and higher private debt (50% of GDP), we see in
Figure that the “free economy” represented by the model without government
eventually collapses to the bad equilibrium of zero wage share, zero employment and
infinite private debt, whereas the model with a timid government is more robust and
eventually converges to the good equilibrium.

A timid government, however, is not capable of saving the economy from a crash
if the initial conditions are too extreme, for example a low wage share (75% of GDP),

low employment rate (75%) and extremely high level of private debt (500% of GDP),
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Figure 8.6: Solution to the Keen model with and without a timid government with

(0) = 75%, A(0) = 80%, d, (0) = 50%, 9,(0) = 5%, 9 (0) = 5%, T,(0) = 5%, T,(0) = 5%, d (0) = 0%, r = 3%, 1, = 0.5%, [ (0) = 2%
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Figure 8.7: Solution to the Keen model with and without a timid government with

@(0) = 75%, M0) = 75%, d,(0) = 5009, 9,(0) = 5%, g(0) = 5%, T,(0) = 5%, T(0) = 5%, d(0) = 0%, r = 3%, 1, = 0.5%, T (0) = 2%
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extremely bad initial conditions.
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Figure 8.8: Solution to the Keen model with and without a responsive government
with extremely bad initial conditions.
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Figure 8.9: Solution to the Keen model, starting close the good equilibrium point,
with positive (stimulus) and negative (austerity) government subsidies.
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Figure 8.10: Solution to the Keen model, starting far from the good equilibrium point,
with positive (stimulus) and negative (austerity) government subsidies.

as shown in Figure[8.7] On the other hand, a responsive government effectively brings
the economy from the severe crisis induced by these extremely bad initial conditions,
as shown in Figure [8.8

Additionally, the effects of austerity measures are exemplified in Figures and
[8.10l For a healthy initial state, we see that the transient period suffers from the neg-
ative spending, compared to a positive stimulus, without any long term consequences.
Once we push the initial state further away from the good equilibrium, we can im-
mediately verify the disastrous consequences of austerity: the government focuses so
much on reducing public debt that it throws the economy into a path of eventual

collapse.
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8.4 Concluding remarks

We proposed a macroeconomic model in which government intervention is a powerful
tool to prevent economic meltdowns where unemployment soars and profits plunge.
The model without government is essentially the one proposed by Keen in [Kee95|,
further analyzed in [GCLI12]. There, firms make investment decisions based on their
profit level: hight profits lead to heavier investments which accelerate the economy
at the cost of increased private debt levels.

The extended model is not entirely novel, as Keen had already proposed an exten-
sion where government was present in [Kee95]. Unfortunately, there was no distinction
between direct subsidies to firms and government expenditure in goods and services.
This contrast is crucial, while the former affects the profit share in , the latter
adds only to the output. This was eventually rectified in [Kee9§|, where Keen re-
stricted government spending to subsidies alone, which meant that government debt
no longer represented all government transactions. Rather, we explicitly model both
government subsidies in and expenditures in (8.17)).

We successfully show that any of the undesirable equilibria characterized by zero
employment, and zero wage share, on top of infinitely negative profit share, can
be made either unstable or unachievable with sufficiently high government subsidies
whenever close to full unemployment. More importantly, we prove that a government
willing to promptly intervene with enough subsidies and taxation policies prevents
the economy from remaining permanently trapped at arbitrarily low levels of employ-
ment and profits, no matter how extreme the initial conditions are. It may be that
stabilizing an unstable economy is too tall an order for the government sector, but

destabilizing a stable crises is perfectly possible.
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Chapter 9

Conclusion

In this thesis, we have explored several corners of macroeconomical modeling us-
ing dynamical systems. After reviewing the notion of stock flow consistency among
Minsky models in Chapter [2] we familiarized the reader with the double entry book
keeping framework that is necessary to guide any serious attempt of macroeconomical
modeling.

In Chapter [3| we carefully discuss the influential Goodwin model, where we make
our first contribution by proposing a non-linear Phillips curve which bounds the em-
ployment variable to the (0, 1) domain, providing the solution in terms of a Lyapunov
function. Chapter [4] discusses a novel extension with stochastic flavor. By introducing
random fluctuations in the dynamics of productivity, we obtain a continuous exten-
sion of the Goodwin model for which we examine several interesting properties. After
proving existence and almost surely uniqueness of solutions, we derive probabilistic
estimates based on the Lyapunov function derived for the Goodwin model. More
importantly, we show that every trajectory must indefinitely loop around a center
without ever converging to any point in the closure of the domain. We end the chap-
ter showing that when the volatility of the random noise is negligible, the solution is
approximately that of the Goodwin system plus a martingale term.

The mathematical formalization of Minsky’s Financial Instability Hypothesis is
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introduced in Chapter [f] To begin with, we perform local analysis, showing the
existence of two very distinct fixed points, which we intuitively call “good” and “bad”
(while also discarding some “ugly” ones). Their stability is shown to be guaranteed
under usual assumptions, meaning that a solution can converge to either of them
depending on how close to the both of them it starts. The basin of attraction of
the good equilibrium is obtained numerically, clearly showing that for large debt
levels, solutions seldom converge to the good equilibrium. We also specifically analyze
regimes of low interest rate in Chapter [ Perturbation techniques similar to the
ones employed in Section 4.3 are used to suggest an approximate solution which is
then fully solved analytically. Its accuracy is verified through numerical examples,
confirming the expected restriction to finite time intervals. On a different direction,
we propose an extension of the Keen model where we relax the assumption that capital
projects are immediately developed. Once more, we perform local analysis verifying
the existence of the key equilibrium points. This time, however, we find that when
the average completion time of such projects rises beyond a first threshold value, the
good equilibrium loses is stability giving place to a stable limit cycle. As the average
time grows, so does the period of these cycles, until a second threshold is crossed and
these limit cycles cease to exist. This behavior is completely novel, as so far we had
only observed cycles in the zero-order solution of the approximate model in Chapter
ik

Perhaps our main contribution to macroeconomical theory lies in Chapter [§ Af-
ter proposing an extension to the Keen model with government intervention in a very
general setting, we proceed to study its many equilibria and their respective local
stability. The many equilibria labeled as “bad” for being represented by negative
exploding profits, with zero employment and wage share, are easily destabilized if the
government stimulus subsidies are designed to be responsive enough under adverse
conditions. Most significantly, we prove that under several mild conditions character-

izing a responsive government, the model is uniformly weakly persistent with respect
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to both profits and employment. In other words, when the government is willing
to act responsively, capitalists’ profits and employment are guaranteed to never be
trapped under arbitrarily low levels, regardless of the initial state of the system.

We believe that this thesis paves the road for a variety of extensions. Among the
many future projects one could be interested in, we suggest a few. For instance, one
can model prices through a dynamical equation designed to converge to an equilib-
rium price, which itself could be obtained through supply-demand arguments. Such
a model should be able to answer questions regarding the effect of inflation in an
economy, reproducing stylized scenarios such as stagflation, or even hyperinflation.
Alternatively, stock prices could be introduced by allowing firms and/or banks to
capitalize themselves by issuing stocks. These should then take part in the portfo-
lio choice of households, who should take into consideration the risk/return profile
of all the instruments available to them. Further down the road, one could enlarge
the model by adding securitization, issued by special purpose vehicles, and study the
effect of structured products, such as the stigmatized mortgage-backed securities, in
the whole economy. This thesis provides a useful toolbox for a thorough analysis of
any of the extensions suggested above. Even though one could argue that none of
the ideas just proposed are intrinsically novel, the depth and precision that one could

reach with the apparatus presented here would certainly be so.
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Appendix A

Stochastic Dynamical Systems

Toolbox

Consider the n-dimensional stochastic process &, with dynamics

k
d, = b(t, Z)dt + Y o, (t, 7)) dW,(t) (A1)
r=1
where W (t), Wa(t),- -+, W,.(t) are mutually independent Brownian motions. The next

couple of results are Theorem 3.5, and Corollary 3.1 from [Khal2].

Theorem A.1l. Assume that

k
16(s, &) = b(s, D + Y _|low(s, %) — o0(s, 41| < BI|F — 7]
r=1 (A.2)

k
1b(s, B)| + Y _llow(s, )| < B(1+]|7]])
r=1

hold in every cylinder R™ x {||Z|| < R}, for any R > 0. Moreover, suppose that there

exists a nonnegative function V € C? on the domain D such that for some constant
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c>0
LV < ¢V, (A.3)
Vi = \|i|1\1fRV(t’f) — 00 as R — oo (A.4)
x||>
Then:

1. For every random variable Z(to) independent of the process W,.(t) — Wy(to) there
exists a solution Z(t) of (A.1) which is an almost surely continuous stochastic

process and is unique up to equivalence;

2. This solution is a Markov process whose Feller transition probability function
P(s, @5, t, A) is defined for t > s by the relation P(s,z,t,A) =P [a?“? () € A},

where 5% (t) is a solution of the equation

t koot
5T (t) = &, + / b(u, Z5% (u) du + Z/ o (u, 7% (u)) dW, (u) (A.5)
s r=1"5

-

3. If the functions b(t,Z) and &,.(t,Z) are independent of t, then the transition
probability function of the corresponding Markov process is time-homogeneous,
and if the coefficients are T-periodic in t, then the transition probability is T -

pertodic.

Corollary A.1. Consider an increasing sequence of open sets (D,,) whose closure are
contained in D and such that ], D, = D. Suppose that in every cylinder RT x D,, the
coefficients b and o, satisfy conditions and there exists a function V(t, ), twice
continuously differentiable in ¥ and continuously differentiable in t in the domain

R x D, which satisfies condition (A.3) and the condition

inf  V(t,Z) = o0 asn — o0 (A.6)
t>0,#€D\Dy,
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then the conclusion of Theorem[A ] holds provided that also P [Z(to) € D] = 1. More-

over, the solution satisfies the relation
P[Z(t) € D] =1 for allt >t (A.7)
The next Theorem is a slightly more general version of the Corollary above, though

applied to the stochastic dynamical system

Theorem A.2. Consider an increasing sequence of open sets (D,,) whose closure are
contained in D and such that |, D, = D. Assume that in each set D,,, the drift and
volatility coefficients of system (4.2|) are Lipschitz and sub-linear functions. Assume

that there exists a function V(w, \,t) € C*1(D x R,) such that
LY (w, A\ t) < ki V(w, A\ t) +ka  on D xRy (A.8)
for some ky,ky € Ry, and

inf V(w, A\, t) = 00 as n — oo (A.9)
D\D,,

then the system (4.2)) possesses a unique almost surely continuous regular solution for

(wo, o) € LD, Fy) satisfying P [(wi, ;) € D] =1 for all t > 0.

Proof. The proof follows from applying Corollarywith the function V' = V+ky /Ky,

for which we have

LV =LV +ko/k) =LY <kV +ky < ki (V+ ko /Fy) (A.10)

- k’lV

Observe that condition (A.2]) holds from the local Lipschitz and sub-linearity as-
sumptions on the drift and the volatility, while V(w, A, t) satisfies conditions ({A.3])
and (|A.6]), immediately giving us the desired result. O
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The next result is Theorem 3.9 from [Khal2], simply adapted to the notation of
Chapter [4

Theorem A.3. Let (w, \t)i>o0 be a regular process in D, with (wo, \o) € U, for some

U C D. Assume that there exists a function V(t,w,\) € CY?2*(R, x U) verifying
LV (s,w,\) < —f(s) (A.11)

where f(s) > 0 and lim, fotf(s) ds = +o0o. Then (wy, \;) exits the region U in finite

time P — a.s..
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Appendix B

XPPAUT Instructions

B.1 AUTO instructions for Figures [7.2 — [7.4

We used the following .ode file

HAHHHHAH B HAHHHHAHBHHBHAH R HAH B HAH RS

## keen_erlang.ode

S S R S

## EQUATIONS:

omega’=omegax* (Phi(lambda)-alpha)
tan_lambda’=(1+tan_lambda”~2)*PIxlambda*(g_Y-alpha-beta)
d’=Kappa(pi_n)-pi_n-d*g_Y

theta_[75..2] ’=(n/tau) *(theta_[j-1]-theta_[j])-theta_[jl*g_Y

theta_1’=Kappa(pi_n)-theta_1*(n/tautg_Y)

## ALIAS
lambda=atan(tan_lambda)/PI+0.5
pi_n=1-omega-r*d

theta_n=theta_75
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g_Y=n/tau/nuxtheta_n-delta

phiO=(alpha*(1-lambda_eq) "2-Phi_min)/(1-(1-lambda_eq) "2)
phil=phiO+Phi_min

kappa_eq=nu*(alphatbeta+delta)

kappal=(kappa_U-kappa_L)/pi

kappaO=kappa_U-kappal*pi/2
kappa2=kappa_pri*(1+tan((kappa_eq-kappa0)/kappal) "2) /kappal
kappa3=tan((kappa_eq-kappa0) /kappal) -kappa2+*pi_eq

aux auxLambda=atan(tan_lambda)/PI+0.5

aux auxTau=tau

## FUNCTIONS
Phi(u)=phil/(1-u) “2-phi0

Kappa (u)=kappaO+kappal*atan(kappa2+*u+kappa3)

## PARAMETERS:

par tau=0.01,r=0.03,nu=3,alpha=0.025,beta=0.02,delta=0.01
par lambda_eq=0.96,Phi_min=-0.04

par pi_eq=0.16,kappa_pri=500,kappa_L=0,kappa_U=1

par n=75

## INITIAL CONDITIONS:
init omega=0.8366
init tan_lambda=7.916
init d=0.1137

init theta_[1..75]=0
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## XPP SETUP

@ meth=gear

@ total=200,dt=0.01,bounds=1e10
@ maxstor=2000000,back=white

done

The sequence of commands below produce the bifurcation diagram shown in Fig-

ures — .4k

1. open the file keen_erlang.ode;

2. integrate it once, through, (I)nitialconds, (G)o;

3. integrate it a couple more times, to make sure it converges and stabilizes at the

equilibrium: (I)nitialconds, (L)ast, twice;

4. open AUTO: (F)ile, (A)uto;

5. change the axis to properly accommodate the diagram that will follow: (A)xes,

h(I)-lo: Xmin=0.03, Ymin=0.83, Xmax=0.06, Ymax=0.845;

6. change the (N)umerics to Nmax=2000, Ds=0.0001, Dsmin=0.00005, Dsmax=0.0005,
Par Min=0, Par Max=0.1;

7. (R)un, (S)teady State;
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8. change the (N)umerics to Nmax=200, Ds=0.01, Dsmin=0.005, Dsmax=0.05;

9. (G)rab the (HB) point;

1

o

. (R)un, (P)eriodic. (A)BORT if AUTO stops responding;

1

—_

. (F)ile, (P)ostscript to save the diagram;

1

[\]

. (A)xes, (P)eriod: : Xmin=0.03, Ymin=0, Xmax=0.06, Ymax=1.3;

1

w

. (F)ile, (P)ostscript to save the diagram;

B.2 Brute-force diagram for Figure

The following code was used

HAHHHHAHBHHAHBH R HBH RS HAH RS HAH RS HAHEH

## keen_delay.ode
HEHHHBHHHAFHBHHHBHHHAFHBRAHH B R HASHRRHS

## EQUATIONS:

omega’=omega* (Phi(lambda)-alpha)
tan_lambda’=(1+tan_lambda”~2)*PIxlambda*(g_Y-alpha-beta)
d’=kappa(pi_n)-pi_n-d*g_Y

z’=zx(g_Y_d-g_Y)

## ALIAS
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lambda=atan(tan_lambda)/PI+0.5
pi_n=1-omega-r*xd
pi_n_d=1-delay(omega,tau)-r*delay(d,tau)
pi_n_2d=1-delay(omega,2*tau)-r*delay(d,2*tau)
g_Y=kappa(pi_n_d) /nu*z-delta
g_Y_d=kappa(pi_n_2d)/nuxdelay(z,tau)-delta
phiO

(alphax(1-lambda_eq) "2-Phi_min)/(1-(1-lambda_eq) "2)

phil = phiO+Phi_min

kappa_eq=nu*(alphatbeta+delta)

kappal = (kappa_U-kappa_L)/PI

kappaO = kappa_U-kappal*PI/2

kappa2 = kappa_pri*(1l+tan((kappa_eq-kappa0O)/kappal) ~2)/kappal

kappa3 = tan((kappa_eq-kappa0l)/kappal)-kappa2*pi_eq

aux auxLambda=atan(tan_lambda)/PI+0.5
aux auxTau=tau

#aux auxG_Y=g_Y

#aux auxPi=pi_n

#aux auxPi_d=pi_n_d

#aux omega_d=delay(omega,tau)

#aux rd_d=r*delay(d,tau)

## FUNCTIONS

Phi(u)=phil/(1-u) “2-phi0

Kappa (u)=kappaO+kappal*atan(kappa2+*u+kappa3)

## PARAMETERS:
par tau=0.04,r=0.03, ,nu=3,alpha=0.025,beta=0.02,delta=0.01
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par lambda_eq=0.96,Phi_min=-0.04
par pi_eq=0.16,kappa_pri=500,kappa_L=0,kappa_U=1
## INITIAL CONDITIONS:

omega (0)=0.8366171
tan_lambda(0)=7.915815
d(0)=0.1127582

z(0)=0.9995501

init omega=0.836171

init tan_lambda=7.915815

init d=0.1127582

init z=0.9995501

## XPP SETUP

@ meth=qualrk4

@ total=150,delay=1,dt=1e-3,bounds=1el10,tol=1e-10
@ trans=100

@ maxstor=2000000,back=white

## POINCARE MAP SET UP:

@ poimap=section,poivar=t,poipln=1

## range set up

@ range=1, rangeover=tau, rangestep=2000

@ rangelow=0.03, rangehigh=0.06, rangereset=no

## STORAGE
@ output=bruteforce_KeenDelay_tau.dat

done

The above code was executed in silent mode, that is, through the command

180



Bernardo R. C. da Costa Lima — PhD Thesis — McMaster University — Dept. of Math and Stats

xppaut —-silent keen_delay.ode

The output was then treated handle through the following R code

HIR

## bruteforce_keen_delay.R

## Author: Bernardo R. C. da Costa Lima

## Created: 13 Jun 2013

## Read data file created by xppaut and

## create pdf picture of brute force bifurcation diagram wrt tau
## for the Keen model with construction delay.

FIR e

## read data

rawdata <- read.table("bruteforce_KeenDelay_tau.dat")

## define variables
time <- rawdatal,1]
omega <- rawdatal,2]

tau <-rawdatal,7]

## plot set up
pdf ("keen_delay_bruteforce_tau_n_inf.pdf",width=10, height=10/1.62)
par (mar=c(4,4,2,0.5))
plot(tau,omega, type="p",
xlab=expression(paste(tau)),
ylab=expression(paste(omega)),
col="blue", pch=".", cex=1, ylim=c(0.83,0.845))
dev.off ()

with the following console command
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R CMD BATCH --vanilla bruteforce_keen_delay.R

producing the desired pdf figure.
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Appendix C

Persistence Definitions

Let ®(¢,x) : RT x X — X be the semiflow generated by a differential system with

initial values z € X. For a nonnegative functional p from X to R*, we say

e & is p — uniformly strongly persistent (USP) if there exists an € > 0 such that
liminf, o p(®(t,z)) > € for any x € X with p(z) > 0.

e & is p — uniformly weakly persistent (UWP) if there exists an € > 0 such that
lim sup,_, ., p(®(t,z)) > ¢ for any x € X with p(z) > 0.

e & is p — strongly persistent (SP) if liminf, o p(®(¢,x)) > 0 for any x € X with
p(x) > 0.

o & is p — weakly persistent (WP) if lim sup,_, . p(®(¢,z)) > 0 for any = € X with
p(z) > 0.

As an example, consider the Goodwin model (3.12). From Chapter [3| we know
that the solution passing through the initial condition (wg, Ag) satisfies the equation
(13.20).

The closed periodic orbits implied by this equation are shown in Figure 3.1} Re-
calling that m = 1 — w for this model, observe that w remains bounded on each orbit,

so that liminf; ., exp(1 —w) > 0 and the system is e™ — strongly persistent. However,
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since the bound on w can be made arbitrarily large by changing the initial conditions,
we see that the system is not €™ — uniformly strongly persistent. Finally, we see in
Figure that w becomes smaller than the equilibrium value @ infinitely often, re-
gardless of the initial conditions. Therefore, taking ¢ < exp(l — @) shows that the
system is e™ — uniformly weakly persistent. The exact same arguments show that the
Goodwin model is A-SP, A-UWP, but not \-USP.

For the Keen model without government intervention defined in the situation
is less satisfactory. Whenever the conditions for local stability of the bad equilibrium
(5.20)) are satisfied, we cannot have either A\ or e™ persistence of any form, since initial
conditions sufficiently close to the bad equilibrium will necessarily lead to A = e™ =0

asymptotically.
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