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Abstract

We generalize the arbitrage-free valuation framework for counterparty credit risk (CCR) adjust-
ments when credit triggers are allowed in the contract. The settlement of the deal for the investor
could be either obliged or optional to execute when the counterparty hits the credit trigger before
any default events from the two parties. General formulas for credit value adjustment (CVA) are
given for all four cases: obliged unilateral, obliged bilateral, optional unilateral and optional bilat-
eral. The unilateral CVA with an optional credit trigger is found to be the same as the unilateral
CVA with an analogous obliged credit trigger. We show that adding credit triggers will decrease
the unilateral CVA for both obliged and optional cases, which are in line with the motivation of
investors to reduce CCR. However, adding credit triggers may not necessarily reduce bilateral CVA.
Counter-intuitively, we show that the bilateral CVA may actually increase by adding credit triggers.
Moreover, the increased amount of bilateral CVA due to credit triggers for one party is exactly
the same amount of bilateral CVA reduced for the other party. The CVA calculation is subjected
to large uncertainty of model risks, mostly due to the lack of data for calibrating jump-to-default
probabilities. Some explicit models for obliged unilateral CVA are discussed with special caveats
on the model assumptions. Numerical examples are also given to illustrate the model risk of CVA
calculation due to the uncertainty of jump sizes, even though pure jump models are assumed.

Keywords: Counterparty Credit Risk; Unilateral (Bilateral) Credit Value Adjustment; Obliged
(Optional) Credit Triggers; Mark-to-Credit;



1 Introduction

Although bankers have been talking about counterparty credit risk (CCR) for almost a decade, it is
not until the most recent financial crisis that our understanding and practices of CCR are brought into
question. The Basel Committee on Banking Supervision (2010) therefore proposes a series of changes
to the Basel II framework on CCR capital requirements and related risk management practices in their
recent consultative documentﬂ In order to mitigate CCR, the international credit market has made
some dramatic changes such as the introduction of new ISDA Credit Default Swaps (CDS) contracts
and the introduction of central clearing counterparty for some credit derivativesﬂ

The traditional CCR management typically involves risk quantifications, such as expected positive
exposure (EPE), based on potential future exposure (PFE) given counterparty default. The re-valuation
of the portfolio at a future time bucket is based on Monte-Carlo simulation of the risk factors under
historical measureﬂ The risk management of CCR itself is evolving from passive risk measurements
to one of active pricing and hedging practices. The price for CCR is called credit value adjustment
(CVA) which has now become a very hot topic from front offices to back offices of every major financial
institutions’ capital markets. Different from the PFE quantification, risk factors are simulated under
risk-neutral measure instead of historical measure for CVA pricing. Gregory & Kelly (2009) provide an
excellent overview of this evolution of CCR from a practioner’s point of view. Zhu & Pykhtin (2007)
give a very good discussion on both modeling exposure profiles and CVA pricing. The recent book by
Gregory (2010) covers a wide range of different topics on CCR: from methodology, architecture and
implementation to products, hedging and CVA pricing.

However, a rigorous mathematical formulation of CVA is a quite recent work. Brigo & Masetti (2006)
give the first rigorous proof for the general unilateral counterparty risk pricing formula. Related literature
on unilateral CVA calculation includes Brigo & Pallavicini (2007) on interest rates, Brigo & Bakkar (2009)
on commodities and Brigo & Chourdakis (2008) on CDS. The general bilateral counterparty risk pricing
formula is derived in Brigo & Capponi (2009) and Gregory (2009). Related literature on bilateral CVA
includes Brigo, Pallavicini & Papatheodorou (2010) on interest rates, Brigo & Capponi (2009), Yi (2009)
and Assefa, Bielecki, Crepey & Jeanblanc (2009) on CDS. CVA allocation at trade level is discussed by
Pykhtin & Rosen (2009).

Initiated by the motivation of mitigating CCR, many institutions have engaged in credit trigger
agreements to monitor their counterparty’s creditworthiness. A credit trigger is usually a pre-specified
credit level that is below the current rating of the counterparty, for example “BBB” when the counter-
party is currently rated as “AA”. When the counterparty’s credit deteriorates to the credit trigger or
below before default within maturity, the investor has the right to settle the deal with the counterparty
at mark-to-market (MtM). Credit triggers can be set to both sides of the investor and the counter-
party. The settlement of the deal for the investor could be either obliged or optional to execute when
the counterparty hits the credit trigger before default. Previous literature on CVA does not consider
credit triggers. In this article, we generalize the arbitrage-free valuation framework for CVA when credit
triggers are allowed in the contract. General formulas are derived for all four cases: obliged unilateral,
obliged bilateral, optional unilateral and optional bilateral. We point out that the increased amount of
bilateral CVA due to credit triggers for one party is exactly the same amount of bilateral CVA reduced
for the other party. This observation indicates that adding credit triggers may in fact increase bilateral
CVA, which is against the motivation to add credit triggers in the first place. Caveat is also provided
to warn the big model risk we are taking for CVA calculation with credit triggers.

The rest of this article is organized as follows. We start with a review of general CVA pricing without
credit triggers in Section [2] Section [3] provides general formulas for both unilateral and bilateral CVA
with either obliged or optional credit triggers. Section [] discusses the large model risk of CVA with
credit triggers from both theoretical and numerical point of views. Section [5| concludes this article. All
proofs and some simple models for obliged unilateral CVA are given in appendices.

IThe treatment of CCR in the original Basel IT is analysed by Fleck & Schmidt (2006) and Pykhtin & Zhu (2006)

2The readers are directed to Beumee, Brigo, Schiemert & Stoyle (2009) for a discussion on the new ISDA CDS and
Duffie & Zhu (2009) on central clearing counterparty.

3The readers are directed to De Prisco & Rosen (2006) and Canabarro & Duffie (2004) for some CCR, background and
terminologies.



2 General CVA without Credit Triggers

We give a brief review of general CVA pricing without credit triggers in this section. Following the
notations from Brigo & Capponi (2009), we refer to the names involved in the financial contract as
follows: the investor is referred to as name “0”; the counterparty as name “2” and the reference entity
as name “1”E| Let 79, 71 and 79 denote the default times of the investor, reference credit and the
counterparty respectively. Default time of the reference entity 7 will affect the exposure at default
of the counterparty. Let Iy (Ro =1 —1p), 1 (Ri =1—1;) and Iy (Ry = 1 — I3) denote the loss given
default (recovery rate) of the investor, reference credit and the counterparty respectively. We will assume
constant loss given default throughout this paper, although the general formulae can easily be extended
to allow stochastic loss given default.

The probability space we are in is (2,3, G, Q) where the filtration (G;); models the flow of total
information of the whole market, including both market observable quantities and default events; and
Q is the risk-neutral measure. Let F; denote the right-continuous and complete sub-filtration which

represents the market observable quantities and H; := c({7p < uV 7 <uV7 <u:u<t}) denote
the right-continuous filtration generated by the default events. Hence we have G; := F; V 'H;. The
expectation E;[-] := E[-|G;] is under risk-neutral measure that leads to no-arbitrage prices.

Let t denote the valuation time and 7' denote the final maturity of the payoff. Let I1?(Ty,T,) denote
the discounted cash flows, from investor’s point of view, that are subjected to counterparty default. The
cash flows in this notation are from time 77 to T5 and discounted to valuation time ¢t. Let II,(T3,T3)
denote the analogous quantity when the counterparty is assumed to be default-free. Correspondingly, let
I17(T1,Ty) denote the discounted cash flows, from the counterparty’s point of view, that are subjected
to investor’s own default. It is clear that the following consistency equation holds

(T, Tp) = —1I9(Th, To). (1)
The discounted MtM E| at some future time g € (¢,T), denoted by Ay, is given by

where D(t, g) denotes discounting factor that discounts cashflows at time g to time ¢. The payoffs depend
on the underlying instruments or portfolio of instruments after taking into account either netting or no-
netting agreements. From Brigo & Masetti (2006) and Brigo & Capponi (2009), the general counterparty
risk pricing formulas are given by the following two propositions.

Proposition 2.1. [General Unilateral Counterparty Risk Pricing Formula]: Assuming the
investor is default-free, given 1o > t, the price of the contract’s payoff under unilateral counterparty risk
from the investor’s point of view is given by:

E 1T (8, T)] = Eo[IL(t, T)] — CVAo; (2)
where CVAq is the investor’s unilateral credit value adjustment given by:
CVA() = lgEt[l{QST}A;;]; (3)

Assuming the counterparty is default-free, given 19 > t, the price of the contract’s payoff under unilateral
counterparty risk from the counterparty’s point of view is given by:

EA[IT7 (1, T)] = Eo[~T14(¢, T)] — CVAs; (4)
where CVAs is the counterparty’s unilateral credit value adjustment given by:

CVAs = l0E[1 {7y <ry(—Ar) ). ()

4In general, the underlying portfolio with the counterparty could have multiple reference entities. For illustrative
purposes, we will assume one credit reference here. Distribution of time 71 will affect the exposure at default of the
counterparty. For the rest of the paper, 71 does not appear explicitly in the events classification but implicitly sits in the
exposure at default of the counterparty.

5Conditional on the realization of the paths of the market observable quantities upto time g, the discount factor D(t, g)
is constant.



Proposition 2.2. [General Bilateral Counterparty Risk Pricing Formula]: Let T = 179 A To.
Given T > t, the price of the contract’s payoff under bilateral counterparty risk from the investor’s point
of view is given by:

B [I17 (¢, T)] = E[I1,(t, T)] — BCVA; (6)

where BCVAg is the investor’s bilateral credit value adjustment given by:
BCVAO = ZQEt[l{T:ngT}A;;] — lOEt[l{T:TOST}<_ATo)+]; (7)

Given T > t, the price of the contract’s payoff under bilateral counterparty risk from the counterparty’s
point of view is given by:
B (I (t, 7)) = Ey[-11,(¢, T)] — BCVAy; (8)

where BCVAs is the counterparty’s bilateral credit value adjustment given by:
BCVA, = loEt[l{T:TOST}(—ATO)Jr] - lgEt[l{T:ﬁST}A;]. (9)

According to the above propositions, the CVA is defined as the negated difference of the value of
defaultable cash flows and the value of analogous default-free cash flows.

The CVA effectively computes the expected loss at default of the counterparty within maturity from
the investor’s point of view (conditional on no previous counterparty default), assuming the investor is
default-free. In general, the unilateral CVA of the investor is different from the unilateral CVA of the
counterparty. Asymmetry of the unilateral CVA is due to the asymmetric assumptions underlying the
unilateral CVA calculation. The investor’s unilateral CVA is computed under the assumption that the
investor will never default. On the other hand, the counterparty’s unilateral CVA is calculated assuming
the counterparty is default-free. This asymmetry breaks the consistency Equation .

The BCVAj is composed of the expected loss due to counterparty default before the investor (within
maturity) minus the gain made by the investor in the event of self default before the counterparty
(conditional on no previous default from both parties). It is clear that the bilateral CVA of the investor
is exactly the negated bilateral CVA of the counterparty. This symmetry is due to the same consideration
that both the investor and the counterparty are subjected to default. The bilateral CVA is in line with
the consistency Equation . It is therefore preferable to calculate bilateral CVA in this sense.

3 General CVA with Credit Triggers

We extend the general CVA pricing formulas to allow credit triggers, where the credit trigger events
could either be an obligation or an option. When the investor hits the credit trigger at the same time
as the counterparty defaults, the default event overwrites the credit trigger agreement. Namely, in this
scenario, the deal will be settled according to the default agreement. The default party will have to
pay the other party a fractional portion of the MtM at default if the default party’s MtM is negative or
receive the full amount from the other party if the MtM is positive.

3.1 CVA with Obliged Credit Triggers

Let 78 (73) denote the first time the investor’s (counterparty’s) credit deteriorates to or below the credit
trigger including default. The following equation clearly holds without any model assumptions:

1= P(Tib <7)= P(Tl-b <7+ P(Tl-b =T7); 1=0,2 (10)

We will refer to events 1 (rh<r,) B8 credit trigger events and events 1 (rb=r,} 85 Jump-to-default events.

By “obliged credit triggers”, we mean that the investor is obliged to settle the deal when the coun-
terparty hits the credit trigger for the first time before any default events, regardless of whether the
investor is in the money or out of the money at the counterparty’s credit trigger time. At this credit
trigger time, the investor will realize a gain when in the money and will have to pay the total MtM to
the counterparty when out of the money. Let

Tb:Tg/\Té’.

The following two propositions give the general formulas for calculating obliged CVA for both unilateral
and bilateral cases.



Proposition 3.1. Given 75 >t (given 78 >t ), the unilateral CVA with obliged credit trigger C’VAS
(CVAS) for the investor (counterparty) is given by:

CVAG = LElirp_r,<ry AL (11)
CVAy = LBl <ry(—Ar) ] (12)

Particularly, when the credit trigger is the default state, this CVA becomes the same unilateral CVA
without credit triggers.

Proposition 3.2. Given 7° > t, the bilateral CVA with obliged credit triggers of the investor BCVAS
(counterparty BCVAS) is given by:

BCVAS = lQEt[l{TOZm:TbST}A;;]_lO]Et[1{7227():7'1’§T}(_A70)+]; (13)
BCVAg = lOEt[]‘{TZZT():TbST}(7A7'0)+]7l2]Et[]‘{TUZ7'2=TbST}A‘j2]' (14)

Particularly, when the credit triggers for both parties are the default state, this CVA becomes the same
bilateral CVA without credit triggers.

From Proposition the obliged unilateral CVAg computes the expected loss of the investor due to
counterparty default at a time that is also the first time the counterparty’s creditworthiness goes down
to the credit trigger or below. The following scenarios are excluded from the obliged unilateral CVA
calculation: the counterparty is first downgraded to the credit trigger or below but above the default
level and then defaults at a later time within maturity. This is because that the deal will have to be
settled for these scenarios and hence no loss will be realized due to counterparty’s later default. Due to
the exclusion of these scenarios, the unilateral CVA with obliged credit trigger will always be smaller or
equal to the unilateral CVA without credit triggers. Mathematically, their difference is given by:

CVA¢ — CVAG = B[l 1 o, ey AT

From Proposition the obliged bilateral BCVA%’J still consists of two components: the expected loss
due to the counterparty’s default at a time that is also the first time the counterparty’s creditworthiness
goes down to the credit trigger or below (within maturity and before the investor’s default) minus the
gain made by the investor in the event of self default at a time that is the first time the investor’s
creditworthiness goes down to the credit trigger or below (within maturity and before the counterparty’s
default; conditional on no previous credit trigger events for both parties). The following scenarios are
excluded from the obliged bilateral CVA calculation: either the counterparty or the investor is first
downgraded to their own credit triggers or below but above the default level and then a default from
either party happens at a later time within maturity. When either party hits their own credit triggers
before any default events, the deal will be settled from the obligation agreement. However, the obliged
bilateral CVA is not necessarily smaller than the bilateral CVA without credit triggers, depending on
the difference of the bilateral CVAs that is given by the following quantity:

¢1 := BCVAy — BCVA{ = LE(L b crry <y AL ] — LB [1 0 crmrg <y (— Az ) T

The first term represents the expected loss at counterparty’s default time (before the default of the
investor; within maturity) after any credit trigger events from either parties. The second term represents
the expected gain in the event of the investor’s own default (before the default of the counterparty; within
maturity) after any credit trigger events from either parties. Because the credit triggers are obliged,
the deal will have to be settled once any credit trigger events happen from either side. Therefore, the
expected losses due to these scenarios are not included in the obliged bilateral CVA calculation.

If this quantity ¢; is positive, the obliged bilateral CVA is smaller; if it is negative, the obliged
bilateral CVA is larger. There are many factors that affect the sign of this quantity including initial
creditworthiness of the two parties, level of credit triggers and correlations between default times and
credit trigger times. When the credit trigger barriers of both parties are close to zero, then g; will be
close to zero. Qualitatively, if the investor has a much better creditworthiness than the counterparty
(for instance, less likely to default and smaller loss given default), then g; is more likely to be positive.
As a result, the obliged bilateral CVA will be smaller than the bilateral CVA without credit triggers in
this case.

We can also compute the difference of these two CVAs from the counterparty’s point of view. It is
clear that the decreased amount of CVA due to obliged credit triggers for one party is exactly the same
amount of CVA increased for the other party.



3.2 CVA with Optional Credit Triggers

Most current contracts have optional credit triggers instead of obliged ones. By optionality, we mean
that the investor has the right but not obligation to settle the deal when the counterparty hits the
credit trigger before default. If the option is exercised, the investor will realize the discounted MtM of
Ay (denominated by today’s dollar) from the counterparty and will not suffer any future loss due to
counterparty’s later default. If the investor does not settle at counterparty’s credit trigger time, the
realized value would be an expected discounted conditional fair value, denoted by Agb, of all future
2
defaultable cash flows. Let us call this quantity Agb discounted mark-to-credit (MtC) that is given by
2
b b
ADy = E[I1, (3, T)]D(¢, 73).

et
The optimal time to settle depends on the sign of the difference ATg ngb, which stands for the discounted
2
conditional CVA (without credit triggers) at the credit trigger time 75. The optimal time to settle is
when this difference becomes positive. When only unilateral CVA is considered, this difference becomes
A'rzb - Agzb = ]E'ré’ [CVA()(TS, T)]D(t, TQb);

which is always non-negative, where CVAq (7%, T') denotes the unilateral CVA at time 75. Therefore, in
this case, the investor will settle for sure once the counterparty hits the credit trigger before default.
When bilateral CVA is considered, the difference of the discounted MtM and the discounted MtC
becomes
Ay — A(T)é, =E. [BCVA (73, T)]D(t, 73);

which could be either positive or negative, where BCVA(73,T) denotes the bilateral CVA at time 78.
When it is positive, the investor will settle to realize a gain from the counterparty. When it is negative,
the investor should not settle in order to avoid immediate losses from negative CVA at trigger time. In
the case when the investor does not settle, he may incur a future loss due to the counterparty’s later
default within maturity. Therefore, the bilateral CVA calculation should include expected losses due to
these events as well.

From the counterparty’s point of view, if the settlement occurs at the investor’s credit trigger time Té’ ,
the expectation is to realize the discounted MtM of —A_». Otherwise, the realized value of the investor

would be the discounted MtC of Aib which is given by
0

A%, = B [I2, (e, T D(t, 7).

‘ré’ = To
We will refer to the scenario Ay < AP, (A > AY,) as out the money (in the money) for the investor
2 2

and the scenario —Ap < A2, (A > A2%,) as out the money (in the money) for the counterparty.
0 0

The following two propositions give general formulas for both unilateral and bilateral CVA pricing with
optional credit triggers.

Propz)sition 3.3. Given 75 >t (given 7§ >t ), the unilateral CVA with optional credit triggers CVAS
(CVA,) for the investor (counterparty) equals corresponding unilateral CVA with obliged credit triggers:

CVA, = CVAS 15
0 0
CVA, = CVAL (16)

Particularly, when the credit trigger is the default state, this CVA becomes the same unilateral CVA
without credit triggers.

Proposition 3.4. Given 7° > t, the bilateral CVA with optional credit triggers BCVAS (BCVA;)) for
the investor (counterparty) is given by:

———b
BCVAO = lQEt[l{mZTz:TbST}Av—;} + lQEt[l{T§>T§<Tg=T§T,AT£,<A0b}Aj—_g] (17)
2
+Z2Et[1{T£>T€<T2:T§T,7ATS<A2b}A‘I—;] - lOEt[1{7'227'():7"’ST}(_ATO)+}
7o
*loEt[(1{Tg>fg<TO:TgT,AT§<A25})(*Am)ﬂ - lOEt[l{T§>T})’<TO:T§T,fATg<A_2,_8}(7ATU)+}

BCVA, = -BCVA,. (18)



Particularly, when the credit triggers for both parties are at the default state, this CVA becomes the same
bilateral CVA without credit triggers.

From Proposition the unilateral CVA with an optional credit trigger is the same as the obliged
unilateral CVA with an analogous obliged credit trigger. This is similar to a vanilla American call option
that should be valued as an analogous vanilla European call option.

From Proposition the optional bilateral CVA has six terms. The first and the fourth term add
up to exactly the obliged bilateral CVA. The second term denotes the expected loss at counterparty
default time (before the investor’s default and within maturity) before which there is a credit trigger
event from the counterparty (before the trigger event from the investor). At the counterparty’s credit
trigger time, the investor has the option to settle. If out of the money, the investor will not settle and
may therefore incur a loss due to counterparty’s later default. The third term denotes the expected loss
at counterparty default time (before the investor’s default and within maturity) before which there is a
credit trigger event from the investor (before the trigger event of the counterparty). At the investor’s
own credit trigger time, the counterparty (not the investor) has the option to settle. If the counterparty
is out of the money (the investor is in the money), the counterparty will not settle and the investor may
therefore incur a loss due to counterparty’s later default. The fifth term denotes the expected gain from
the investor’s own default at a time before which the counterparty’s credit trigger event has happened
(before the credit trigger event of the investor). The sixth term represents the expected gain from the
investor’s own default at a time before which the investor’s own credit trigger event has happened (before
the credit trigger event of the counterparty).

When only unilateral CVA is considered, we have concluded that it is better for the investor to settle
the deal at the credit trigger time regardless of moneyness. However, when bilateral CVA is considered,
it may in fact be better off not to settle when the investor is out of the money at the counterparty credit
trigger time (before any other default or credit trigger events) depending on the difference of these two
bilateral CVAs which is given by:

BCVAO - BCVAO = lZEt[1{73>T§<72:T§T,A7_3<A0b}A;;} + lQEt[1{T§>Tg<72:T§T,7AT8<A2b}Aj2]
b .
—lE, [(1{TS>T§<T0:TST7AT$ <A?_b } ) (_Am )+] — lolE; [1{7—£’>Té’<To:T§T,—ATg <A?_b } (_ATO )+]
2 0

The financial meanings of each of the terms above have already been explained. When this difference is
positive, it is better to settle regardless of moneyness; if it is negative, it is better not to settle when the
investor is out of the money at counterparty’s credit trigger time.

The optional bilateral CVA could be either larger or smaller than the bilateral CVA without credit
triggers. Their difference is given by:

¢ := BCVA,— BCVA,

- let[1{73>T3<T2:TST,AT§2AOb}A:I"rz} + l2Et[1{T2b>Tg<T2:T§T,—AT8<A2b}A7—;]
T2 70
+Z2Et[]~{7—é’:fr§<72:7§T}A;’;} - loEt[(l{Té’>T2b<T0:T§T,AT§ZAOb})(_ATO)Jr]
T2
7ZOEt[1{T§>T£<T0iTST,—ATg<A2b}(7A7-0)+] - lOEt[]‘{TQb:Té)<T0:TST}(7A7—0)+}'
70

The first term represents expected loss at counterparty default time (before the investor’s default) before
which the counterparty’s credit trigger event has happened (before the investor’s credit trigger time)
at which time the investor is in or at the money. The investor will settle the deal in this scenario
and hence the value is excluded from the optional bilateral CVA calculation. This is similar for the
second, fourth and fifth terms. The third term represents the expected loss at counterparty default time
(before the investor’s default) that is before the simultaneous credit trigger events from both parties.
When simultaneous credit trigger events happen, the deal will be settled for sure. This is because the
optionality is bilateral and one of the two parties will be in the money. Similarly for the last term.

If the quantity go > 0, the bilateral CVA without credit triggers is larger; if g2 < 0, the bilateral CVA
with optional credit triggers is larger. Similar to q1, there are many factors that determine the sign of
quantity g2. When both credit triggers are at the default state, g2 goes to zero. Again, qualitatively, if
the investor has a much better creditworthiness than the counterparty (for instance, it is less likely to
default with a smaller loss given default), then go is more likely to be positive. As a result, the optional
bilateral CVA will be smaller than the bilateral CVA without credit triggers in this case.



Similar to the case of obliged bilateral CVA, the reduced amount of bilateral CVA due to optional
credit triggers for one party is exactly the same amount of bilateral CVA increased for the other party.
Based on bilateral CVA calculation for both obliged and optional credit triggers, we observe that adding
credit triggers may sometimes produce larger CVA which contradicts the original motivation of adding
credit triggers. Therefore, it is only reasonable to add credit triggers when the investor has much better
creditworthiness than the counterparty. However, the counterparty with a much worse creditworthiness
would not agree to add credit triggers. Alternatively, the counterparty may require to set a very high
credit trigger level for the investor. On the other hand, the investor would not agree the deal if the
credit trigger level is too high.

4 The Model Risk of CVA with Credit Triggers

In this section, we provide a general modeling formulation and then discuss the impact of different model
assumptions on CVA numbers. We find that the CVA with credit triggers is highly model dependent,
especially when considering the lack of data for calibration of jump-to-default probabilities. A numerical
example is also given to illustrate this model risk.

4.1 General Formulation

Let real valued process X ; denote the creditworthiness of name ¢ at time ¢ with initial z¢; > 0. Without
loss of generality, let 0 be the absorbing default state. Let constant b; denote the credit trigger barrier
of name ¢ with 0 < b; < xp ;. Default time 7; and credit trigger time Tib are thus defined respectively as
follows:

7, =1inf{t > 0: X;; <0}; Tib =inf{t >0:X;,; <b;}.

From the above definition, it is obvious that Equation is satisfied. This is a general formulation of
the problem. In order to compute CVA explicitly, the joint distribution of X, ; needs to be specified.

4.2 Diffusion, Pure Jumps or Jump Diffusion?

The choices of X; ; will essentially affect the CVA numbers. In general, one could specify the creditwor-
thiness X;; to be either a diffusion, or a pure jump or a jump diffusion.

If X ; is assumed to be a diffusion for both ¢ = 0,2, both unilateral and bilateral CVA with obliged
credit triggers are zero based on Propositions and [3:2] However, both unilateral and bilateral CVA
without credit triggers are non-zero in general even for diffusion models. For optional credit triggers
under diffusion models, from Propositions and the unilateral CVA is zero and the bilateral CVA
is simplified to the following equation:

SNasaed
BCVA, = lQEt[1{T5>T§<T2:TST,AT§,<A0b}A;‘;]+lQEt[l{T§>Tg<72:T§T,7A78<A2b}A7<f2]
T2 70

—loE; [(1{TS>T5<T0=TST7AT£, <A0b})(_ATo)+} - loEt[l{T§>Tg<To=TST,—ATS <AZ%} (_ATO)+]'
72 70

If only X; 5 is assumed to be a diffusion while X} ¢ can jump-to-default, then BCVAS will be negative.
On the other hand, if only X ¢ is assumed to be a diffusion while X} » can jump-to-default, then BCVAS
will be positive. The unilateral CVA numbers could vary from zero to non-zero while the bilateral CVA
numbers could switch signs depending on different model settings.

If X, ; is assumed to be a pure jump for both i = 0, 2, the general CVA formula can not be simplified
further. It is therefore essential to compute jump-to-default probabilities in all cases. This jump-to-
default probability also depends on the distribution assumption of the jump sizes. Consider a pure
jump model, if the jumps follow a distribution that takes positive mass only at (—oo, —z() and zero at
anywhere else, then the probability P(7? = 7 < T') will be exactly the same as P(7 < T). On the other
hand, if the jumps follow a distribution that takes positive mass only at (—b, +00) and zero at anywhere
else, then P(t =7 <T) =0.

Based on this analysis, we conclude that the choices of different models for X;; have very large
impact on CVA calculations.



4.3 Probabilities Needed for CVA Calculation

It is essential to compute the probabilities of the following kinds for CVA calculation:
Ee[1gro—r <y)i Bi[lgrri=rt—rocmyl;

E, [1{T§<T2ST7AT17 <A0b}]; E, [1{T£’>T5<7'2:TST7AT5 <A°b}]'
2 T2 2 T3

We will give some explicit models to discuss the computation of the first probability E.[1 {T_b:TiST}} in

appendices. The second probability needs the joint distribution of g, 72, T(l)’ and 73. The third probability
involves the joint distribution of 7o, 72, Asz and Agb. The most complicated probability is the last one,
2

which involves the joint distribution of 79, T2, 75, 75, ATQb and Agb. In general these probabilities are
2
very complicated to compute and one may have to rely on Monte-Carlo simulation.

4.4 Calibration Issues

From the previous subsection, we see the difficulties of computing those probabilities. Even though one
can compute these probabilities, what is more difficult is the lack of data for calibrating jump-to-default
probabilities.

In practice, we may have term structures of default probabilities and transition probabilities. These
are all cumulative default (transition) probabilities. For the default probability, it contains the scenarios
of both diffuse-to-default and jump-to-default events. However, no information is available in the market
to disentangle these two different types of default probabilities, unless we assume that default can
only occur through jumps (or only occur through diffusion). Consequently, we may find two very
different models that match exactly the default probability term structure and the transition matrix,
however producing very different CVA numbers. Therefore the CVA with credit triggers exhibits a large
model risk. To avoid these difficulties, some institutions are using the Poor Man’s estimate which is
an approximation based on the transition matrix approach. However, this approximation is under an
invalid assumption, see appendix for details.

4.5 Numerical Example

In this example, we assume that the only data available for calibration is the PD term structure of
the counterparty which is given by the circles in Figure Eﬂ Both the Normal Jump (NJ) model and
the Negative Exponential Jump (NEJ) model are calibrated to this term structure. The desription of
these two models are given in the appendix. Both models can match the term structure reasonably well.
However, we will show that they produce different obliged unilateral CVA numbers. For illustrative
purpose, here we simply assume exposure at default is constant one.

Figure 1| shows the given default probability term structure with tenors 1-year, 2-year, ..., 15-year
and the fitted term structures from both NJ and NEJ models. The calibration is done by minimizing the
root mean square error (RMSE), where the error is computed as percentage relative error. Parameters
1, o (normalized) and A are calibrated for the NJ model and parameters 3, z¢ and A are backed out for
the NEJ model. Table [I| shows the calibrated parameters for these two models and they share the same
RMSE which is around 2.68%. As expected, the NEJ model has a larger calibrated zg and a smaller
calibrated A than the NJ model. This is because the NEJ model has only negative jumps. In order
to match the same default probability with the NJ model with two sided jumps, z( is expected to be
larger and A is expected to be smaller. Based on the calibrated parameters, the credit trigger level

7 0 A 16} RMSE
NJ || 0.0000 | 2.0000 | 0.4000 | N.A. 2.68%
NEJ || N.A. | 5.7785 | 0.1276 | 0.4028 || 2.68%

Table 1: Calibrated Parameters for the Normal Jump (NJ) Model and the Negative Exponential Jump
(NEJ) Model.

6In practice, PD term structures are usually obtained by bootstrapping from CDS curves. In this example, we assume
a hypothetical PD curve.
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Figure 1: Observed Default Probability Term Structure vs. Fitted Ones.

for the NJ model is in the range of (0,2) while (0,5.7785) for the NEJ model. A credit trigger level of
the same amount, say 1, for these two models have a different creditworthiness. In order to be fair for
a comparison, the p’ is matched to compute comparable credit trigger levels. This also depends on the
maturity one is looking at. For a given maturity, say 7' = 1, and a given credit trigger level of the NJ
model, say b = 0.5, a comparable credit trigger for the NEJ model (2.0 in this case) is found by equating
the p® of these two models. Based on the calibrated parameters together with the credit triggers, we
can compute the following trigger ratios:

Trigger Ratio:= P(1° =1 <T)/P(r <T).

Table [2| shows a comparison of trigger ratios for these two models for varying maturities 7" and varying
credit triggers. There are several observations in the table. First, the trigger ratios are different for
these two models although both can match the observed PD term structure very well. Second, for a
given fixed T, the discrepency becomes smaller as the credit trigger becomes smaller. This is intuitive,
since both will go to one as the barrier approaches zero. Third, the trigger ratios of NEJ are consistently
higher than the ones of NJ for all the cases. This example quantitatively illustrates the model risk that
exhibits in the CVA calculation with credit triggers.

5 Conclusions and Recommendations

In this article, we have generalized the arbitrage-free valuation framework for CCR adjustments when
credit triggers are allowed in the contract. General formulas are derived for all four cases: obliged
unilateral, obliged bilateral, optional unilateral and optional bilateral. The unilateral CVA with an
optional credit trigger is found to be equal to the unilateral CVA with an analogous obliged credit
trigger. Based on the general formulas, we show that the unilateral CVA is indeed reduced by adding
credit triggers, either obliged or optional. This is in line with the original motivation of adding credit
triggers in the contract. It is therefore always beneficial to enter into a unilateral credit trigger agreement.
However, adding credit triggers may not necessarily decrease bilateral CVA. In fact, the increased amount
of bilateral CVA due to credit triggers for one party is exactly the same amount of bilateral CVA reduced
for the other party. It is therefore not always beneficial to enter into a bilateral credit trigger agreement.

We also point out the model risk of CVA calculation. This risk largely comes from the lack of data
for calibrating jump-to-default probabilities. Finally we numerically calibrated two models and show
that they produce different CVA numbers even though both match the same probability term structure.
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T=1 P’ | 2.89% | 6.12% [ 11.12%
NJ | 0.5000 | 1.0000 | 1.5000
NEJ | 2.0171 | 4.0000 | 5.5816
NJ | 89.26% | 77.32% | 68.39%
NEJ | 95.23% | 90.70% | 87.19%

T=5 o 1 15.67% | 25.61% | 38.76%
NJ | 0.5000 | 1.0000 | 1.5000
NEJ | 2.0354 | 3.6850 | 5.098
NJ | 72.90% | 48.01% | 31.63%
NEJ | 81.58% | 68.61% | 58.73%
T =10 p° | 29.06% | 40.96% | 54.94%
NJ | 0.5000 | 1.0000 | 1.5000
NEJ | 1.5971 | 3.1055 | 4.4574
NJ | 64.05% | 36.55% | 20.26%
NEJ | 76.73% | 58.91% | 45.84%

T =15 p° | 40.30% | 51.68% | 64.21%
NJ | 0.5000 | 1.0000 | 1.5000
NEJ | 1.1492 | 2.5400 | 3.8481
NJ | 52.62% | 27.96% | 14.26%
NEJ | 78.23% | 57.29% | 42.03%

Credit Barrier

Trigger Ratios

Credit Barrier

Trigger Ratios

Credit Barrier

Trigger Ratios

Credit Barrier

Trigger Ratios

Table 2: Trigger Ratio Comparison of the Normal Jump (NJ) Model and the Negative Exponential
Jump (NEJ) Model.

This example quantitatively illustrates the model risk embedded in the credit trigger CVA calculation.
The model risk may be mitigated by consulting business experts who may have a prior projection of the
future paths of the creditworthiness of the counterparty based on their experience and expert judgments.
It is also instructive to look at the risk numbers generated from several different models. This comparison
study may then be combined with expert judgment to come to a final selection of the model that fits
the situation we are in. However, we recommend considering other CCR mitigation methods, such as
using collaterals, before using credit triggers, due to large model risks involved.

Appendices

A Simple Models for Obliged Unilateral CVA

Minding the difficulties mentioned in previous sections, one can still do something for the unilateral
CVA calculation with credit triggers if we assume a pure jump model for X; ;. The motivation of adding
a credit trigger to the agreement is to reduce CVA and hence increase the value of the discounted
defaultable cash flow. However, as we have shown, adding a credit trigger may actually increase the
CVA for the bilateral case. The unilateral CVA calculation becomes important because it indeed lowers
the unilateral CVA without credit triggers, which is in line with the motivation of adding credit triggers
in the agreement. When the investor confidently does not expect to default within maturity of the
contract, it is then reasonable for the investor to compute the CVA based on unilateral calculation.

In this section, we provide several simple models to calculate obliged unilateral CVA. The examples
we are going to discuss are well-known in the credit risk literature such as Lando (2004). We augmented
existing results by providing the formulas for jump-to-default probabilites. Since we are dealing with a
unilateral case, we will suppress the name index in this section. All calculations are from the investor’s
point of view. The default time and credit trigger time in this section are therefore referred to the
counterparty.
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A.1 Poor Man’s Estimate

For given time T', the default event 1(,<7) and the credit trigger event 1o~y are positively correlated
with correlation given by:

P(1-p),

p(1—p)’

where p := P(1 < T), p® := P(7° < T). This correlation will approach 1 when b approaches zero and it
will be close to zero only when p® is far more less than p. Let us define another stopping 7% as

Corr[1(r<7y, 1zo<ry] =

o =inf{t >0:0 < X; <b}.

It is clear that we have 7 = 7 A 7%, If X, is a diffusion, then 7° = #° with probability one. The
correlation between the default event 1, <7y and the event 1:0<py is given by:

1-p'—(1-p)(1 7"

Corr[l{TST}, 1{+b§T}] = COTI‘[l{T>T}, 1{.;.b>T}] = \/pﬁb(l —p)(l — ﬁb)
Hb
p°(1 = p) :
< P < Corr[lgr<ry, Lro<ryl;

where p? := P(#% < T). This shows that 7 and 7 are not independent. Nevertheless, if one assumes
the following approximation

P# > T <7<T)=P#" >T, Ty <7 <T)) = P(+" > T;))P(T;—, < 7 < T});

we have:

T
P(r'=7<T) = P >7<T)=) PF>7T,1<7<T)
T;

2

]
]
s
V
~

D(P(r <T;) — P(r < Ti1)).

This provides a very rough estimate of P(7? = 7 < T). A nice feature about this approximation is
the form of its analytical formula which is a summation of scaled PD differentials. The scale factor
P(#% > T;) goes to one when b approaches zero, making P(7® = 7 < T) consistently converge to
P(t < T). Probabilities P(7* > T;) and P(7 < T;) need to be calibrated from the market data. One
possibility is to use the transition matrix. Certain assumptions, such as homogeneous assumption, have
to be made for the transition matrix, because usually only a 1-year transition matrix is available. The
probability P(#* > T;) can be computed by aggregating the T} transition probabilities from the trigger
rating to all the ratings that are above credit trigger rating plus the default probability. Certainly, a
caveat should be given on the neutrality of the default probability. The CVA calculation is based on risk-
neutral valuation and hence risk-neutral default probabilities should be used. However, the transition
matrix provided from rating agencies are obtained from historical data. The historical transition matrix
should be modified to risk-neutral transition probability for the CVA calculation.

A.2 Compound Poisson Model

In this subsection we will give examples of continuous-state-continuous-time model. Let the creditwor-
thiness of the counterparty X; be a compund Poisson process starting at ¢y > b > 0. More specifically,
it is given by:

Ny
Xy = Yi+ao; (19)
=1

where N; ~ Poisson(\) and Y7,Ya, ... are i.i.d. which are independent of each other and are also
independent of N;. We will discuss some examples of Y; after we arrive at some general formulas.

"The first approximation is termed the Minimal Approzimation as discussed in Yi (2009).
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Proposition A.1. For the compound Poisson model, we have the following equalities:

> ()\T)”e_’\T.
P(r>T) = ;F{}(mo)T, (20)
N )\T)n —A\T
P(rP=7<T) = Z Gy (zo,b p (21)
where F(xo) and G%(zo,b) are given by:
F?(Io) = P(Y1+£Z?0>0,Y1 +Y2+$0>0,,}/1++Yn+130>0), n:1,2,3,...
G (xo,b) = G¥ Hwo,b) + P(Yi+20>b, ., Y1+ o+ Y+ 20> b,V + ... + Y, + 120 <0)

with FY(z0) = 1 and G- (w9,b) = P(Y1 + z < 0).

For a given distribution of Y;, the above proposition provides the general formula for computing two
important probabilities that are needed for unilateral CVA calculation. Multi-dimensional integrations
are involved in these formulas. Functions Fy¥(zo) and G%(zo,b) are probabilities themselves and thus
are less than one. The series representation in the above formulas actually converge fast considering the
growth of n!. Let us then consider two explicit examples in which the distribution of Y; is assumed to
be i.i.d. normal and i.i.d. gamma respectively.

Example A.l. Let Y; ~ N(u,02) in the compound Poisson model. Let ® denote one dimensional
standard normal cumulative distribution function (cdf) and ®,(x,u,X) denote n-dimensional normal
cdf with mean vector u covariance matriz X. Then functions Fy¥(zo) and G%(xo,b) can be computed
explicitly from:

Fy(xg) = Op(xr,ur,Xr); n=123,..
Gy (xo,b) Ggﬁfl(xo,b)—i—@n(x(;,u(;,ﬁg); n=23,..

with Gy (zo,b) = ®(—2) and

Xp = [anwa"ax(th](an);
ur = _[N72Mﬂ"'ﬂ(n_1)”7”/"](1><n)5
XGc = [‘TO - b, To — b7 sy Lo — b 71’0](1)(70;
uc = _[Ha2/~1'a-"a(n_ ),u7 —’I’L[L} 1><n)a
101 1 -1
1 2 2 .2
S = o 1 2 3 3 ;
i 1 2 3 n (nxn)
11 1 -1
1 2 2 -2
S = 02| o
1 2 .- n—1 —(n—-1)
| -1 -2 -3 —(n-1) n (nxn)

In this simple example, there are actually only three parameters: p/o, xo/o and A.

Example A.2. Let —Y; ~ Exp(1/8) in the compound Poisson model. Then functions F{}(zo) and
G (x0,b) can be computed explicitly from:

Fl(zo) = W n=1,2,3,..

ﬂn—le—ﬁxo (xo _ b)n—l

Ggﬁ(xo,b) F(n) )

Ggil(xoa b) +

14



with Gy (w0, b) = e P and v(s,z) denotes the incomplete gamma function given by

'y(s,z):/ t5 e tdt.
0

In this simple example, we again only have three parameters: xo, 3 and .

Example[A]is trivial and we will skip the proof. The proof for Example[A-2]is given in the appendix.
For this one sided negative exponential jump example, we have used the fact that summation of n i.i.d
Ezxp(1/0) is equal to Gamma(n,1/() in distribution.

B Proof of Propositions

B.1 Proof of Proposition [3.1

It is sufficient to prove Equation . There are three scenarios for the defaultable cash flow I10 (T3, T5).
If 7% > T, there is neither default nor credit trigger event of the counterparty during the life of the
product. The counterparty has no problem in repaying the investor in this case. If 7, = 7'5’ < T, the
counterparty jumps to default before the maturity. The investor has realized the cash flow from time ¢
to default time 75. At time 75, the MtM of the remaining cash flow will be calculated. If the MtM is
positive, the investor can only recover a fraction of it. If it is negative, the investor will have to pay the
full amount to the counterparty. If 7 > 72 < T, the counterparty hits the credit trigger before default.
The investor has realized the cash flow from time ¢ to trigger time 75. By the obligation agreement of
the trigger event, the MtM of the contract will be exchanged at the trigger time. Then, we have the
following equation:

E(T) = 1pper Lt T) + 1oy [I(t, ) + Ro AL, — (A7) 7]
ey (et 73) + Al (22)

It follows that we only need to prove the following equality:
B 117 (¢, T)] = Eo[T0(t, T)] = boBa[1 7, —rp <y AT . (23)
Let us rewrite the terms inside the expectation in the right hand side of above Equation as:
Yooy I (8, T) + Lp ey e (8, T) + Rolip,—rp ey AL, — Lirpmrp oy AT
Comparing the above formula to Equation ([22)), it is then equivalent to prove that:

Et[l{m:Té’gT} [Ht(ta 7_2) - (_AT2)+] + 1{7‘2>T§§T} [Ht(ta Tg) + Aré’]]
= EifliperyLe(t,T) = Lipy—rpary AL

This is equivalent to:

Ee[1pery It ) + Lirysreary Ay — Lipmrp<ry (= Ar) 7]
= Et[l{rggT}Ht(t7T) - 1{72:ngT}A:—r2]
Using the trivial equality f = f* — (= f)™, the above equation is equivalent to:
Bl (< Ar] = Ei[lpoqy (73, T)]

We can see that the above equality is true by conditioning on the information at time 7.

B.2 Proof of Proposition

It is sufficient to prove Equation .When considering the bilateral agreement, there are actually five
scenarios. If 7% > T, there is neither defaults or credit trigger events for both parties and hence all the
cash flows are exchanged. If 79 > 75 = 7° < T, the counterparty first jumps to default. The investor has
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realized the cash flows from time t to default time 7. Similarly, the MtM is computed and the investor
will receive a fraction of it if it is positive and will have to pay the full amount to the counterparty if
it is negative. If 75 > 79 = 7% < T, the investor’s first jumps to default. The investor has realized the
cash flows form time ¢ to default time 7. If the MtM is positive, the investor will receive the full amount
since the counterparty is not in default. If the MtM is negative, the investor only have to pay a fraction
of the MtM to the counterparty. If 75 = 79 = 7° < T, the investor and the counterparty simultaneous
defaults. The investor has realized the cash flows up to the default time. The investor will also receive a
recovery value of the MtM provided it is positive and will only pay a fraction of it to the counterparty if
it is negative. Finally, if 7 > 7% < T, the MtM will be exchanged by the obliged agreement. Therefore,
we have:
Hg(t,T) = 1{Tb>T}Ht(t7T) + 1{To>7'2:‘rb§T} [Ht(t,Tg) —|—R2Ai—2 — (—A72)+]
Flirysrg=ro<ry [ (t, 70) + A7 = Ro(—Ar) "]
Hlrymry=rr<ry [ (t, 70) + Ro AT — Ro(—Az,) "]

+1{T>Tb§T} [Ht (t, ’Tb) + ATb]. (24)
It is then equivalent to prove that:
]Et[Hg(t, T)] = Et[Ht(t, T)} — let[]‘{TOZTQZTbST}A‘I—!;} + lO]Et[l{‘rgZ‘ro:'rbgT}(_AT0)+]; (25)
Let us rewrite the terms in the expectation of the right hand side of the above equation as follows:
Losry (8, T) + L ey I (8, T) + (B2 — Dlgrysry=rpemy A7, — (Ro = Dlgr,sp—mary (=Ar) "
+(R2 - 1)]-{7'0:7'2:7'55T}Aj—_2 - (RO - 1)1{T2iT0inST}(_AT0)+
Comparing the above formula to Equation , it is then equivalent to prove:
By [1{To>Tz:TbST}[Ht(ta T2) — (—A72)+] + Lrysmo=rb<1} [ (¢, 70) + Aio}
+1{To:7'2:7'bST}Ht (ta Tb) + 1{T>‘rb§T} [Ht(t7 Tb) + ATb]]
= E; [1{Tb§T}Ht(t7T) — ]'{T0>7’2:TbST}A7-'_2 + 1{72>.,.0:.,.b§T}(—A7_0)+ - ]-{TO:Tg:TbST}ATb] .
This is equivalent to:
Ei[1 o<y (t,7°) = Lpgsramrr<ry (—An) 4 Lrpsrgmmv <ry AL + s rocry Ao
= Et[l{TbST}Ht(th) - 1{T0>7—2:-rb§T}A7J-r2 + 1{7’2>T():7'bST}(_ATO)+ - 1{7—0:7—2:7—b§T}A7—b]

This is equivalent to:
Et[l{TbST}AT”] = Et[l{rbST}Ht(7b7 T)]

The above formula is true by applying the tower property of conditional expectation.

B.3 Proof of Proposition

It is sufficient to prove Equation . For unilateral case, since the event indicator 1g4 , - A0,} equals
T2 7—2
zero with probability one, we can rewrite Equation as follows:

b
CVAg = LE([(1rp—ry<ry + 1{T§<7-2§T,ATS<AOb})A7J—;]'
2

When the investor chooses to settle the deal only when it is in or at the money at 74 < 75 < T, there
are four scenarios. If 78 > T, the investor will receive full cash flows. If 75 = 7% < T, the counterparty
first jumps to default. Besides realized cash flows from time ¢ to 7o, the investor will only recover a
fraction of the MtM if the MtM is positive and will have to pay it full if it is negative. If 78 < T < 73,
the investor will settle when it is in or at the money, receiving the full positive MtM; the investor will
not settle when it is out of the money and will wait to receive the full rest remaining cash flows. If
78 < 79 < T, the deal will be settled when the investor is in or at the money at 7; when it is out of the
money at 75, the investor will first realize the cash flows from time 7¢ to time 75 and then realize the
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fractional recovery if any or pay the full amount MtM to the counterparty if necessary. Therefore, we
have:

(ET) = ey L(6T) + 1, pery Mt 1) + R AT, — (= Ar,) Y] (26)
g crany [t 73) + 1{A732A3§}AT§ + 1{AT§<A33}Ht(T2va)]
1 ey (¢, 73) + 1{AT52A35}AT§ + 1{AT§,<A2§}(Ht(T§a72) + Ry A, — (AL,)7)]
It is then equivalent to prove that:
E[T19 (¢, T)] = B [T (¢, T)] = LBt [(1p—ry<ry + 1{T§<7—2§T,AT§<A?_§})A7J—F2]' (27)

Let us rewrite Equation as:
H(t)(taT) = 1{T§>T}Ht(th) + 1{72:T§§T}[Ht(t77—2) + RQA;; - (7AT2)+]
+1{72>T§§T} [Ht (ta 7'5) + A‘ré’}
Loy Ay + 1{T§§T<7-2}[1{A752AOZ7}A7-§ + 1{AT5 <A°b}Ht(T§7 )]
T2 2

+1{T§’<7'2§T}[1{AT§2A°b}AT§ + 1{AT§<A°b}(Ht(T§,T2) + Ry A, — (—A,) 1))
T2 T2

Taking expectation of both sides, from the arguments in Proposition the first three terms add up to
E¢ 1L (¢, T) — Io 1{72:T§§T}Aj—;]- Then it is equivalent to show that:

Et _1{7'2>7'£§T}AT§ + 1{T§§T<Tg}[1{ATSZAUb}AT§ + 1{AT§<A0b}Ht(T§7T)]
T2 T2

+1{T§<rzg:r}[1{,4752,435}1475 + 1{AT§<A3£}(Ht(T£)a7'2) + Ro AT, — (= A5,)")]
= E(R2— 1)1{T§<TZST,AT§<A35}AL]
This is equivalent to show that:
EelLirs <rary e (73, T) + Linh ey <y (75, 72) + Ary)] = Ee[L i, s b ey Ars). (28)
The RHS of the above equality can be rewritten as
Ei[lrysrpcryAny] = Bel(Lipcrany + Linpam<ry) Ane]-

This indicates that it is sufficient to show the following equalities

]Et[l{TQbST<T2}Ht(T§’ T)] = Et[l{T§§T<T2}AT§’];
Et[l{‘ré’<72§T} (Ht(7—57 7-2) + ATz)} = Et[l{T§<T2ST}AT§]'

These two equalities can be proved by using tower property again.

17



B.4 Proof of Proposition [3.4

Similar arguments can imply that I19(t, T') is given by:

H?(tv T) = 1{7”>T}Ht(t7 T) + 1{To>T2:Tb§T} [Ht(t7 TQ) + RQAj—; - (_AT2)+]
+1{Tz>'ro:'rb§T} [Ht<t7 TO) + Aj'_o - RO(_AT0)+]
Flrymry=rr<ry [ (t, 0) + Ra AT, — Ro(—Ar,) "]

Fliro<r<ny [Ht(t, ™)+ 1{Tg<rg}[1{A752Ag§}ATg + 1{AT§<A23}Ht(7b> T)]
+1{T§<T§}[1{7AT32Ai8}ATg + 1{7A73<Ai8}Ht(Tbv 7))
1y [Ap + (7, T)]]
FLrbcrycrg, <ty [Ht(t7 7°) + 1{Tg<73}[1{A752A33}A73 + 1{AT5<A2§}(Ht(Tba 2) + Ro A7, — (A7) ")
+1{T§<T§}[1{7A7_82Ai8}Arg + 1{7A73<Ai8}(nt(7ba72) + R AT, — (—AL)7)]
1y [Ap + (7, T)]]
1t cry<ro ro<T) [Ht(t7 ™)+ 1{Tg<rg}[1{A752A3§}ATg + 1{AT5<A2§}(Ht(Tba T0) + Af — Ro(—A7,)7)]
+1{Tg<r§}[1{fAT82A§8}ATg + 1{7A73<Ai8}(nt(7ba 70) + A = Ro(—A7,) )]
1y [Ap + (7, T)]]
1o crg=ro<T} [Ht(t, ™)+ 1{Tg<rg}[1{AngAg§}ATg + 1{AT§<A35}(Ht(taTO) + Ry A}, — Ro(—A7,) ")
+1{Tg<72b}[1{7A782A§8}A73 + 1{7A73<Ai8}(nt(tv7'0) + Ro Al — Ro(—Ar)7T)]
1y [Ap + (7, T)]}
We have used the fact that the deal will be settled for sure when simultaneous credit trigger events
happen, namely when Tg = 7% at which both parties have the right to settle. Since there will be one

party who is in the money or at the money, the deal will be settled for sure. The rest of the proof is
straightforward.

B.5 Proof of Proposition

From the definition of 7 we have:

P(r>1T) P(omigTXu > 0)
<u<
= P(m1n{Y1 +£L'0,Y1+1/2+$0,...,Y1+...+YNT+(EO} >0)
(

= PY1+JS0>O,Y1+}/2+I’0>0,...7Y1+...+YNT+I’0>0)
n,—AT'

= iFQ(wO)M

n!

For the second equality, we prove by conditioning on the number of jumps for the event 1;._.<7;. For
given fixed time horizon T, there is at least one jump in order to incur default before T. If there is
exactly one jump, then jump-to-default must occur. If there are two jumps, there are two possibilities.
Either the jump-to-default occurs at the first jump, or iat the second jump with the first jump at a level
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that is above b. Following this argument, due to the independence of Ny and Y; we have that:

P(rfP=7<T) =

i)

(N = 1)P(Y1 4 29 < 0)
2)[P(Y1 + 20 < 0) 4+ P(Yy 4+ 20 > b, Y] + Yo 4 20 < 0)]
3)PY1+20<0)+PY1+20>bY +Yo+20<0)
+P(Y1+ 20 >0, Y1 + Yo+ 29 > b, Y1 + Yo + Y3 + 20 < 0)]

+P(Ny
+P(Ny

()\T)nef)\T
n! '

I
[ F

G?’(‘x(% b)

n=1

B.6 Proof of Example
Since Y; <0 and Z,, := — > 1, Y; ~ Gamma(n,1/(3), we have:

Fi(xg) = PYVi+a0>0Y1+Ys+20>0,...,Y1+...4Y,+20>0)

’V(n» &Uo)’

= PWMi+..+Y,+20>0)=P(Z, <x) = )

Further, we have:

P(Y]_ +x0>b,...Y17+..+Y, 14+20>bY1+...+Y,+ 20 SO)
= P(Y1++Yn,1 +£C0>b,Y1++Yn+x0§0):P(SIJO+Yn§Zn,1 <{E0—b)

= [T g, e
o T M)
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