
CHARACTERIZATION OF EXTREMAL VALUED FIELDSSALIH AZGIN, FRANZ-VIKTOR KUHLMANN, AND FLORIAN POPAbstra
t. We 
hara
terize those valued �elds for whi
h the image of thevaluation ring under every polynomial in several variables 
ontains an elementof maximal value or a zero of the polynomial.1. Introdu
tionThe notion of extremality for valued �elds was introdu
ed by Yuri Ershov in [4℄in 
onne
tion with valued skew �elds whi
h are �nite-dimensional over their 
enter.It turns out that the original de�nition given in that paper (and also in talks givenby its author) is 
awed in the sense that there are no extremal valued �elds ex
eptalgebrai
ally 
losed valued �elds, and Proposition 2 of that paper is false. We�x this 
aw by slightly modifying the de�nition of extremality; see De�nition 2.3below.The notion of extremality, restri
ted to 
ertain 
lasses of polynomials, has sin
ebe
ome very useful for the 
hara
terization of various properties of valued �elds,
f. [6℄.In valuation theory and parti
ularly the model theory of valued �elds, powerseries �elds and, more generally, maximal �elds (valued �elds without proper im-mediate extensions) are usually known to have very good properties. For instan
e,all of them are henselian, and what is more, algebrai
ally 
omplete. So it seemedlikely that all of them are also extremal. Our results in this paper will show thatthis is not the 
ase.In the present paper, we obtain the following 
hara
terization of extremal valued�elds with residue 
hara
teristi
 0:Theorem 1.1. Extremal valued �elds with residue 
hara
teristi
 0 are pre
isely(i) henselian valued �elds whose value group is a Z-group, and(ii) henselian valued �elds whose value group is divisible and residue �eld islarge.More generally, we prove in Se
tion 3:Theorem 1.2. Let K = (K;�;k; v) be a valued �eld. If K is extremal, then K isalgebrai
ally 
omplete and(i) � is a Z-group, or(ii) � is divisible and k is large.Date: 30. 6. 2009.2000 Mathemati
s Subje
t Classi�
ation: primary: 12J10; se
ondary: 12E30.A major part of this resear
h was done while the authors were attending the o-minimality programat the Fields Institute, Jan.-June 2009. The authors would like to thank the Fields Institute forits support and hospitality. The se
ond author was partially supported by a Canadian NSERCgrant and by a sabbati
al grant of the University of Saskat
hewan.1



2 SALIH AZGIN, FRANZ-VIKTOR KUHLMANN, AND FLORIAN POPIf K is perfe
t with 
hark = 
harK, then also the 
onverse holds.It remains an open question whether the above 
hara
terization also holds in the
ase of mixed 
hara
teristi
 and in the 
ase of non-perfe
t valued �elds.See the following se
tion for the de�nitions of algebrai
ally 
omplete valued �eld,Z-group and large �eld.The authors would like to thank Sergei Star
henko for poining out the 
aw in thede�nition of extremality and for providing the �rst example given in Remark 2.4below. 2. Notations and 
onventionsWe assume familiarity with the basi
 
on
epts of valued �elds and their modeltheoreti
 properties. We 
onsider valued �elds as three-sorted stru
turesK = (K;�;k; v)where K is the underlying �eld, � is the value group, k is the residue �eld, v :K� ! � is the valuation, with valuation ringOv := fa 2 K : v(a) � 0gand maximal ideal mv := fa 2 K : v(a) > 0g of O. We have the residue 
lass map�: Ov ! ka 7! a+mvand the residue 
hara
teristi
 of K is the 
hara
teristi
 of k. We often refer to Kas the valued �eld, instead of K. For a subset � of an ordered group � we use thenotation 
 < �as a shorthand for 
 < Æ for all Æ 2 �. We set v(0) := 1 > �, �1 := � [ f1g,�1 < � and for 
 2 � the intervals (�1; 
) and (
;1) are de�ned as usual. Weuse m;n; : : : to denote elements of N unless spe
i�ed otherwise.De�nition 2.1. A valued �eld (K;�;k; v) is 
alled algebrai
ally maximal if itdoes not admit proper immediate algebrai
 extensions (that is, extensions whi
hpreserve value group and residue �eld). Sin
e henselizations are immediate algebrai
extensions, every algebrai
ally maximal �eld is henselian.De�nition 2.2. A valued �eld (K;�;k; v) is 
alled algebrai
ally 
omplete if it ishenselian and for every �nite extension (L;�; l;w) we have(1) [L : K℄ = (� : �)[l : k℄ :If equation (1) holds, then the extension is 
alled defe
tless.De�nition 2.3. A valued �eld K is extremal if for every multi-variable polynomialF (X1; : : : ; Xn) over K the setfv(F (a1; : : : ; an)) : a1; : : : an 2 Ovg � �1has a maximal element.



CHARACTERIZATION OF EXTREMAL VALUED FIELDS 3Remark 2.4. The original de�nition presented in [4℄ asks for a maximal elementof the set fv(F (a1; : : : ; an) : a1; : : : an 2 Kg � �1where K and F are as above. This 
ondition is not satis�ed for the polynomialF (X;Y ) = X2 + (XY � 1)2over the Laurent series �eld R((t)) asv�F (tn; t�n)� = 2nand F (a; b) 6= 0 for all a; b 2 R((t)). Hen
e, Proposition 2 of [4℄ does not hold forthe original de�nition.Suppose that K is a valued �eld whi
h is not algebrai
ally 
losed. Take a poly-nomial f(x) = xn + an�1xn�1 + � � �+ a0 2 K[x℄ with no zeroes in K and letG(X;Y ) = Xn + an�1Xn�1Y + � � �+ a0Y nbe its homogenization. Then the polynomial F (X;Y ) = G(X;XY � 1) does notsatisfy the above 
ondition.The following is a 
onsequen
e of Theorem 1.5 of [6℄:Proposition 2.5. Every extremal �eld is algebrai
ally maximal and hen
e henselian.We will later use information about the value groups of extremal �elds dedu
edin this paper to prove the stronger assertion that every extremal �eld is algebrai
ally
omplete (see Theorem 3.12).De�nition 2.6. An ordered group is regular if for ea
h n every open interval that
ontains n elements 
ontains an n-divisible element. A Z-group is a regular groupwhi
h is dis
rete, i.e., has a smallest positive element.Note that Z-groups are exa
tly the ordered groups whi
h are elementarily equivalentto Z. If � is dense and regular then for ea
h n and 
 2 � there is an in
reasingsequen
e fn
�g�<� whi
h is 
o�nal in (�1; 
) We state two useful fa
ts on regulargroups, from [9℄ and [1℄ respe
tively.Theorem 2.7. A regular group is either a Z-group or it is dense.Theorem 2.8. An ordered group � is regular if and only if �=� is divisible forevery nonzero 
onvex subgroup � of �.De�nition 2.9. Take A � B to be an extension of two stru
tures of a �rst orderlanguage. Then A is existentially 
losed in B if every existential senten
e withparameters from A that holds in B also holds in A.De�nition 2.10. A �eld k is large if it is existentially 
losed in k((t)).Algebrai
ally 
losed �elds, real 
losed �elds, pseudo-algebrai
ally 
losed �elds, �eldsequipped with a henselian valuation are all large �elds. Finite �elds are not large.For the following result, see Theorem 17 of [5℄.Theorem 2.11. Suppose that k is a large and perfe
t sub�eld of a �eld F . If k isthe residue �eld of a valuation on F , then k is existentially 
losed in F (as a �eld).Finally, we will need the following two well known te
hni
al lemmas.



4 SALIH AZGIN, FRANZ-VIKTOR KUHLMANN, AND FLORIAN POPLemma 2.12. Let K = (K;�;k; v) be a valued �eld su
h that v = w Æ �w. Then Kis henselian if and only if w is henselian on K and �w is henselian on the residue�eld Kw of K under w. The same holds for \algebrai
ally 
omplete" in the pla
eof \henselian".By use of Hensel's Lemma, one proves:Lemma 2.13. Let K = (K;�;k; v) be a perfe
t and henselian valued �eld. Thenevery embedding of a sub�eld of k su
h that v is trivial on the image 
an be extendedto an embedding of k su
h that v is trivial on the image.3. Ne
essary and suffi
ient 
onditions for extremalityThe �rst non-algebrai
ally 
losed examples of extremal �elds were provided byProposition 2 in [4℄:Theorem 3.1. Let K = (K;�;k; v) be an algebrai
ally 
omplete valued �eld with� ' Z. Then K is extremal.By Remark 2.4, the this theorem would be false with the de�nition of extremalityas stated in [4℄. However, it is easy to 
he
k that the proof of Theorem 3.1 givenin [4℄ is valid with the revised de�nition of extremality.Note that extremality is a �rst order 
ondition for valued �elds. Hen
e we 
anapply the following Ax-Ko
hen-Ershov Prin
iple for tame valued �elds proved in[7℄, to show extremality for larger 
lasses of valued �elds:Theorem 3.2. Let K = (K;�;k; v) and L = (L;�; l;w) be two perfe
t algebrai
ally
omplete valued �elds with 
hark = 
harK. If k � l and � � �, then K � L. Ifin addition L is an extension of K, and if k � l and � � �, then K � L. Thesame holds with \�9" in the pla
e of \�" as soon as K is perfe
t and algebrai
ally
omplete with 
hark = 
harK.Here, \�" denotes \elementarily equivalent, \�" denotes \elementary extension"and \�9" denotes \existentially 
losed in".As a 
orollary to Theorems 3.1 and 3.2, we obtain:Theorem 3.3. Let K = (K;�;k; v) be a perfe
t algebrai
ally 
omplete valued �eldwith � a Z-group, and 
hark = 
harK. Then K is extremal.If the residue �eld has 
hara
teristi
 0, then \perfe
t algebrai
ally 
omplete" isequivalent to \henselian"; this is a 
onsequen
e of the Lemma of Ostrowski.Theorem 3.4. Let K = (K;�;k; v) be a perfe
t algebrai
ally 
omplete valued �eldwith divisible value group � and large residue �eld k with 
hark = 
harK. ThenK is extremal.Proof. In view of Theorem 3.2, we only have to prove our theorem in the 
asewhere � is the ordered additive group of the real numbers. Take any polynomialF 2 K[X1; : : : ; Xn℄. Take K� = (K�;��;k�; v�) to be a jKj+-saturated elementaryextension of K. Then �� is an elementary extension of � and k� is an elementaryextension of k. Now we distinguish two 
ases.Case 1: fv(F (a1; : : : ; an)) : a1; : : : an 2 Ovgnf1g is 
o�nal in �. We wish to showthat F has a zero in Onv .



CHARACTERIZATION OF EXTREMAL VALUED FIELDS 5By our 
hoi
e of K� there are a�1; : : : ; a�n 2 Ov� su
h that v�(F (a�1; : : : ; a�n) >�. Hen
e there exists a valuation w on K� that is 
oarser than v�, satis�eswF (a�1; : : : ; a�n) > 0, but is trivial on K. So we 
an 
onsider K as a sub�eldof the residue �eld K�w of K� under w. We write v� = w Æ �w where �w is thevaluation indu
ed by v� on K�w. Note that a�1; : : : ; a�n 2 Ow. We obtain that0 = F (a�1; : : : ; a�n)w = F (a�1w; : : : ; a�nw) and that a�1w; : : : ; a�nw 2 O �w. Sin
e � isdivisible, � �9 �0. Further, k� is equal to the residue �eld of K�w under �w, andk �9 k�. Hen
e by Theorem 3.2, K �9 (K�w;�0;k�; �w). Sin
e F has a zero in thevaluation ring of the latter �eld, this implies that there are a1; : : : ; an 2 Ov su
hthat F (a1; : : : ; an) = 0.Case 2: fv(F (a1; : : : ; an)) : a1; : : : an 2 Ovg is not 
o�nal in � = R. Then there issome real number r whi
h is the supremum of this set. We wish to show that it isa member of the set.By our 
hoi
e of K� there are a�1; : : : ; a�n 2 Ov� su
h that Æ� := v�(F (a�1; : : : ; a�n) >v(F (a1; : : : ; an) for all a1; : : : ; an 2 Ov . On the other hand, Æ� � r in ��. So0 � r � Æ� < s for all s 2 R = �. We take �0 to be the largest 
onvex subgroup of�� su
h that �0 \� = f0g. Then we take w to be the 
oarsening of v� with respe
tto �0, that is, Ow is generated over Ov by all elements whose values under v lie in�0, and the value group of w on K� is ��=�0. Again, we write v� = w Æ �w where�w is the valuation indu
ed by v� on the residue �eld K�w. We observe that v = won K (after identi�
ation of equivalent valuations). Further, w(F (a�1; : : : ; a�n)) = r.Now we have that (K�;��=�0;K�w;w) is an extension of K. We have 
anoni
alembeddings of k in K�w and of � in ��=�0. Sin
e � is divisible, � �9 ��=�0. Theresidue �eld K�w has a valuation �w with residue �eld k�. Being an elementaryextension of K, also K� is perfe
t. It follows that its residue �elds K�w and k� areperfe
t. Sin
e every algebrai
ally 
omplete valued �eld is henselian, Lemma 2.12shows that K�w is henselian under �w. By Lemma 2.13, the 
anoni
al embeddingof k in K�w 
an be extended to an embedding of k� in K�w. Via this embeddingwe may assume that k� is a sub�eld of K�w. Thus by Theorem 2.11, k� �9K�w and 
onsequently, k �9 K�w. It now follows from Theorem 3.2 that K �9(K�;��=�0;K�w;w). Hen
e there are a1; : : : ; an 2 Ov su
h that vF (a1; : : : ; an) =r. �Proposition 3.5. Let K = (K;�;k; v) be a valued �eld where � is dense, regularand not divisible. Then K is not extremal.Proof. Let 
 2 � be positive and not divisible by n > 1. Consider the polynomialF (x; y) = x4n + �(xy � �2)n + �2y4nover K where v(�) = 
. Note that for all a; b 2 K�,v(a4n); v(�(ab� �2)n); v(�2b4n)are distin
t elements of �1 sin
e 
 is not n-divisible. Hen
e the valuation of F (a; b)is equal to the minimum of the three distin
t elements above.We 
laim that for all a; b 2 Ov, v(F (a; b)) < 4n
 + 
. Assume otherwise. Thenv(a4n) � 4n
 + 
 and sin
e equality is not possible,4nv(a) > 4n
 + 
:Also, v(�(ab� �2)n) � 4n
 + 
 and so v(a) + v(b) = 2
. Consequently,4nv(b) = 8n
 � 4nv(a)



6 SALIH AZGIN, FRANZ-VIKTOR KUHLMANN, AND FLORIAN POPwhi
h gives 4nv(b) < 4n
 � 
. Thenv(F (a; b)) = v(�2b4n) = 2
 + 4nv(b) < 4n
 + 
;
ontradi
tion.Sin
e � is dense and regular we 
an take a sequen
e f4nÆ�g�<� in � whi
his 
o�nal in the interval (4n
; 4n
 + 
). For ea
h � < �, pi
k a� 2 Ov withv(a�) = Æ� < 2
 and let b� := �2a�1� 2 Ov . Then for all �v(a4n� ) = 4nÆ� < 4n
 + 
 < v(�2b4n� ) = 2
 + 4n(2
 � Æ�)and hen
e v(F (a�; b�)) = 4nÆ�. Together with the previous 
laim, this shows thatfv(F (a; b)) : a; b 2 Ovg has no maximal element and so K is not extremal. �Proposition 3.6. Let K = (K;�;k; v) be a valued �eld where � has a nonzero
onvex subgroup � su
h that �=� is not divisible. Then K is not extremal.Proof. Let 
 2 � be su
h that the 
oset 
+� is not divisible by n in �=�. Considerthe polynomial (as introdu
ed in the previous theorem)F (x; y) = x4n + �(xy � �2)n + �2y4nover K where v(�) = 
.The arguments in the proof of Proposition 3.5 
an be applied to the orderedgroup �=� to 
on
lude that for all a; b 2 Ov ,(2) v(F (a; b)) < 4n
 + 
 +� :We 
laim that fv(F (a; b) : a; b 2 Ovg has no maximal element. Take a; b 2 Ovand set � = v(F (a; b)). We aim to �nd a0; b0 2 Ov with v(F (a0; b0)) > �. Take anypositive Æ 2 �. From (2) it follows that(3) � + 4nÆ < 4n
 + 
 � 4nÆ :Note that v(F (�; �)) = 4n
, so we assume that 4n
 < �. As v(�) = 
 is notdivisible by n, � is equal to the minimum of 4nv(a), 
+nv(ab��2) and 2
+4nv(b).Therefore, 4n
 < � � v(�(ab� �2)n)and hen
e v(b) = 2
 � v(a) :Assume that � = 4nv(a). Together with 4nv(a) < 4n
 + 
, (3) shows that(4) 4nv(a) + 4nÆ < 
 + 4n
 � 4nÆ < 2
 + 8n
 � 4nv(a)� 4nÆ :Now take a0 2 Ov with v(a0) = v(a) + Æ and let b0 = �2=a0 2 Ov. Then v(b0) =2
� v(a)� Æ and (4) implies that 4nv(a0) < 2
+4nv(b0). Therefore v(F (a0; b0)) =4nv(a0) = 4nv(a) + 4nÆ > � as required.Next assume that � = 
 + nv(ab � �2) � 4n
. Then � < 4nv(a) and � < 2
 +4nv(b). With b0 = �2=a 2 Ov, we have v(b0) = v(b) and therefore v(F (a; b0)) �minf4nv(a); 2
 + 4nv(b0)g > �.It remains to 
onsider the 
ase � = 2
 + 4nv(b). Together with 2
 + 4nv(b) = � <4n
 + 
, (3) shows that2
 + 4nv(b) + 4nÆ < 4n
 + 
 � 4nÆ + (4n
 + 
 � 2
 � 4nv(b))� 4nÆ= 8n
 � 4nv(b)� 4nÆ :



CHARACTERIZATION OF EXTREMAL VALUED FIELDS 7Now take b0 2 Ov with v(b0) = v(b) + Æ and let a0 = �2=b0 2 Ov . Then v(a0) =2
�v(b)�Æ and the above inquality implies that 2
+4nv(b0) < 4nv(a0). Thereforev(F (a0; b0)) = 2
 + 4nv(b) + 4nÆ > � as required. This 
ompletes the proof of our
laim and we 
on
lude that K is not extremal. �Theorem 3.7. Suppose that � is not divisible and not a Z-group. Then K =(K;�;k; v) is not extremal.Proof. By Theorem 2.7, if � is regular then � is dense and hen
e by Proposition 3.5K is not extremal. If � is not regular then by Theorem 2.8, � has a nonzero
onvex subgroup � su
h that �=� is not divisible and by Proposition 3.6 K is notextremal. �Proposition 3.8. Let K = (K;�;k; v) be a valued �eld with non-algebrai
ally
losed residue �eld k and divisible value group �. Suppose that f(Y; Z) is a poly-nomial over Ov su
h that(i) there are �1; : : : ; �m 2 k su
h that the equation�f(�; z) = 0over k has no solution in k whenever � 6= �1; : : : ; �m;(ii) for all � 2 mv, f(�; Z) = 0 has a solution in Ov.Then K is not extremal.Proof. Let �0; : : : ; �n�1 2 k be su
h that xn + � � �+ �1x+ �0 = 0 has no solutionsin k. Consider the polynomialF (X;Y ) = Xn + � � �+ b1XY n�1 + b0Y nover Ov where �bi = �i and bi = 0 if �i = 0, for i = 0; : : : ; n � 1. Note that for allpositive 
 2 �, v(F (a; b)) � 
 =) v(a); v(b) � 
=n:Let G(X;Y; Z) := F (F (X;Y ); Z). For positive 
 2 �, if v(G(a; b; 
)) � 
 thenv(a); v(b) � 
=n2 and v(
) � 
=n.Let a1; : : : ; am 2 Ov be su
h that �aj = �j and aj = 0 if �j = 0 (where �j is asin (i) above) for j = 1; : : : ;m. Consider the polynomialH(X;Y; Z) := G�X; f(Y; Z); XY (Y � a1) � � � (Y � am)� ��over K where v(�) = 
 > 0. We 
laim thatv(H(a; b; 
)) < n2
for all a; b; 
 2 Ov. Otherwise, we would havev(a) � 
 and v�ab(b� a1) � � � (b� am)� �� � n
:Therefore v(ab(b� a1) � � � (b� am)) = v(�) = 
, whi
h in turn givesv(a) = 
; v(b) = 0 and v(b� ai) = 0 for i = 1; : : : ;m:So �b 6= �1; : : : ; �m and hen
e for all z 2 Ov, �f(�b; �z)) 6= 0. Then v(H(a; b; 
)) =v(f(b; 
)) = 0, 
ontradi
tion, and we establish the 
laim.Let f
�g�<� be a de
reasing sequen
e su
h that 
� ! 0 and pi
k b� 2 mv withv(b�) = 
� for all � < �. Let a� be su
h that a�b(b� � a1) : : : (b� � am) = �. Note



8 SALIH AZGIN, FRANZ-VIKTOR KUHLMANN, AND FLORIAN POPthat v(a�)! 
, and in parti
ular we may assume that a� 2 Ov for all � < �. Pi
k
� 2 Ov su
h that f(b�; 
�) = 0 for ea
h � < �. ThenH(a�; b�; 
�) = n2v(a�)and hen
e fv(H(a�; b�; 
�))g is 
o�nal in (0; n2
). We 
on
lude that K is notextremal. �Theorem 3.9. Suppose that K = (K;�;k; v) has a divisible value group. If k isnot large then K is not extremal.Proof. Sin
e k is not large, there is a 
urve C de�ned over k whi
h has a smoothk-rational point, but has only �nitely many k-rational points. But then by thetheory of algebrai
 
urves, the 
urve C is birational to a 
urve in the aÆne k-planeCh = V (h) � A2k, where h = h(Y; Z) 2 k[Y; Z℄ is a polynomial in the variablesY; Z satisfying the following:(i)0 Ch(k) = f(�; �) 2 k2 j h(�; �) = 0g is �nite.(ii)0 h(0; 0) = 0 and �h=�Z(0; 0) 6= 0, hen
e in parti
ular, (0; 0) is a smoothk-rational point of Ch. (A
tually these 
onditions imply that h(Y; Z) hasthe form h(Y; Z) = 
10Y + 
01Z + (non-linear terms) with 
01 6= 0.)Setting h(Y; Z) =Pi;j 
ijY iZj , let f(Y; Z) =Pi;j 
ijY iZj 2 O[Y; Z℄ be a preim-age of h(Y; Z) su
h that 
ij = 0 if 
ij = 0, hen
e 
ij 2 O� if 
ij 6= 0. Finally, letf�1 = 0; : : : ; �mg be the set of all the Y -
oordinates of the points (�; �) 2 Ch(k).We 
laim that f(Y; Z) 2 O[Y; Z℄ satis�es the 
onditions (i), (ii) from Proposi-tion 3.8. Indeed, 
ondition (i) is obviously satis�ed, be
ause f(Y; Z) = h(Y; Z),and h(Y; Z) satis�es 
ondition (i)0. For 
ondition (ii), pro
eed as follows: For� 2 mv set f�(Z) := f(�; Z) 2 O[Z℄. Then f�(Z) = h(0; Z), hen
e Z = 0 is a simplezero of f�(Z) = h(0; Z), by 
ondition (ii)0. Therefore, by Hensel's Lemma thereexists a unique � 2 mv su
h that f�(�) = 0, hen
e equivalently, f(�; �) = f�(�) = 0.By Proposition 3.8 we 
on
lude that K is not extremal. �The results proved so far enable us to give a version of Proposition 1 of [4℄ forthe modi�ed notion of \extremal �eld".De�nition 3.10. We say that a basis b1; : : : ; bn of a valued �eld extension (K;�;k; v) �(L;�; l;w) is a valuation basis if for all 
hoi
es of 
1; : : : ; 
n 2 K,v nXi=1 
ibi = mini v
ibi :Note that every �nite defe
tless extension admits a valuation basis.Lemma 3.11. Every �nite defe
tless extension of an extremal �eld is again anextremal �eld.Proof. Take an extremal �eld K = (K;�;k; v) and a �nite defe
tless extension(L;�; l;w) of degree m; we wish to show that the latter is an extremal �eld. FromTheorem 3.7 we know that � is divisible or a Z-group. Therefore, all 
osets of � in� admit representatives that are either 0 or lie between 0 and the smallest positiveelement of �. Consequently, we 
an 
hoose a valuation basis b1; : : : ; bm of the



CHARACTERIZATION OF EXTREMAL VALUED FIELDS 9extension su
h that the values vbi have the same property. Write Y = (Y1; : : : ; Ym)and take h(Y ) = NL(Y )jK(Y ) mXi=1 biYi!be the norm form with respe
t to the basis b1; : : : ; bm of the extension L(Y )jK(Y ).Take a polynomial F (X1; : : : ; Xn) over L; we wish to show that the setfv(F (a1; : : : ; an)) : a1; : : : an 2 Owghas a maximal element. Denote by G(Z) the polynomial obtained from F bysubstitutingPmi=1 biZij for Xi, 1 � i � n. The polynomial G(Z) 
an be written asG(Z) =Pmi=1 biGi(Z) with Gi(Z) 2 K[Z℄ for every i. Now letH(Z) = h(G1(Z); : : : ; Gm(Z)) = NL(Y )jK(Y )(G(Z)) 2 K[Z℄ :Sin
e K is extremal, there exist elements 
ij 2 Ov , 1 � i � m, 1 � j � n, su
h thatvH(
) = maxfvH(
0) j 
0ij 2 Ovg :For 1 � j � n, we set dj =Pmi=1 bi
ij . We wish to show thatwF (d) = maxfwF (d0) j d0j 2 Owg :Note that vNLjK(a) = mwa for every a 2 L sin
e K is henselian by Proposition 2.5.Take d0j 2 Ow and write d0j =Pmi=1 bi
0ij with 
0ij 2 K. Sin
e the bi form a valuationbasis, 0 � vd0j = v mXi=1 bi
0ij = mini vbi
0ij :Hen
e for 1 � i � m and 1 � j � n, vbi + v
0ij � 0. By our assumptions on thevalues vbi, this implies that 
0ij 2 Ov. Now we 
omputewF (d0) = 1m vNLjK(F (d0)) = 1m vH(
0)� 1m vH(
) = 1m vNLjK(F (d)) = wF (d) : �This lemma yields:Theorem 3.12. a) Every extremal valued �eld is algebrai
ally 
omplete.b) Every �nite extension of an extremal �eld is again an extremal �eld.Proof. a): By Corollary 2.10 of [6℄, a valued �eld is algebrai
ally 
omplete if ea
hof its �nite defe
tless extensions is algebrai
ally maximal. By Proposition 2.5, everyextremal �eld is algebrai
ally maximal. Hen
e part a) of our theorem follows fromthe pre
eding lemma.b): By part a), every �nite extension of an extremal �eld is defe
tless. Hen
e theassertion of part b) follows from the pre
eding lemma. �Theorem 1.2 now follows from Theorems 3.3, 3.4, 3.7, 3.9 and 3.12.
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hen-Ershov Prin
iple as in Theorem 3.2 also holds for formally }-adi
 �elds (see [8℄) and, more generally, for �nitely rami�ed �elds (see [3℄, [10℄). Aformally }-adi
 �eld is }-adi
ally 
losed if and only if it is henselian and its valuegroup is a Z-group. formally }-adi
 and �nitely rami�ed �elds are algebrai
ally
omplete as soon as they are henselian. Hen
e, we obtain from Theorems 3.1and 1.1 via the Ax-Ko
hen-Ershov Prin
iple:Theorem 4.1. A formally }-adi
 �eld is extremal if and only if it is }-adi
ally
losed. A �nitely rami�ed �eld is extremal if and only if it is henselian and its valuegroup is a Z-group.If K = (K;�;k; v) is a valued �eld su
h that v = wÆ �w, then by Lemma 2.12, v ishenselian if and only if w and �w are. The same holds for \algebrai
ally 
omplete" inthe pla
e of \henselian". The 
orresponding assertion for \extremal" is not entirelyknown. We leave the easy proof of the following result to the reader:Lemma 4.2. In the above situation, if K is extremal, then K is also extremal withrespe
t to the 
oarsening v1 of v.From our 
hara
terization of extremal �elds we obtain:Proposition 4.3. Let K = (K;�;k; v) be a perfe
t algebrai
ally 
omplete valued�eld su
h that 
hark = 
harK and v = v1 Æ v2. Then K = (K;�;k; v) is extremalif and only if K is extremal with respe
t to v1 and the residue �eld of K under v1is extremal with respe
t to v2. Referen
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. Amer. Math. So
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