A HIGHER DIMENSIONAL PARTIAL LEGENDRE
TRANSFORM, AND REGULARITY OF DEGENERATE
MONGE-AMPERE EQUATIONS

CRISTIAN RIOS, ERIC T. SAWYER, AND RICHARD L. WHEEDEN

ABSTRACT. In dimension n > 3, we define a generalization of the classical
two dimensional partial Legendre transform, that reduces interior regularity of
the generalized Monge-Ampere equation det D?u = k (x,u, Du) to regularity
of a divergence form quasilinear system of special form. This is then used
to obtain smoothness of C?! solutions, having n — 1 nonvanishing principal
curvatures, to certain subelliptic Monge-Ampére equations in dimension n > 3.
A corollary is that if £ > 0 vanishes only at nondegenerate critical points, then
a C?1 convex solution u is smooth if and only if the symmetric function of
degree n — 1 of the principal curvatures of u is positive, and moreover, u fails

2
to be €31~ %1€ when not smooth.

1. INTRODUCTION
We consider regularity of the generalized Monge-Ampére equation,
(1.1) det D*u = k (x,u, Du), x€Q,

where k is smooth and nonnegative in {2 x R x R™, and € is a convex domain in R™.
We first introduce a higher dimensional partial Legendre transform corresponding
to a convex solution u of (1.1),

S = X
ty = 2 (x)

b
t, = 8871; (@

and show that the vector-valued function v = (v¢);_, = (¢ (s,t)),_5 is a weak
solution of the divergence form quasilinear system (elliptic when &k > 0),

? 0 aov]) o
(12) KUgE @—‘r%k <CO [W]) a ’Uz:O, 2§£§TL7
where (co [%D/ denotes the transposed cofactor matrix of %. See subsection

2.1.3 below for the derivation. The significant feature of the system (1.2) is that the
degeneracy of the operator is incorporated (at least when we assume that det % =

n
det [ &?,25‘%] > 0) into the function k appearing in the coefficient matrix, thus
i i,j=2

permitting the use of subelliptic De Giorgi - Nash - Moser theory as in [5] and [21].
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This is in contrast to the usual quasilinear system obtained by differentiating (1.1)
with respect to =2

oo :

o

trace { (co [DQU} )/ <vv’ﬂ> } =ky, + ku% + kpu (Dax

1 <o <n.
0z, 0z, >’ =o=n

This can be put into divergence form using V’ (co [DQu])/ = 0’ (see section 4.3 of
the appendix below):

\vA (CO [D2u])’V(aa—;i) :]{)zd—l—kuga—.;l; + kpu (Daa—;i) R 1<o<n,

but the degeneracy when k£ = 0 remains embedded in the matrix (co [D2u})/. In
dimension n = 2, the transposed cofactor matrix in (1.2) defaults to 1, yielding
the classical equation (see (1.3) below) for the two dimensional partial Legendre
transform. For a discussion of other partial Legendre transforms, see the appendix.

We then apply this partial Legendre transform to generalize the two dimensional
regularity theorem of Guan [9] to higher dimensions: namely that a C%! (£2) convex
solution u to (1.1) is smooth if k vanishes to finite order in a certain sense, and if n—1
of the principal curvatures of the solution u are bounded away from zero (fewer than
n — 1 nonvanishing principal curvatures do not suffice). Before continuing further
with the development of (1.2) and a discussion of the regularity application, we
briefly review some history.

In the case k > 0, the equation (1.1) is elliptic and the theory is well developed.
For example, if k& = k(z), Caffarelli, Nirenberg and Spruck have shown in [1]
that there is a unique smooth convex solution u to the Dirichlet problem for (1.1)
in © with smooth data when 99 has positive Gaussian curvature. However, if
k is permitted to vanish in 2, regularity may fail spectacularly. For example, if
u(z) = |x|2+%, then by rotation invariance and homogeneity, (1.1) holds with
k=cp |:c|2, and thus u is a C%% solution, and no better, of the Monge-Ampére
equation with analytic k that vanishes to the least order possible. The best possible
regularity for the degenerate Dirichlet problem is given by Guan [10], and Guan,
Trudinger and Wang [12]; for k nonnegative and smooth, there is a unique C'1! (ﬁ)
convex solution u to the Dirichlet problem for (1.1) in the generalized sense of
Alexandrov.

In two dimensions, Guan [9] has shown that a C*! () solution u to (1.1) is
smooth if £ vanishes to finite order in a certain sense, and if one principal curvature
of the solution u is bounded away from zero (see also earlier work in two dimensions
in Xu [24]). This identifies the rank of the Hessian of the solution as an obstacle
to regularity even in the subelliptic case. Three main ingredients were used in the
proof:

1. the two dimensional partial Legendre transform (called semispherical mapping

in [17] and Legendre-like transform in [22]), { s , associated
t = uy (J?, y)
to a convex solution u of Uy, —u?, = k (2,y), which results in a divergence

form quasilinear equation for v = y (s, t);

(1.3) Lo = {0% + 0k (s,0) & } v = 0,
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2. Franchi’s extension [5] of the De Giorgi - Nash - Moser theory to certain
subelliptic linear divergence form equations in two dimensions, including (1.3),

3. a regularity theorem for divergence form quasilinear equations with elliptic
extendible operator, including (1.3).

In [21], two of the authors have extended the two dimensional case of Franchi’s
subelliptic theorem in [5] to higher dimensions. We would now like to use the higher
dimensional partial Legendre transform introduced above. Unfortuately, while the
system (1.2) is elliptic when k > 0, it is not diagonal in the principal terms, and is
never strongly elliptic (see the appendix). However, if we use the divergence-free
property of the matrix M = (co [%])/, namely Oy M = 0, and differentiate (1.2),
we obtain that the vector-valued function p = Dv = (%’-) , (s =1t)

7/ 2<i<n,1<5j<n
satisfies the divergence form quasilinear system (with M = M (p) a function of p)

0? 0 0
1.4 Lp=<=— +—kM — =f t D
(14 p={ 5 + 5ohM (B) 5 | P = F((5:6) %2, Dp).
that is diagonal in the principal terms, strongly elliptic when k£ > 0, and has
inhomogeneous term f that is quadratic in Dp. Here we view the scalar operator
in braces as acting on each component of p separately. See the beginning of section
3 below for a precise statement.

Notation: We use boldface characters to denote column vectors, or m x 1 ma-
trices, and a prime to denote the transpose of a matrix. Square matrices will
typically be denoted with square brackets. Juxtaposition of matrices indi-
cates matrix multiplication. Note however that we do not view the matrix
ov __ | Ovs
ot {8tj}2§i,j§n
umn vector such as v appears as an argument of a function, we will often
think of it as a row vector while continuing to write v rather than v’.

as the juxtaposition of % and v. Moreover, when a col-

We now generalize the theorem of Guan in [9] by giving subelliptic conditions on k
which yield smoothness for convex solutions u € C** (Q) to the generalized Monge-
Ampere equation (1.1) provided u has n — 1 nonvanishing principal curvatures.

Theorem 1.1. Let u € C*1(Q) be a convex solution to (1.1) with k smooth on
Q xR x R™ satisfying

(1.5) k (z,u, Du) ~ (|x1|2m + (ml,x)> K (z,u,Du), z=(x1,x)€Q,

where K is smooth and positive on Q x R x R™, 1 is smooth and nonnegative on
1
Q, m is a positive integer and v (x1,x)?™ is Lipschitz. If

&y s O%u
6:0% 00T,
(1.6) d=det | : : >0
3u . 3*u
Ox,0x2 ox?

everywhere in S, then u € C* ().

Remark 1.1. The theorem fails if merely a minor of size (n—2) X (n—2) is

assumed nondegenerate in (1.6). For example, u (x) = |(z1,22)|> + > s 327 lies
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in C*1 (Q), satisfies (1.1) with k = 18 (|a:1|2 + |x2|2>, and verifies

2%u R T
O3 0x30Ty,
det | : : =1,
8%u L 8%u
O0x,0x3 ox?

yet u fails to be in C3(Q). Of course d in (1.6) vanishes when k = 0.

We point out that the theorem applies in particular to the equation of prescribed
Gaussian curvature,

det D?
(1.7) Ok (z), zeEQ

(1+1Duf) *

One geometric consequence is that if a C?' convex function u has graph with
smooth Gaussian curvature k, (z) ~ |z|*”, m € N, so that u solves (1.7), then u
is smooth provided k,,_1 (0) > 0. Here k; denotes the j*" elementary symmetric
function of the principal curvatures of u, 1 < j < n, often referred to as the
4" elementary symmetric curvature (k,, is the Gaussian curvature and k; the mean
curvature). For j even, k; is an isometry invariant of the surface. To apply Theorem
1.1, rotate coordinates so that d (0) = k1 (0) in (1.6). The same result holds for
a C?1 convex solution u to (1.1), and in the case m = 1 leads to the following
characterization of regularity for solutions to (1.1).

Corollary 1.2. Suppose k is smooth and nonnegative in @ x R x R™, Q C R"™,
vanishes at the origin in €2, and has a nondegenerate critical point there, i.e.
k(x,z,p) =~ |a:|2 for (z,z,p) in compact subsets of & x R x R™. If u is a C*!
convex solution to (1.1), then uw € C* (Q) if and only if k,—1 (0) > 0. In the event
that ky—1 (0) =0, u ¢ C3P(Q) for any B > 1 — 2. Thus when k ~ |z?, all C3F
convez solutions to (1.1) with 3 >1— 2 are smooth.

It suffices to prove that v € C* (), 8 > 1— 2, implies k,,—1 (0) > 0. However,
if k,_1(0) = 0, then k,_y € C** and k,_; > 0 imply k,_; (z) < C|x\1+ﬂ. If
{A; (l‘)}:lzl are the principal curvatures of u at z, then

n _ Ky (2) - (kn (‘T)> _ n—1 __ | |2n—2
kn—1(x)" = > =k, (x ~ |x ,
=\ LNm ) 2 HEE) @ e
which yields a contradiction if § > 1 — % Note that in n = 2 dimensions, laia
[13] has sharpened this argument to show that if u € C?3 solves (1.1) with smooth
k ~ |z|°, then ki (0) > 0, and so by Guan’s theorem [9], u € C*; the example
u = |z|* shows that u € C2! is not enough.

The proof of Theorem 1.1 proceeds along the lines of Guan’s two dimensional
proof outlined above, using the higher dimensional partial Legendre transform and
the system (1.4), the extension to higher dimensions of Franchi’s subelliptic result
in [21], and an extension of Guan’s quasilinear regularity theorem to equations of
the form (1.4). To the best of the authors’ knowledge, this represents the first C>°
regularity result for the degenerate Monge-Ampére equation in higher dimensions.
In the appendix, we comment briefly on the possibility of using the methods of
Morrey and Campanato on the system (1.4).
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(<2

2.(QUASHJNEARJDIVERGENCE FORM SYSTEMS

We begin by recalling the partial Legendre transformation corresponding to a
convex solution u of the two dimensional generalized Monge-Ampeére equation in a
planar domain €2,

(2.1) UggUyy — (ugﬂy)2 =k(z,y,u,uz,uy), (z,y) €Q,

where k (x,y,7,2,t) is smooth and nonnegative in € x R3. The partial Legendre
transformation (s,t) =T (z,y) (as in [9], [17] and [22]) is given by

(2.2) {f _ 2@;(1’73/)

We note that if u,, > 0 (in particular if £ > 0), then w, is strictly increasing in
y, making T one-to-one on the set where k is nonvanishing. If we assume that
u e CL1 with Uyy > ¢ > 0 and set

vo= ¥ = y(S t)
2 = U (x,y) = ( (5 t)) )
T = u(:c,y) = ( (87 ))

where (z,y) = (s,y (s,t)) is the inverse partial Legendre transform, then the Lip-
schitz functions v, z and r satisfy the quasilinear divergence form equation

(2.3) O%v + Osk (s,v (s,t) 7 (s,1),2(s,1),t) Qv =0, (s,t) € T(Q),
Uzy  Uyy

in the weak sense. Indeed, as in [22] and [9], the Jacobian of T is [ L 0 },

1 0
and that of S =T is [ C Uey 1 } Thus

Uyy Uyy

s = x50y +ys0y = 8I—Z—gy”’;8y,
0 = xt8w+ytay Laya

Uyy

and for n € C° (T (2)) we have by (2.1),

N N L
T(Q)
) (o= 32n) o (7o) ()
Yo = — Yy )\ Me— =0y | +E | —yy | { —ny | ¢ uyydady
/Q{( Uyy Y Uyy 7 Uyy Y Uyy Y v
U U 2 1)\
Ty Ty
= —77$+< > n +k(—> N, ¢ Uyydxdy
/Q{ Uyy Uyy Y Uyy v
2
- k
Q Uyy

= A {7uacy77x + ua:a:ny} dzxdy = /Q{*nynx + Ua;y’ﬂm} dxdy = 0,

by approximation, since both 7 and u, are Lipschitz functions of (z,y), hence in
w2,
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2.1. Higher dimensional partial Legendre transform. In dimension n > 3,
we define a generalization of the two dimensional partial Legendre transform (2.2)
above, that results in a divergence form quasilinear system of n — 1 equations in
n — 1 unknowns that is diagonal in the principal terms, with inhomogeneous term
that is quadratic in the first order derivatives of the unknown functions. Elliptic
systems of this nature in two dimensions have been studied in Schulz [22], and in
higher dimensions with Hérmander vector fields in Xu and Zuily [25].

2.1.1. A Cauchy-Riemann system. The key to generalizing the transform above to
higher dimensions is to rewrite (2.3) as a first order Cauchy-Riemann system. For
this we need to calculate the s and ¢ derivatives of r = v and z = w,; recall that
0s = Oy — Zﬁay and 9; = ?iyay so that

_ Uay
Us Uyy
1
bt Uyy
We thus have
ry = (ax—zflzay)u = z+tu,
) vt
Ty = —0yu = tu;
(2.5) Yy u ,
— _ Uazy —
2s = (81; uway) uy; = kg
1
zg = —O0yu = —w
t Uyy YT s

where k is evaluated at (s,v (s,t),r(s,t),2(s,t),t). We may view these equations
as a Cauchy-Riemann system,

9z — L(s,u,r 2 t) L
(2.6) {g_ = kb Vot
ot Os

together with the compatibility conditions
2o
& = Qv
ot ot

Note that the divergence form equation (2.3) is obtained from the Cauchy-Riemann
equations (2.6) using zs; = 2.

2.1.2. Generalized Cauchy-Riemann equations. In higher dimensions, we consider
the generalized Monge-Ampére equation,

(2.7) det D?u () = k (z,u,Du), x€Q,

where € is a convex domain in R™. Our partial Legendre transform is the following
combination of the identity map and the gradient map of u. Keeping in mind our
desire to obtain an analogue of the Cauchy-Riemann system (2.6), we introduce
variables s and t = (ta,...,t,) by

S = X

t2 = 86_u (l’)
(2.8) , o 7

t, = 86;1 ( )
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and consider the functions z and v = (v, ...,v,)" given by

z = 80—;‘1 (z)
V2 = X2

)
Uy = Tp

along with 7 = u. It is also convenient to write x = (z3,...,x,)" for the variables
complementary to x1. We now assume that u € C! and d = det [uij];l,jzz >c>0,
so that both the partial Legendre transformation and its inverse are Lipschitz (note
that k£ > 0 implies d > 0), and view v, r and z as functions of s and t.

We claim that z and v = (va, ..., vn)/ satisfy the Cauchy-Riemann system

[é) _ o
. (§ = Fmneomat

9t — " 0s

!/
where % is the Jacobian matrix [gi’] } p<ij<n’ % is the column vector (g—é, e gti,) ,
and g—‘s' is the column vector (%, v %)/; and that the function r satisfies the
compatibility condition
ar ov

(2.10) = (2,0,...,0) +t'

d(s,t')

To see this, we compute the Jacobian matrix J = a?a(:’f(),) (here and in similar

situations below we are viewing (s,t) as a column vector) of the transformation
(2.8):

1 0 0
0 (s,t) Ug1 U2z -+ U2p
J = —_—ea e ——— R
0 (x1,x’)
Un1 Un2 o Unn
and its inverse,
d 0 0
o1 0@x) 1 bar 22 -+ con
d(s,t) d ’
bnl Cn2 e Cnn
where
Uz U2p
ot ot ) )
d=det@=detW:det : . >0,

Un2 e Unn
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C2 -+ Cop U2 -+ U2n

is the transposed cofactor matrix of 2% =

Cp2 "¢ Cnn Up2 = Unn
and
U2 -+ Ug(i—1) U2l U2(i41) - U2n
(211) bil = —det . . . 5
Up2 - Up(i—1) Unl Un(+1) - Unn

for 2 < i < n. Note that the final determinant above is computed for the matrix
ot

5y With its it" column replaced by the column (ug, ...,unl)/. Note that we refer
to the columns (rows) of a matrix that is indexed by 2 < 4,j < n as the second
column (row) through to the n'® column (row).

géi;’;)) satisfies

o o v ov’
fed Tk & |- hew F ]
d(s,t) o5 o o i

Our goal now is to show that the Jacobian matrix

which is the Cauchy-Riemann system (2.9). For this we note that the derivatives
%, 8‘?2 Y a(? can be expressed in terms of x-derivatives via the chain rule and the

columns of J~!. In particular,

ox; O
Z Js Ox; 3;1:1 d Z b5, 8;1:1

and so
0z 1 0 - 0 0
5 = d (d—axl t2 Qbﬂ_ax) 5,

1
= 3 {Und + ;Uilbil}
1 k ov

= =k} = — = kdet
d{} detad‘f Cor

which is the first of the Cauchy-Riemann equations in (2.9). To obtain the rest, we
read off from J~! that

and so

0z 1 Zn 0 0
atj - E < i axz) O B (x)
= 1
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by (2.11) for 2 < j < n. This establishes the remaining equations in (2.9). Finally,
to establish the compatibility condition (2.10), we compute

or 1 0 - 0

and

_ i uc”
L Oy, , 0V
- Ztlatj =t

2.1.3. A divergence form quasilinear system. We now use the equality of mixed

second order partial derivatives, % (%) = aas ( ) along with (2.9) to obtain that

the Lipschitz functions v = (va, ..., v,)" satisfy, in the weak sense, the divergence
form quasilinear system

O (o) D (92\ 0 (02N _0 (v _ o
ot ot ) Ot \ds) 9s\ot) 0Os 0s 0s2’

which we can rewrite explicitly as

vy 0 0 (vay ...y V)
2.12 — kdet ——"2) =0, 2</{<n.
(2.12) FIERTS ( a(tg,...,tn)) » 4st=m
This is of divergence form,
(2.13) divs ¢ F* ((s,t),v,Dv) =0, 2<(<n,

where the n-vector F is given by

/
(2.14) F’ ((s,t),v, p2, .p") = (pf, 0,...,0,kdet [p7]ycy <y + 0 ...,0) .

Here kdet [p?],<, <, occurs in the £**

pl = 0”" for 2 < o < n. Note that the superscript o
indexes the rows and the subscript 7 mdexeb the columns of the matrix [p7],-, <,

Unfortunately, in the preliminary form (2.13) - (2.14), the system fails to be
elliptic when &k > 0 (see the appendix) To rectify this lack of ellipticity When k>0,

position for 2 < ¢ < n, where we are writing
61}0

for2<o,7 <n,and p{ = G

we exploit the symmetry of 2 5t (which follows from the symmetry of 2 8v’ = 88::' ).
If M = (det 9%) [%] denotes the transposed cofactor matrix of 9%, then

ov ov ov] ! ov ov
o () (2] (2
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where I,,_; denotes the (n —1) x (n— 1) identity matrix. Equating columns and

using the symmetry of 2% 5t7» We obtain that

(2.16) M% A <det —V> e,

and so we can rewrite (2.12) as
2

(o + arkig:

0s? = ot ot
This exhibits a divergence form quasilinear system satisfied in the weak sense by
v = (va, ..., v,)’, which is now elliptic when k > 0 is independent of u and Du (see
the appendix). This system is not however diagonal in the principal terms since
the coefficients in the matrix M involve first order derivatives of the unknowns v,.
Moreover, the system (2.17) is never strongly elliptic (see the appendix). We will
denote the nonlinear operator in braces in (2.17) by £ when there is no possibility
of confusion.

(2.17) }Ug =0, 2</{(<n.

Remark 2.1. When k = k(x) in (1.1) is independent of w and Du, the function
z satisfies the equation

2 9 0 ok | ov
L{ﬁ+%kMa} = 5, det 55

See the appendiz below for a proof (we will not use this equation in our application).

2.1.4. A diagonal strongly elliptic system for first derivatives. We will obtain a
quasilinear system that is diagonal in the principal terms, and strongly elliptic
when k > 0, by differentiating the system (2.17). Thus we now assume as well that
u € CH1 N W32, so that v € C%' N W22, However, if we simply proceed directly
with applying a derivative 9, = % , t1 = 8, to (2.17), we obtain

0 v

%(80(]{]\4))6_5’ 2§€§na

and since the entries of M are homogeneous polynomials of degree n — 2 in the
derivatives of the vy, the right side appears to contain second order derivatives of
the 0,v, that arise when % hits 0,M. However, we can make use of a further
crucial property of the matrix M, namely that its columns are divergence free in
the t variables:

(2.18) L (9pve) = —

0
ot
This is a consequence of the equality of mixed second order partial derivatives of v
- see the appendix.

Armed with (2.19), we continue the calculation in (2.18) to obtain

0 v
L@ve) = =55 (00 (kM) Z2

= —trace {{k (O M) + (05 k) M} =

(2.19) M = (0,...,0).

0 (911@
ot ot

{0 = (o) 1) 5

4

o
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for 2 < ¢ < n, since both of the row vectors %M and % (0o M) = 0y (8‘2, M)
vanish by (2.19). If we write

, 0
P = () acscnncren = (300
172<i<n,1<j<n atj

?

>2<i<n,1<j<n
we note that (using (2.9) and (2.10))

(220) f= (fﬁ)QSZSn,lgogn =kA (pa Dp) + (Vk)/ B (pa Dp) +C (p)

where VE denotes the gradient of k with respect to its original variables; A, B, and
C have entries that are polynomials in p and Dp of degree depending on n, with
coefficients that are smooth functions of (s, t),v,r and z; A (p, Dp) is homogeneous
of degree two in Dp, and B (p, Dp) is homogeneous of degree one in Dp.

Thus for u € O N W32 we obtain that (p§)2§i§n,1§j§n is a weak solution of
the diagonal (in the sense that the principal terms act diagonally) divergence form
quasilinear system,

0s2 ot ot
where M is the transposed cofactor matrix of [pé]%i)jgn and f = (f;)2§i§n,1§j§n =
f (x,p, Dp) is the polynomial of degree two in Dp as given in (2.20) above. We also
have that k = k ((s,v),, (2,t)) where r and z satisfy the compatibility conditions,

< 0? 0 0 . -
(2.21) ﬁp;—{ + —kM }p}— 7 2<i<n,1<j<n,

or B , Ov
(2.22) 56T " (2,0,...,0)+t8(87t/),

0z ov oV

st) (’fdetm—a)-

Furthermore, the system (2.21) is strongly elliptic when k£ > 0 and independent of
u and Du (see the appendix).

3. REGULARITY OF SOLUTIONS TO DEGENERATE MONGE-AMPERE EQUATIONS

We will investigate regularity of solutions u € C*' N W32 to the n-dimensional
Monge-Ampére equation (2.7) via the partial Legendre transform (2.8), and the
resulting system (2.21), which we abbreviate

(3.1) Lp =1,
where
Lp = {aa_; + %kM(p) %}p,

P = (P)acicnicion’

f = ('f:;)Qgign,lSjgn'
Here M = M (p) is the transposed cofactor matrix of [p;] a<ij<n’ also given by

2%u e 0%u
B R B
ot' ) ot ov’ v’ d oo e ’

0xn0Ts Ox2

n
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and
kE=k((s,v),r (zt)),

where v, 7, z satisfy the compatibility conditions (see (2.22))

ov .
(3.2) (s, t) = (p;‘)zgign,lgjgn ’
or i
a(s,t) (2,0, 0) + ¥ ()i 1
0z i 2 n
(s, t) = (k det [p}] a<ij<n Pl *P1) .

Finally, we recall from (2.20) that
f = kA(p, Dp) + (Vk)' B (p, Dp) +C (p),

where the polynomial A (p, Dp) (respectively B (p, Dp)) is homogeneous of de-
gree two (respectively one) in Dp, with coefficients that are smooth functions of
(s,t),v,r and z.

In dimension n = 2, Guan [9] has proved Theorem 1.1 for ¥ (21, 22) = B |z2|*,
¢ >m, B > 0, under the weaker regularity hypothesis u € C1! (his proof also works
when (ml,xg)%’" is Lipschitz). In this case, the 1 x 1 matrix M is simply 1, and

the scalar equation Lv = {g—; + %k%} v = 0 can be mollified by convolution,

prior to being differentiated, by the Commutator Lemma in [11], which requires
only v Lipschitz, i.e. v € C1!. This permits Moser-type arguments to be applied
to the equation for p as in [5] since the right side f of (3.1) is now linear, and
no longer quadratic, in Dp. However, in view of the higher dimensional C*! q
priori estimates in [10] and [12], it would be desirable to extend Theorem 1.1 to
u € CH1 () as well, but this remains an open question.

3.1. Subelliptic preliminaries. In proving Theorem 1.1, we will follow the ap-
proach in Guan [9] with three differences. First, we use the higher dimensional
partial Legendre transform described above in place of the classical two dimen-
sional transform. The necessity of using the differentiated system (3.1) in place
of (2.17) accounts for the extra degree of regularity in our hypothesis u € C%!.
Second, we will use the generalization to higher dimensions in [21] of Franchi’s two
dimensional result [5] on Holder continuity of subelliptic equations with rough co-
efficients. Third, we will prove an extension to more general equations of Guan’s
hypoellipticity theorem for subelliptic quasilinear divergence form equations [9]. In
order to state these results we need some definitions.

Definition 3.1. Let A (x) = [a;; (x)]?jzl be a symmetric nonnegative matriz with
bounded measurable coefficients defined in a domain Q@ C R™. We say that a vector
field T = Y"1, ai (z) 32, with bounded coefficients o, is subunit with respect to

A(x) in Q if

N 2
(Z @i (z) fi) <EA(@)E, reQEeR™
i1
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Definition 3.2. Let A(y) = [a;; (y)}zjzl be a symmetric nonnegative Lipschitz

matriz defined in a domain Q@ C RY. We say that A (y) is subordinate in € if

n 2
! n

69 (Y] cccame vencernisicn

j=1

If we denote the (symmetric) matrix [aiyzaij (y)] . by 0¢A (y), then the left
ij=
side of (3.3) is

00A (y) €] = €0 A (y) DA (y) €,

and so (3.3) can be rephrased as
(3.4) (QeAW)* 2 CAW), yeQ,

where B < A means A — B is nonnegative semidefinite. The scalar case n = 1 of
(3.4) is well-known to hold with C' = ||A]|2 (see e.g. the section on interpolation
inequalities in the appendix to [20]), and persists for diagonal matrices, but fails
Ly

y v
-1 <y < 1. We will use (3.3) mainly when N = n, in which case A (x) is
subordinate in € if and only if there is ¢ > 0 such that the vector fields asssociated
to the rows of 6 5o, A (z), namely e>t 81: a;; () 88 are subunit with respect to
A(z) in Q for 1 < j < n,1 << n. Another fact used below is that for any
symmetric nonnegative matrix A (y), we have

(3-5) (A(y)* 2 CA(y), yeq,

in the general matrix-valued case for n > 2, as evidenced by A (y) =

where C is the supremum over 2 of the maximum eigenvalue of A (this is easily
seen by diagonalizing A). In the case N = n, (3.5) is equivalent to the vector
fields ¢ Y"1 | ai; () % being subunit with respect to A (x) in Q for some constant
¢>0,1<j<n. In[9], condition (3.3) is referred to as subunit, but we prefer
subordinate so as not to conflict with subunit vector field.

Definition 3.3. Let A (x) = [ai; (33)]?]':1 be a symmetric nonnegative semidefinite
matriz with bounded measurable coefficients defined in a domain Q C R"™. We say
that

LVAvZa% 8

3,j=1

P (Q) x [0, 00)4, increasing in each variable separately, such that for all m-tuples
T = (T4, ...,Trm) of bounded subunit (with respect to A (x)) vector fields, all bounded
functions f,g, and all compact subsets K of Q, every weak solution u € W12 ()
to the divergence form equation

Lu=f+Tg,
satisfies
[ull oo sy < C U lully s [flloo s 180 s m) -
Here T' denotes the transpose of T.
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Definition 3.4. We say that L = V' A (x) V is a-elliptic extendible in Q for a > 0
if for every xo and Q1 with x¢ € Q1 € Q, there is a symmetric smooth nonnegative
subordinate matriz B (z) in Q that vanishes in a neighbourhood N' € Q1 of xo, is
elliptic in Q — Qq, and such that
L.=V'(A(z)+ B(z)+el)V
s a-subelliptic in Q, uniformly in 0 < e < 1.
We will need the following extension of a theorem in [9)].

Theorem 3.1. Suppose that p = (pe)1<p<n >V = (V0)1<p<n, € C%1(Q) and that
p is a weak solution of the system o o

n
0 0
(36) ijZ:1 a_xla/lj (xavvp>87j De :hf (JJ,V,p,Dp), 1 SES Na
where a;; € C™(T), where T is a subdomain of Q x RNo x RN A(z,v,p) =
[aij (x,v,p)}?jzl is symmetric, nonnegative semidefinite, and subordinate in rela-
tively compact subdomains of ', h = (hf)1§£§N e C*> (F X R"N) and where
Dv = \P(x7v7p)7
for W e C° (). Let L = V'A(2)V = doiie1 %c/zivj (z) B%j be the scalar linear
operator with a;; (z) = a;; (z,v (z),p(x)). Suppose that L is a-elliptic extendible
in Q for some a > 0, that
(3.7) trace [ag;];;_y > ¢>0 inQ,

and that h has the product decomposition

M

he (,v,p, DP) = Hyo (2,v,P) + > Hep (2,v,p) 0y (,v,p,Dp), 1<L<N,
p=1

with Hy ,, and ®4,, smooth functions of their arguments, and where the vector fields

0
(38) Hé,u (.I,V(.T) ap(x)) 8—%
are subunit with respect to Zfor 1<u<<M1<U<N,1<k<n. Thenp andv
are both smooth in ).

In [9], this result was stated and proved only for scalar equations with smooth
right side h (z) in (3.6), but the extension of the proof to systems of the above
form is relatively straightforward, though technical, and we give the details in a
subsection below. We also note that in [11], Guan eliminated the problematic
hypothesis of elliptic extendibility. However, this does not seem to apply to our
situation where Dp can enter the right side nonlinearly.

The theorem from [21] that we will need extends the two dimensional result
of Franchi in [5] as follows. The reverse Holder norm |[(a||zy_ of a nonnegative
function a on the real line is given by the least constant C such that

supa(s) < Ci/a(s) ds,
1] Ji

sel
for all intervals I.
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Theorem 3.2. ([21]) Suppose a;; (x) € L™ (), and A (x) = [a;; (m)]?jzlsatisﬁes

c(&+a@’el?) <€A@e< (8 +al) elf),

for x € Q and (£,,§) € R", where a satisfies |lal|qon < C, |la(, %)z, < C
and the nondegeneracy condition |la (-,x)| ;~ > ¢ >0, for x = (22, ...,x,) € R L.
Then L = V'A(x)V is a-subelliptic in Q for some o > 0 depending only on the
constants ¢, C' above.

Remark 3.1. The special case of Theorem 3.2 that is needed here is when

a(z) = \/|la1[*™" + 9 (2),

where ¥ > 0 and 1/}(;13)ﬁ is Lipschitz (see (3.10) below). In [6], Franchi and
Lanconelli have obtained the Holder continuity of weak solutions u to V' A (x) Vu =
0 for coefficients such as a(x) = |x1|™. Of course more general right-hand sides
are also required by the definition of a-subelliptic.

3.2. Proof of regularity for the Monge-Ampére equation. We now prove
Theorem 1.1. Let (s,v) = (21,%), (2,t) = (%’ %) and r = u be the variables in

the partial Legendre transform T discussed in the sections above, and let
1 0
A=A((s,t),v,r,2,p) = .
(609720 = [ 5 L) e 0 M o) |

Then with t; = s,

_ i o 81}1‘
P= (P)acicnicjon = ot

>2<z’<n,1<]‘<n

is a %1 (Q) weak solution of the system (3.1), which can be written V' AVp = f,
in Q' = TQ. In order to apply Theorem 3.1 with z there replaced by (s,t), we
consider the linear operator

82

@ + %k ((S,V (87t>) T (87t> ’ (Z (S,t) at)) M (p (S,t)) 2

e
A =
V' AV 7%

where k, M, v, r and z are as in (3.1). Here Ais given by

0 k((s,v(s,t)),r(s,t),(z(s,t),t)) M (p(s,t))
and the function k satisfies
(3.9) E=k((s,v),r (2,1t)) ~ (|s|2m + (s,v)) K ((s,v),r (2,t)).
We now establish the hypotheses of Theorem 3.1. The lower bound ¢ = 1 on the
trace (3.7) is obvious. The compatibility conditions (3.2) imply that
D(V,r, Z) = @((S’t) ’V7T7Z7p)’

with ¥ smooth (note that we replace v in Theorem 3.1 with the vector (v,r, 2)).
Note that since M is positive definite, the quadratic form of A has the lower bound

(¢, €) A((5,6),v,r,2,P) (C,€) =+ ck ((s,v),7, (2,1)) €.

The standard inequality |Vk| < CvVk (see e.g. the appendix in [20]) now shows that
A((s,t),v,r, z,p) is subordinate in relatively compact subregions of its domain.
Formula (2.20) yields the desired product decomposition for h, and together with

E(s,t)z[l 0 ,
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the inequality |Vk| < CVk, (2.20) yields as well the subunit property of the vector
fields in (3.8). Thus in order to apply Theorem 3.1, it only remains to prove that
V' AV is a-elliptic extendible in V.

So fix a point (sg, tg) € '. We follow the argument of Guan [9]. Without loss of
generality, we may suppose that k = 0 at (sg,to) and that in fact (sg,to) = (0,0).
We choose § > 0 sufficiently small and a smooth nonnegative function 7 (t), such

that n = 0 for [t| < 6, n > 0 for |t| > 26 and 7 (t)ﬁ is Lipschitz (i.e. all zeroes of
7 vanish to order at least 2m). Then we define

B= [8 S)(t)In_l }

where I,,_1 denotes the (n—1) x (n —1) identity matrix. Clearly the opera-
tor V' (g—&— B) V is elliptic in ©'— Bss since |s|*™ + 7 (t) is positive there, and
\4 (ﬁ—l— B) V = V'AV = £ in Bs. Here Bs = B((0,0),6) is the ball centred at
(0,0) with radius §. The inequality |Vn| < C,/n shows that B is subordinate in
). We further observe using (3.9) that

c (& +ac(5,)° |€°) <€ (A+B+el) €< C (& +ac (,8)° 1))

for 0 < e < 1, where

(3.10) e (5,8) = I8/ + 0 (5, v (s,8)) + 0 (8) + =

since M is positive definite and K is positive in . We now claim that a. (s,t)
satisfies the hypotheses of Theorem 3.2 uniformly in 0 < ¢ < 1, namely that
(3.11) ”aEHLipl < G,

”aa ('71—’)||RHOQ < Ca t €Rn_1>

lac (-, 8) e > >0, teR™

With this established, Theorem 3.2 completes the proof that V' AV is a-elliptic
extendible in €. Then Theorem 3.1 (with v replaced by (v,r,z)) shows that p, v,
r and z are smooth in €. Since det (:Ef i),) = ax, =d > 0 by (1.6), we conclude
that v = r is smooth in 2, and this completes the proof of Theorem 1.1.

So it remains to prove (3.11). It is enough to prove the case € = 0 since we may
replace v by 9 + . We now write a (s, t) for a. (s,t). The first inequality in (3.11)
follows immediately from the fact that v is Lipschitz, since then so also are the

functions |s|, ¥ (s, v (s,t))ﬁ and 7 (t)ﬁ, and hence their /2™ length as a vector
in R3; a is the m'" power of this length. The RH, inequality,

supa (s, t) < C— / s,t)d
sel | |
for all intervals I and points t, is easier to check separately in the two cases

sup |s|™ > supy/ IZ (s,t),
sel sel

sup |s|" < supy/ IZ (s,t),
sel sel
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where we have set 1 (s,t) = ¥ (s, v) + 1 (t). Indeed, in the first case

supa (s, t)<Cbup\ \m<0m/| s|™ dS<C|I|/ (s,t)

sel sel

supa (s, t) <Csup\/1/1 s, t).

sel sel

Let s; € I be such that /1 (s1,t) = SUDgcr ¥ (s,t). Then we observe that

[I|™ < Csup |s|™ < C\/%) (s1, )

sel

In the second case,

implies
P (s1,6)77 = c|1].
Since ¥ (s, t)77 = = [¢(s,v(s,t)) + n(t)]% is Lipschitz (this is the £2™ length of

L

the Lipschitz vector ( e ,n2m) we have

U (5,67 > S0 (51, )%

for s in an interval J of length at least c¢|I| that contains s; and is contained in I.

Then we conclude,
1 1 ~
T/a(s,t)ds m/\/¢(s,t)ds
I

J ~
|II ¥ (51,t)

el
supa (s, t
ey
csupa(s,t).
sel

Y

The nondegeneracy inequality in (3.11) follows from a (s, t) > |s|™.

3.3. Hypoellipticity of the quasilinear system. We now give the proof of
Theorem 3.1. We will treat each equation in (3.6) as a scalar equation in the
unknown p, € C%! with a;; (z) € C%!, and as in [9], approximate py by solutions to
elliptic linear Dirichlet problems which have better regularity properties. Then we
use the argument in [9] to show that p, € C»*% 1< ¢ < N, § > 0, and thus that
a;; (x) € C1*~°. Finally we use the commutator lemma in [9], which we reproduce
below, to show that if a;; (z) € C™B then p, € C™PBTe=% 1 < ¢ < N, 8§ >0,
and thus that a;; (z) € C"™P+T2=8, Tterating this argument and differentiating the
equation as necessary will complete the proof. The details follow the statement of
Guan’s commutator lemma.

Definition 3.5. We let A* (R™) denote the Hdlder-Zygmund spaces for t € R (see
[23] where these spaces are denoted Ct), and set

ot — AY(R™) =C™*(R") fort=m+a>0, meNU{0}, O0<a<l
71 CmTLL(RY) fort=m, méeN
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We denote by O} the collection of linear operators bounded from A‘Zjn/}bpact (R™) to
As (R™) for all 0 < s <t.

loc

Lemma 3.3. (Guan [9]) Let a (z,u) € C* (R™ x RY) vanish for x outside a com-
pact subset of R™, and suppose u (z) € Ct for somet > 1. Then for every 0 < s < t
and 6 > 0, there are operators By € Of:SH‘S, B ¢ Of:SH‘S and B; € Of:SH‘s,

S

1 < j <n, such that for |D|* = (— A)Z,

[|D”,a(x,u(z))] = Zaxj (r,u(z)) B; + au (z,u(z)) - B+ By.

This lemma was proved in [9] for u a scalar function, but the proof persists
for RN-valued u = (uj)j.vzl with the vector-valued decomposition u = uf + u’,

N
uf = (ug) where u; = u? + ug is the usual symbol splitting as in [9)].
j=1

Proof. (of Theorem 3.1) Fix zy € Qp € Q where Qg will be chosen sufficiently
small below, and let B (z) and V' € Q1 € Qg be as in the definition of a-elliptic
extendibility for A (z) = [a; (z,v (z) ,p (2))];,_,. For € > 0, define
A (z,v,p) = A(z,v,p)+ B(z)+el,
As(z) = A (z,v(2),p(x)).

Fix ¢ € C° (N) and note by (3.6) and the fact that B (z) vanishes in A, that
p’ = p is a weak solution to the scalar linear Dirichlet problems

(3 12) V/;{(/) (.’L‘) VPO = hO (.’L‘, v, P, Dp) ) S QO
’ pO = 07 S 890
where h® = (h2)1<Z<N is given by

hg (x,v,p,Dp) = phy (x,v,p,Dp) + (V) A(x,v,p) Vpe + V' [peA (z,v,p) Vo).

By weak solution, we mean that both sides of the first equation in (3.12) can be
multiplied by any test function in VVO1 2 (€0), and then integrated over Q to yield
equality. For € > 0 let p® be the unique weak solution to the scalar elliptic linear
Dirichlet problems

(3.13) V' As (x)Vp® = ho(x,v,p,Dp), z€Q
' p° = 0, x€d

Since A¢ (x) is Lipschitz and h° (z, v, p, Dp) is bounded, standard elliptic theory
for scalar equations (e.g. Corollary 9.18 and Theorem 8.34 in [8]) shows that

p° < W2’p(Qo), 1< p<oo,

loc

p° € CY(Qy), 0<pB<l,

with norms depending on € > 0. Since trace (%) > ¢ > 0 independent of € > 0 in

Q by (3.7), the maximum principle yields
(3.14) 1% o< (05) = C
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independent of € > 0. Indeed, if wj = p§ + C1 |z — 3:0|2 — (O, we have
VC‘EVU}Z = hY + 201 trace (:4?) +2C, (V/Z{VO> (x—x0)>1

in Qp (note V' As = V' A%), provided we choose Qg sufﬁciently small and C; suffi-
ciently large, independent of € > 0. We also have wj < 0 on 9 by the boundary
condition in (3.13) if we choose C5 sufficiently large independent of € > 0. Theo-
rem 8.1 in [8] now shows that wi < 0 in Qy. Arguing as above with —pj in place
of p§, we obtain (3.14).

Lemma 3.4. Let 0 < o < 1 be as in Theorem 3.1. Then for any 0 < B < «a, we
have
”pE”Clﬁ(Q_D) < Cﬁ;
independent of € > 0, and
€ Cige (D).

loc
Proof. Fix k and differentiate the (" equation in (3.13) with respect to % to

obtain that g = 3p L € I/Vltf (Qp) is a weak solution in Qg of the divergence form
equation
0

(3.15) V' A¢ (x)Vq; = a—g@Hg o(x,v,p)
T

+Z akam,ﬂ ,v,p) @ (z,v,p, Dp)

8 ~ 0 0 ~
8xk [(V@ AVP@] +V {Aa—xk (V) + <a—$kz4> sz<P}

0
V' || =45 ) Vpi|.
() v

Now suppose, in order to derive a contradiction, that for some 0 < # < «a and

1<(<N,
e —_ =
Oiup HpZHcLB(QO) 00.
Then there is a sequence {EJ} _, with lim; .o, &; = 0 and
¢ = P loro@y >3 G =1

Now we take € = ¢; in (3.15), multiply by c-_1 and rewrite the equation as
(3.16) VASY (¢ hq) = ¢; 7 + (T9) ¢ 'gy,
where, we claim, T;j is a collection of subunit vector fields with the supremum
norms of cj*lf;j and c}lgjj bounded independent of ;.

Indeed, the first term on the right side of (3.15) is bounded, and by (3.8), the
second term is a sum of transposed subunit (with respect to A¢) vector fields applied
to bounded functions. Since A (z,v,p) is subordinate in I'; and v, p are Lipschitz,

the chain rule shows that A is subordinate in 9. Thus the dot product of any row
of %A with V is a multiple of a subunit (with respect to A¢) vector field (see the

comments following (3.3)). Thus the components Y7, ( < (i;;) o L<i<mn,

Oxy
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of the vector ATkV are multiples of subunit vector fields. As a consequence, the
term cj_1V' { ( Bor A) ng&} is a sum of transposed subunit (with respect to As )

vector fields applied to bounded functions. The term c;1V' {;1% (ngg@)} is also

of this form using (3.5). Now each of A, B and ¢I is subordinate in €, hence also

:4\5 and thus each component of V’ (i;ﬁ‘:) is a multiple of a transposed subunit

vector field. The function ¢ sz is bounded since the definition of ¢; yields
-1 -1
H Vi’ HLoo (%) <Cq [ ||c1 4(0) =C.

Thus the term cJ-_IV’ [(%Afj) Vp;fj } is also a sum of transposed subunit vector

fields applied to bounded functions. We expand the remaining term as cj_1 times

) 0 gpe (0 4 ) O
A == A —A AV —
5o (Vo) AV ( S w) Vpe+ (V) ( A ) Ve + (Vo) AVg—p,
and note that the first two terms on the right are bounded. By (3.5), the third term
on the right is a sum ) _7T,g, of subunit (not transposed) vector fields 7T, applied

to bounded functions g,, but where the coefficients af of T, = Z;L 105 ai are

Lipschitz functions. Thus T,g, = =71 9o — Z;.Lzl % go has the required form.
J

Now by our hypotheses, the linear operators V'A%V are a-subelliptic in Qg (even
in Q) for a > 0 as in Theorem 3.1, uniformly in 0 < & < 1, and we thus obtain from
(3.16) that

-1 sj

16797 ey < O

lgo.acx
independent of 7 > 1, for K compact in . Together with (3.14), this yields

i Pe P eyl || < Ox,

le; = e

Cc1, a(K Loo(K) Co, a K)

independent of j > 1, for K compact in ). However, since As (x) is elliptic in
Q00— independent of ¢ > 0, standard elliptic theory (Corollary 8.36 in [8]) applied
to (3.13) in Qo — Q4 yields

Hpincl,a(g_o_gl) < Cs,
independent of € > 0, for all 0 < ¢ < 1. Combining the last two inequalities yields

—1 &;

le; pe]Hcl,a(Q—O) <C
with a constant C' that is independent of j > 1. Now 0 < 8 < « and so there is a
subsequence, which we continue to write as {c}lpzj };.;1’ with lim; .., e; = 0 and
which converges in C# (Q_o) to a solution u, of the Dirichlet problem,

VA (z,v,p)Vu, = 0, z€Q
Uy = O, S 800 ’

since lim;_oo € YWY (x,v,p, Dp) = 0. By uniqueness (Theorem 8.1 of [8]), ug = 0
in Oy and this contradlcts

||WH(;1,@(Q_O) = Jlggo ||C_;1pszcl,g(Q—o) =1,
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which completes the proof that

sup ||p§\|01,6(9—0) <oo, 1<U<N 0<f@B<a.
0<e<1

Now if 0 < v < 8 < a, there is a sequence {sj};il with lim; .., ¢; = 0 such

that pzj converges in O (Q_o) to a solution p? of the Dirichlet problem,

1 A0 0 _ 0
{VA (z,v,p) VP = hy(z,v,p,Dp), z€Q 1<?<N.

Py = 0, ze€dQ

Since p) = ¢p, is also a solution to this Dirichlet problem by (3.12), uniqueness

yields ¢p, = p) € C17 (Q_o) This completes the proof of Lemma 3.4.

Thus p is now more regular in g, hence in 2, and using the elliptic equation
Dv = VU (z,v,p), then so also are the coefficient matrix A (z,v,p) and the data
h (z,v,p, Dp) in (3.6), namely

(3.17)
peCLl(Q),vecr?(Q),Ax,v,p) e CL% (Q),h(z,v,p,Dp) € CLF (),

loc loc loc loc

for all 0 < 3 < a. Indeed, if v is Lipschitz and p € C78, j > 0, then a simple
induction using Dv = ¥ (z, v, p) shows that v € C7*1#. The increased smoothness
of the data in (3.17) suggests we should differentiate equation (3.6) by a fractional
amount less than «. This will use the commutator lemma 3.3 of Guan stated at
the beginning of this subsection.

Lemma 3.5. Let a be as in Theorem 3.1. Suppose that for some 0 < B < 1, we
have p € C2P(Q) and SUPgccct ||p5||cl,ﬁ(9—0) < 0o. Then for 0 < v < (3 and

loc

0< 6 <1, we have

. 3 _
swp [[p%llcreream) < oo

p € Cg+w+a76(90).

Proof. In order to apply the fractional differentiation operator |D|” = (— A)% to
(3.15), we must first multiply the function ¢j, which is only defined in Qo, by
a smooth cutoff function supported in Q. So let ¢y € C () and set w; =
|D|" g5 = |D|’Y¢%p§. Since 8 > 0, (3.17) and Schauder theory applied to
equation (3.13) yield that p* € C%# (Qg) for € > 0, and so w§ € C*F~7 () C
Wh2(Qp). In order to exploit the special form of A< we first need to write (3.15)
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out in full using the chain rule,
(3.18) V'A® (z,v,p)Vq; =&

0
= a—xksﬂﬂé,o (z,v,p)
0
+ Z %(PHZ“M (iL'7 Vv, p) (I)Z,p, (.’L‘, v, P, Dp)
pn=1
3
[(V(p) A (.’L‘, v, p) vpf]
A

Wf{
o
|
|

0
(5230 5o (079) + s, (0.,0) eV |
ov o
(52.0) G T+ (V) ov,2) 2T}

{ (52,0 + (V%) (5.v.0) 5 L7

{50t acv 22 L]

We will apply |D|” to the equation

V'A® (z,v,p)V (¥q;) = V' A (x,v,p) Vg;
+V' A% (x,v,p) (VV) ¢;
+ (V'y) A% (z,v,p) Vg;
= YE+F,

with the term & written as

M

0
Z o PHe (z,v,p) ¥®¢,p (x,v,p, Dp)
p=1 Tk

+% [ (Vo) A(x,v,p) Vpi]

where G € C%? (€)) upon using (3.17). Note that all of the above terms vanish
outside the support of ¥, and thus we can multiply any of the functions there by a
cutoff function w € C° () satisfying w = 1 on the support of 1. Thus we may
assume everything is compactly supported and so the pseudodifferential calculus
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used below is justified. We obtain that for ¢ > 0, wj is a weak solution in Qg of

(3.19)  V'A® (z) Vg
M
ol vy 8 vy
= |D| f+ |D| g + Z a—wHe,u (ZE,V,p) |D| ’lpée,ﬂ (I7V7p7Dp)
p=1 Tk

+£trace {;1(37) |D|V (¢VP£ (VS0>/)}

v {va (2,v (), p () |D] (—wpmo)

V{42, (2 (2),p () | D] 9V}
v {vaf (e, v (@), p (@) D" (—wm)

pz
}
+V/ {VPA (z,v (z),p(x)) D] (—z/;nggo)}
}

0
-V {vae D" (—pww;f) } +H,
8$k
where H is the sum of the following commutator terms (recall that everything is
compactly supported in ),

M

(3200 32 5 1D ey (v (2) 0 ()] 60y (V.. D)
pn=1

-s—aixktrace { [|D|7 Hﬂ (7/JVPE (V‘P)/)} +V [lDP ’A} ¢% (peVe)

V' IDP As | peve)

v {17 T4 (gvmve) + (107 G| (2 umive) |
v {[Ipr Az e} - v { 1D, 9. a¢] (%wm)}
-V { 1D, Vpe] (g—zwm)}

Y {HDP A (2,9 (z),p ()] vwa%pi} |

Note that we write ;1; (x) = Ay, (z,v (z),p(x)) and similarly for VA, ete. Now
G € 0% (Qy), so that the becond term on the right side of (3.19) lies in C%#~7,
and in particular is bounded. Since A and A¢ are subordinate in Qy, we see as in
the proof of lemma 3.4, that all of the component vector fields in

@He,u(l’,V(I),p(x))aik AV, A, V.V AV Vp AV A LV, Vy AEV Vo AEV
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@ > 1, are bounded and multiples of subunit vector fields with respect to As
(use (3.8) for the first vector field). These vector fields act on functions such as
|D|” @y, (x,v,p, Dp) and |D|” Vpj which by hypothesis lie in C%?~7 uniformly
in € > 0, hence are bounded independent of ¢ > 0. Thus the remaining terms in
(3.19), apart from |D|” F and H, have the form T'g for g bounded independent of
€ > 0, and T subunit.

Consider H first. By the commutator lemma 3.3 above with s =y and t = 1+ [,
each of the commutators

IDI" ¢ He (2,v @), p (@), [[D A (@)

D1 Aey @] [IpI", FeA @) [Ip1, FpA @)

1D1 2, @] [IDI", VA% @)], [IDI" Vpd® ()]
y—1+6

in particular lies in O, 5 - for all 6 > 0, and since they all act on functions whose

C% norms are uniformly bounded in ¢ > 0, all but the last term in (3.20) lie in
C%P=7=?% independent of ¢, and so are also bounded independent of 0 < ¢ < 1 if we
take § small enough. We use the full force of the commutator lemma 3.3 to obtain
as in [9] that the final term in (3.20) has the form

(3.21)

n . e 8 £
=V DAL (v (@), p () By + Afy ) (v ()0 () - B+ Bo | Vg —pi,

where B, B; € 073" and By € o;+§+§ Thus BV, B;V € ogjg L and ByV €

O¥+,f13+§ In particular, V'ByV € Oﬁ and since wa P € Cl

0<é6<pB—r,

o, we have for

loc

V'Bovw£p£ CLA=1=0 e,
k

independent of 0 < ¢ < 1. Since A® is subordinate in relatively compact subregions
of T, we have that the remaining terms in (3.21) have the form T'g where g is

bounded and T is subunit with respect to A¢, all independent of 0 < ¢ < 1. Finally
we consider the remaining term |D|” F. We have

IDI'F = |D["V'A% (2,v (2),p (2)) (V) ¢; +|D|" (V'$) A° () Ve
= VA (2,v(z),p () [D]" (V¥) q7)
+V D", A% (2, v (z), p ()] (V) 47)
plus a bounded function. Now the first term on the right is a sum of transposed
subunit vector fields applied to bounded functions by (3.5), and the second term

on the right is handled using the commutator lemma as above.
Altogether we have

V' AVuwS = f +T'g,

where f, g are bounded and T is a collection of bounded subunit vector fields with
respect to AE all independent of 0 < € < 1. Since the linear operators V’ A=V are
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a-subelliptic in Qg uniformly in € > 0, we conclude that sup,- ||WE||CO,Q(K) < Ok,
and thus that

%

> £ 8 £
W lltrrseg = I lm + 3 |IDP 5o
k

al‘k

Coa(K)

IN

Ck + ||WEHCO,Q(K) < CKa

independent of € > 0 for every compact subset K in €. Since As (z) is CHP and
elliptic in Qg — €; independent of ¢ > 0, and h° is in c? , we have by Schauder
theory (Lemma 6.18 in [8]) applied to (3.13) that,

||p€||03+ﬁ(9—0_91) < Cp,
independent of ¢ > 0. Combining these inequalities yields
”pEHCiM*“(Q_o) <C

with a constant C' that is independent of ¢ > 0. The rest of Lemma 3.5 now
follows easily upon considering a sequence of ¢;’s for which {p®i };’il converges in
Cltrta=e (Q0), § > 0, as in Lemma 3.4.

We now iterate Lemma 3.5 until we reach p € C?1%(Q), for some § > 0,
differentiate equation (3.6), and then apply the above procedure again to get to
p € C3+9(Q), for some 6§ > 0. Continuing in this way we obtain p,v € C* (Q),
and this completes the proof of Theorem 3.1.

4. APPENDIX

Throughout this appendix we will assume, for the sake of simplicity, that the
partial Legendre transform arises from the Monge-Ampére equation (1.1) where
k =k () is independent of u and Du. In the general case, the systems in the next
subsection are complicated in that they involve the unknowns r = w and z = 5‘37“1
as well as v, and the formula for £z in subsection 4.3 below is not as simple.

4.1. Failure of ellipticity of system (2.12). Here we show that the system
(2.12),

0%v, 0 0 (va, ..., n)
- [ —_— = 2 < <
0s? + Oty (kdet O (tay .y tn) > 0 stsn

is not elliptic. Indeed, with F? as in (2.14), we note that for each fixed ¢ and o, the
matrix

65 0 0 ]
0 O 0
OF" | OF! _
op” w7 |, ij<n 0 {fqg kay,
L0 0 0 |
has (0 kq§ -+ kg ) in the (" row where [q-?]2§0,j§n is the transposed co-

factor matrix of [p‘;] and all other rows vanish except for the Dirac delta

2<0,j<n’
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function 6% at the far left in the first row. Thus ggj has the n-dimensional quadratic
form

¢ n
Qi (6.6) = (6.€) 57 (€. = 8063 + kD ag€st,

j=2

Now the system (2.12) is elliptic if det [Q¢o (¢, €)]ocy y<p, 7# 0 for (¢, &) away from
the origin in R™. However, when { = 0, the determinant det [Qeo (0,8)]2<p 5<n
vanishes since the matrix [Qes (0,€)]y<) ,<,, has rank one - indeed, the 0t row is
k&, times the fixed vector

n n
PSP
j=2 j=2

4.1.1. Ellipticity of systems (2.17) and (2.21). Let P = [pg} , coP = [cg]

2<a,B<n 2<a,B<n

be the cofactor matrix of P, and (coP)’ = [qg] denote the transpose of coP.
2<a,B<n

/
We write p® = (pg, ..., p%) for the a'® row of P, and pg = (p%, ...,pg) for the 3"

column of P, so that for example (¢)' = co. Now M = (coP)’ and %2 = (") in
the system (2.17),

9? 0 0
{352+3t’kM8t}w 0, 2<{¢<n,

and so in divergence form (2.17) becomes,
d2'1)(57t/)F1Z ((s,t),v,Dv) =0, 2<{<n,

where the column vector F? is given by

P (50 vap) = (1 (0 ) MG ) = (kb eoP) (1))

The ellipticity of the system (2.17) for & > 0 follows from the following claim,
together with the fact that the matrix M is bounded and positive definite when
k> 0.

Claim: Qr, (C,€) = (¢.€) 8- (¢,€) = 8% (¢ + ke'ME),  2< Lo <n.

Since the quadratic form associated to an antisymmetric matrix vanishes, it
is enough to show that the (n — 1) x (n — 1) Jacobian matrix % [(coP)' (pe)/:|
satisfies

% [(COP)I (pz)/} =6 (coP) (mod A, 1), 2</lo<n,
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where A,,_; denotes the space of antisymmetric (n — 1) x (n — 1) matrices, and

o _ (8 d
Fp — (3pg7"" 8pg)' We compute

s (7 (")’ 7?52 (v")’ r'5% ()

%ﬂ@ﬂﬁﬂ——%gs =

|
|
+

25 Inl pdp

Z
né n—1 Pdp n ap°

= 0
= 6 (coP) Jera— ().
T=2

It remains to show that each of the matrices aia (") = [%CT} is antisym-
P Py H 2<pu,v<n

metric for 2 < 0,7 < n. However, upon examining the matrix P = {pg] ,
2<a,B<n

and using the definition of the cofactor matrix coP = [cg] , we easily see
2<a,B<n
that

0 0

T

—c, = ——=——c,

¢, = ’
opg * opg "

and this completes the proof that (2.17) is elliptic.
We now show that the system (2.17) fails to be strongly elliptic. Such a system
is strongly elliptic if the larger quadratic form

(4.1) om =3 (') g—;no

is positive definite for n = (772, ey n") € R*»=1)_ This notion of ellipticity is used
when applying divergence structure techniques to derivatives of solutions. For the
system (2.17), the quadratic form

om =3 (¢! s”) ()

l,o=2

n
may vanish for n = ((gf, 54))2 away from the origin, as a lengthy computation
=2 _

3 2
reveals. For example when n =3, M = 3 3 2p 3 | and
—P3y D3
. 2 ;
F?((s,t),v,p) = (p?,k[pépﬁf(p?,) }Jﬂp% (pﬁfpﬁ)),
[ 2
F((s,6),v,p) = (pd k(o] — p3) & |pdp — (03)°]).
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3 3
Thus the 6 x 6 block matrix [[61?‘5] } is given by

l,o=2
(1 0 0 0 0 0 ]
0 kp3 —2kp? 0 0 kp3
0 k(p3—p3) kps 0 —kp3 O
0 0 0 10 0
0 0 —kpi 0 kpi  k(p3—p3)
| 0 kp3 0 0 —2kp3 kp3

and with g = (n?,7*) = (0,0,1,0,1,0), we obtain
OF¢ ’
Q(n) = (0,0,1,0,1,0) [a—;

(0,0,1,0,1,0) = 0.
Pj

i5=1] o

For the solutions we consider in (2.17), we have the additional symmetry p] =
pl for 2 < 0,5 < n, and thus the application of divergence structure techniques
only requires the positivity (when k& > 0) of Q(n) on the (n=1)(n+2)

5 -dimensional
subspace

_ _ 2 ( _1) . P j ..
Sn_{n_(n7...7,’,’7z)eRn" 'n;_ngforQSZ,jgn}-
Even this fails, as the above calculation demonstrates when n = 3.
Finally we note that the system (2.21),
i 02 0 0 i ) )
ﬁpj:{@—&-%kMa}pj: it 2<i1<n,1<j5<n,

is strongly elliptic when k > 0; since M is independent of the Dp§7 it follows
that (2.21) is diagonal in the principal terms, and since M is positive definite and
bounded, (2.21) is then strongly elliptic. Indeed, the matrix [Qr,,], ,_, is diagonal

with Qe ¢ (CZ,£Z> >0 for(Ce,ﬁz) #(0,0) and 2 < ¢ < n.

4.2. The equation for Lz. Here we establish the formula Lz = g—aﬁ det g—‘t’. In-
deed, from (2.9) we obtain

Ez:ﬁ <kdet&) _ 9 <I<:M8—V> =1-1I

0s ot’ ot’ Os
From the formula & det A = trace {(coA)' & A} with A = femT &v. we have
0 1 Ov n=2 0 _1_ OV
I = s <detkn W) = trace {k;" Makn W},

and so using (2.15),

0 Ov 1 0 ov
I—trace{kM&%} = trace {Mm (ak) W}
1 0 ov
— (%k) trace {M%}

0 ov
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Using (2.19) we have

0 ov 0  0Ov
Il = Y < ka—) :trace{M%k%}

and so by the symmetry of M and (2.16), we have II — trace {kM%%

trace < M 8_v 9 —k =trace< M aviik
0s ot/ 0s Ot; 9<ij<n

Ov; o . Oup = Ov; Oy
= trace [ Zke ] = Zkg trace{ {85 ot L<' . }
2<i,j<n = VAN 1)
2 aw - ov ov
Zk’g < ) Zk‘g ( ) ey (det v )

=2
0 8
(Z’W W) at’’

where ky = 81 . Combining these equalities, we obtain

n

B [0 vy ov
Lz = III_<aSk;kgaS>det8t,

4.3. The divergence-free property of M. Here we establish the divergence-free
property (2.19) of the matrix M. In fact, if M is the transposed cofactor matrix

of any n x n Jacobian matrix % = {g—gl] , then V'M = 0’. To see this we
1 11<4,j<n

observe that the t-divergence of the o*" column of M can be written

r vy .. 9u 7
oty Oty
6’[}071 .. 8'0071
Ot1 Oty
J_ pal
det | 57 T Bta )
6’UU+1 .. 8'Ucr+l
Tty TOtn
Ouy ... Ouy
L ot Oty -

where it is understood that the determinant must be expanded along the o' row.
However, if we do just that, and use the formula

d dA;
5 det (A1, Ay Zdet(Al, Bt An),

J i=1
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where the A; are the columns of a square matrix, we obtain that in the case o = 1,

o ... 9
ot ot
vy .. 0w
ot Ot,,
det | 7 o
Ouy . Ouy
ot1 Oty
expands as
0 dvy Qug Qug. 0 Ouy
Bt1 Oty Ot Ot Ot1 Otr,
det | : : +...+det | :
_0_ Ovy Quy, Quy, 0 Ouy
Ot Oto Otn Oto Ot Oty
09 Ovy  Ovy | Ouy Qv Ovy 0 Ouy
Oto Oty Ots Oty oty Ots Oto Oty
—det | : : —...—det | : : :
0 Ovy  Ovy, . Oun Ouy  Ovy ., O Ouy
Ots Oty ots Oty oty Otz Oty Oty
0 9vp vy dva . 8 vy
ot,, Oty Oty 1 Oty Ot,, Otn_1
1 . . 1 .
+ (=" det | : : Fot (=)™ det | _
o v, . dvn Ouvy ., 0 Ovn
ot,, Ot Oty _1 Otq Oty Oty _1

The above expression vanishes identically by the equality of mixed second order

0 Ovy 0 Ovy
Oty Oto Ota Oty
partial derivatives. For example, the columns : and : are
_0_dvy _0_duy
Oty Ota dty Oty

equal, and appear as the first columns of two otherwise identical matrices above,
whose determinants appear with opposite sign. A similar reasoning, combined with
interchanging appropriate columns, shows that the last term on the first line cancels
with the first term on the last line.

4.4. The other partial Legendre transforms. Given 1 < x < n, we modify the
transform (2.8) by defining variables s = (s1, ..., 8x) and t = (t,q1, ..., tn) by

S1 = X

Sy = 1z,

b1 = ﬁ(m) ’
tn o ()
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and consider the functions z = (21, ..., 2x) and v = (vx41, ..., Un) given by

21 = 887?1 (x)
2 = aaT“K (x)
Vg+1 — Tr+1
Un = Tn

Calculations as in subsection 2.1 above (but more elaborate), yield in place of (2.9)
the Cauchy-Riemann equations

det% = k((s,v),r (zt)) det%
9z - o
ot/ - Os
Indeed, the chain rule yields
Uij Wi k+1 o Uin
0z; 1 Uk+1,j Ur+1,k+1 Uk+1,n o
2:_det . . . ) ]-S?”]SKU
Un,j Un,k+1 e Unn
where d = det [a;;], ,,; ;. as well as
—1
Uk4+1,k+1 " Ukg+ln
ov ) )
ot
un,m-‘rl et Unn

Now apply the determinant formula

k—1
det [aij], <; <, = det[aijl o; j<p (det [az‘j]mlsm@) ’

where
Q5 Q41 U Qin
_ Qr41,5 Or+1,x+1 " Ar+ln o
aj; =det | | . . ) . 1<i4,j <k,
Qn,j Qn,k+1 e Ann

which can be proved by writing det [a;;], -, j<x @Sasum of signed products sgn (o) @; (i)
over all permutations o of {1, ..., k}, and then applying Laplace’s expansion to each
determinant @; ;).

4.5. The difficulties with alternate methods. We begin with a discussion of
the difficulties encountered in applying the Campanato method to the system (3.1),
as used by Xu and Zuily in [25] to treat equations of the form

(4.2) > X;M(x,p)X; ppe = fe(x,p,Dp), 1<(<N,

1,j=1

where p = (p1,...,pn) is assumed continuous and Dp locally square integrable, M
is smooth and elliptic, f is smooth and has at most quadratic growth in Dp, and
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{X j};n:l is a collection of smooth linear vector fields satisfying Hérmander’s condi-

tion (see also [15], [2], [3] and [7]). Note that our equation (3.1) fails to be of this
form with 2 replaced by (s, t) in (4.2) since our vector fields X; = \/k (s, v (s, t))aitj
are nonlinear. A key step in the Campanato method is to freeze coefficients at a
point in the elliptic part M (p (s,t)) of the operator, and then solve a Dirichlet
problem for this frozen operator L. While the solution w to the quasilinear sys-
tem with operator Ly verifies the needed estimates by a generalization of Guan’s
theorem in [11], the degeneracies of the solution occur when k (s, w (s,t)) = 0, and
do not match the degeneracies of p which occur when k (s, v (s,t)) = 0. If instead,
we freeze the function v in k (s, v (s,t)), and freeze M (p (s, t)) at a point, then the
solution to the Dirichlet problem with the linear operator Ly fails to have sufficient
smoothness for applying Sobolev-type inequalities as in [25].

On the other hand, in the special case when % (x1,x) vanishes in Theorem 1.1,
then of course k (s, w (s,t)) = k (s, v (s,t)), and so the above difficulties with degen-
eracies disappears. It is likely that the Campanato method in [25] can be adapted
to prove Theorem 1.1 when 9 (x1,x) = 0 under the weaker regularity hypothesis
uw € C? N W32, This will be pursued elsewhere.

There is also a difficulty in applying the method of Guan in [11], as convolution
with a smooth approximate identity does not behave well on the term that is
quadratic in Dp on the right side of (3.1).

Finally, any attempt to apply linear elliptic regularization to the simpler equation
(2.17), Lv = 0, such as adding eI, to the coefficient matrix, is doomed since the
matrix coefficients involve p, and are thus no more regular than derivatives of v.
The classical elliptic theory for V' AVv = 0 requires V'A € L (R"™), ¢ > n, in order
to conclude that v € W22 (see e.g. Theorem 10.1 in chapter 3 of [14]), and applied
to the above situation would yield only that Vp € L? implies Vv € L2, a trivial
conclusion.
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