FUNCTIONAL ANALYSIS AND APPLICATIONS

1. INTRODUCTION

We begin by solving a Volterra integral equation using a fixed point theorem, and
from this we motivate the definition of Banach space and bounded linear operator.

Next, we specialize to Hilbert spaces and after proving some elementary results
on duality, we use the Lax-Milgram theorem and the Fredholm alternative to derive
existence and uniqueness of weak solutions to Dirichlet problems for second order
elliptic linear partial differential equations on open subsets of Euclidean space.

Then we derive the completeness theorems for Banach spaces, including the
uniform boundedness principle, the open mapping theorem and the closed graph
theorem, and give applications to the nonconvergence of Fourier series of contin-
uous functions, the nonconverse of the Riemann-Lebesgue lemma, and finally to
interpolating sequences for the Hardy space of holomorphic functions on the unit
disk.

We then continue with convexity theorems, such as the Hahn-Banach and Banach-
Alaoglu theorems, and investigate the relation between the existence of invariant
finitely additive measures and paradoxical decompositions, including the Banach-
Tarski paradox. Further directions and applications will follow as time permits.

References are given at the end.

2. SCHECHTER’S EXAMPLE ([3])

The pair of functions {cosz,sinz} is a fundamental solution set on the real line
R for the homogeneous second order equation

y'(z)+y(x) =0, =z€R,
and the general solution is given by
(2.1) Ynom (T) = Ynom (0) oSz + ypo (0)sinz, = €R.
We now wish to solve the more general equation
y' (x) +y(x) =0 (z)y(z),
where o is a continuous function on R. First we solve the inhomogenoeous equation

y' (x) +y () = f(2)

by writing it as a system in y = [ ;'/, } :

v - [4]-19 3] ]<[Y)

= Ay +f.
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Then the Wronskian matrix

W(m):[

cosr sinx ]

cosr sinx
.7
cos’z sin'z

—sinx coszx

satisfies
W' =AW and (WY) = —wtA.
Thus
Wwly) = wly+ (w )y
= Wly —w Ay =w~!f
implies

y =W/W_1f

and so a particular solution yper () is derived from

e [g] = [wem-oon
[ mn ]l Ja
d

/0”” [ : sina:cost;cosxsint ] [ f(()t) ]
[ fo“sin(;c—*t)f(t)dt ] _

t

Now we see from (2.1) and (2.2) that the solution to the initial value problem

y'+y = oy
y(0) = 1
y(0) = 0

satisfies the integral equation
xT
y(x)zcosx—&—/ sin(z —t)o(t)y(t)dt, zeR,
0
and vice versa. If we write u (z) = cosz and

x
Lh(z) = / sin (z — t) o () b () dt,
0
we can rewrite this equation as

an example of a Volterra integral equation.

2.1. Volterra Equations. To solve the Volterra equation (2.3) for x € [N, N],
we start with a guess yo = yo () where yq is any continuous function on [N, N
and plug it into the right side of (2.3), defining

no= @) =)+ L (@)
cosm—l—/ sin(z —t)o (t)yo (¢)dt, =€ [-N,N].
0

)
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If it happens that y; = yo (highly unlikely!) we are done. Otherwise set yo = u+Ly;
and inductively
(2.4) Yn =u+ Lyn,—1 on [N, N], n=123,..

We hope that this sequence of functions {y,},. ; converges in some sense. Since
uniform convergence yields a continuous limit, we define

bl = h
Il = max |h (z)]
and hope that ||y, — yn|| — 0 as m,n — oo (the Cauchy criterion for uniform

convergence).
Now we compute inductively that

= u+L(u+ Lyn_2)

w4 Lu+ ...+ L" Yu+ L.
Thus we have for n > m,
(26) ||yrn _ynH HLmu++L"71u+Lnyo —Lmy()”

< L™l + o+ || L ] 4+ 1Lyl + (I yoll

and in particular this will tend to zero as m,n — oo provided we have the “absolute
convergence of orbit series”:

o0
(2.7) Z |IL"v]|| < oo for every continuous v on [—N, N]J.

n=0
Indeed, if (2.7) holds, then {y,} -, satisfies the Cauchy criterion for uniform
convergence and hence there is a continuous function y = y(x) on [—N, N] such
that y, — y uniformly on [—N, N]. We now claim that y satisfies (2.3) on [-N, N].
For this we use the inequality

(2.8) Lo ()] = /Ozsin(xt)a(t)v(t)dt <llol flvfff=,

from which follows
(2.9) [Lo]| < (N la]]) [[v]| = C[v]]

for all continuous v on [N, N]. If we now let n — oo in the equation (2.4) we
obtain

y= lim y, = lim (u+ Ly,—1) =u+ Ly
since by (2.9),
||Ly - Lyn71|| = ||L (y - ynfl)” <C ||y - yn71|| — 0, as n — o0.

Finally we establish the “absolute convergence of orbit series” in (2.7). By (2.8)
we have

" x‘inzfa ol ||v 020@
/O Sln(xt)a(t)/lv(t)dt‘é/o sin (z —t) o ()] {llo[| [|v] [t]} dt < llof|” [[oll =~
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and continuing by induction we obtain

L™ (z)] =

x n
[ 0o @ tea < ol ol 2
0 .

Nn

ol ol =7

L]l

IN

from which (2.7) follows immediately:
3 S ol ol 2 = oMol
DIl <D el lo] — = M7l o] < oo.
n=0 n=0 ’

2.2. Banach spaces and bounded linear operators. We now examine the
above argument and extract the essential properties needed of the set X of con-
tinuous functions on [—N, N], and of the mapping h — Lh. First, in (2.4) we use
that X is a vector space, and in (2.6), we use a nonnegative function ||-|| defined
on X that satisfies the triangle inequality among other things. Our use of the
Cauchy criterion on the sequence of approximations {y,} requires “completeness”
in the metric d(f,g) = ||f — ¢|| induced by ||-||. These considerations motivate the
following definition of a Banach space.

Definition 1. A complex vector space X is a normed linear space if there is a map
[l : X — [0, 00) satisfying ||z + yl| < [|=]| + [yll. IAz] = [A[ |z]| and ||z]| = 0 <=
x=0, for allz,y € X and A € C. Then d(x,y) = ||z — y|| defines a metric on X,
and X is a Banach space if (X, d) is a complete metric space.

There are versions of these definitions and those below when the scalar field is
the real field R instead of the complex field C. Normally there is little difference in
the interaction of the concepts, and we will usually use the complex scalar field C
- but will explicitly mention the scalar field R when it matters. We will denote by
C (K) the Banach space of continuous functions on a compact topological space K,
equipped with the supremum norm || f||, = sup,cx |f (z)|. Now we examine the
properties used of the map L from the Banach space C ([— N, N]) into itself. First,
in (2.5) we used that L is linear, and then in (2.9) we used that L takes bounded
sets in C ([~N, N]) to bounded sets. This motivates the following definition of a
bounded linear operator between normed linear spaces.

Definition 2. A map L from one normed linear space X to another Y is linear
if LAz +y) = ALz + Ly for all x,y € X and A € C, and bounded if there is a
nonnegative constant C' such that || Lz||, < C'||z| y for all z € X.

The proof of the next result is easy and is left to the reader.

Lemma 1. Let L : X — Y be linear where X, Y are normed linear spaces. Then
L is bounded <= L 1is continuous on X <= L is continuous at 0.

Remark 1. IfY is the scalar field, thenin addition we have that L is continuous
<= the null space of L is closed. Indeed, if the null space N of L is closed and
xo ¢ N, then there is a ball B (zg,7) C X\N. Now if L (B (0,r)) is unbounded, then
it must be all of the scalar field C, and so L (B (xg,7)) = C as well, contradicting
the fact that L (B (zo,7)) C L(X \ N), where the latter set doesn’t include 0. Thus
L(B(0,7)) is bounded as required. However, this equivalence of continuity and
closed null space fails for general Y = X as evidenced by the space X of polynomials
on [0, 1] with the supremum norm, and L : X — X by LP = P’ for P € X.
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Our arguments above prove the following general theorem in a Banach space.

Theorem 1. Let X be a Banach space and L be a bounded linear operator from X
to atself. If 7 o [|[IL"z|| < oo for all z € X, then the equation

r=y-+ Lz
has a unique solution x € X for every y € X.
Proof: To see uniqueness, let 1 =y + Lz and zo = y + Lzo. Then
x=x1—2y="Lx; —Lag=Lx=L%*=..=L"z

for all n > 1 implies that ||z1 — z2|| = ||L"z|| — 0 as n — oo, which implies z; = xs.
The existence is proved as above using the approximating sequence {xn}zozo defined
inductively by z,, = y 4+ Lz,_1, x¢ arbitrary in X.

The contraction mapping theorem is a special case.

Theorem 2. Let X be a Banach space and L be a bounded linear operator from X
to itself. If L is a contraction, i.e. there is a constant 0 < vy < 1 such that

[Lz|| <~l=ll, =zeX,
then L has a unique fixed point x, i.e. x = Lx.

Proof: We can apply the previous theorem with y = 0 since Y ||L" z|| <
Ynso V" llzll = 15 llzll < oo

3. HILBERT SPACES ([2])

There is a class of special Banach spaces that enjoy many of the properties of
the familiar Euclidean spaces R™ and C™, namely the Hilbert spaces, whose norms
arise from an inner product.

Definition 3. A complex vector space H is an inner product space if there is a
map (-,-) from H x H to C satisfying for all x,y € H and )\ € C,

(z,y) (y, ),
(x+z,y) = (z,9)+(z,9),
(Az,y) = Maz,y),
(z,xz) > 0and (z,x) =0<=z=0.

Then ||z|| = \/{(z,x) defines a norm on H (see below) and if this makes H into a
Banach space, i.e. the metric d(z,y) = || —yl|| is complete, then we say H is a
Hilbert space.

A simple example of a Hilbert space is real or complex Euclidean space R™ or C"
with the usual inner product. More generally, the space £2 (N) of square summable
sequences a = {a, },., with inner product (a,b) = >, a,b, is a Hilbert space.
Both of these examples are included as special cases of the Hilbert space L? (u)

where g is a positive measure on a measure space X and the inner product is

<fag> :fxfyd,uf
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Lemma 2. Let H be an inner product space and define ||x|| = \/{x,x) for z € H.
Then ||-|| ¢s @ norm on H and for all xz,y € H,

[z, o)l <l lyll,

Iyl < Az +yll for all X € C iff (z,y) =0,
lz+yl* + o=yl = 2= +2]y]*
Proof: For z,y € H and A € C,
(3.1) 0 < [IAz +yl* = A [|z|* + 2Re (A (@, 9)) + [lyl*.
Thus (z,y) = 0 implies ||y|| < ||Az+y|| for all A € C. Conversely, if x # 0 we
minimize the right side of (3.1) with A = AT get

ll(I®

[(z,y)[*

2
]

2 2
0<|he+yll" = - + llyll”

This shows that ||y|| < || Az + y| fails for some X if (z,y) # 0, and also proves the
Cauchy-Schwarz inequality |[(z,y)| < ||z| [ly||. With A =1 in (3.1) we now have

lz+yl* = Jall* +2Re (x,y) + |y)”
< ll® + 22 iyl + llyll®
= (=l + llyl)?*,
which shows ||-|| satisfies the triangle inequality, and ||| is now easily seen to be a

norm. Finally, the parallelogram law follows from expanding the inner products on
the left side.

The next easy theorem lies at the heart of the great success of Hilbert spaces in
analysis.

Theorem 3. Suppose E is a nonempty closed convex subset of a Hilbert space H.
Then E contains a unique element x of minimal norm, i.e. ||z|| = inf,cg ||ly||.

Proof: Let d = infycp ||y||, which is finite since E is nonempty. Pick {z,},~, C
E with |z,| — d as n — oo. Since E is convez, =f*» € E and so has norm at
least d. The parallelogram law now yields

2 2
Tm — Tn meHQ"i'HanQ | Tm Tt Tn
2 2 2
2 2
< lzwl”+llzal”
- 2
2 2
. d*+d P —0
2

as m,n — oo. Thus {z,} -, is Cauchy and since H is complete and E closed,
x = lim, 00 ©n, € E. Since ||| is continuous, we have ||z|| = d. If 2’ € E also
satisfies ||2’|| = d, then using the parallelogram law as above yields ””_2””/ =

242>
2

2
!
“;” <0, hence x = 2.
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Let H be a Hilbert space. We say that z and y in H are perpendicular, written
x Ly, if (x,y) = 0. We say subsets F and F of H are perpendicular, written
E L F,if (z,y)=0for all z € F and y € F. Finally, we define

Et={yecH:(z,y)=0foralzcE}.

The next theorem uses Theorem 3 to establish an orthogonal decomposition of H
relative to any closed subspace M of a Hilbert space H.

Theorem 4. Suppose that M is a closed subspace of a Hilbert space H. Then
H=MaoM*,

which means that M and M+ are closed subspaces of H whose intersection is the
smallest subspace {0}, and whose span is the largest subspace H.

Proof: M+~ is a subspace since (x,) is linear in x, and is closed by the Cauchy-
Schwarz inequality. The fact that (z,z) = 0 <= z = 0 gives M N M+ = {0}.
Finally, to show M + M+ = H, let x € H and set E = 2 — M, a nonempty closed
convex set. Thus there is a unique element m* € 2 — M of minimal norm having
the form z — m with m € M. Thus for all z € M and A € C,

lm =[] < [lm™+ =]

and Lemma 2 implies that <z,ml> = 0 for all z € M, which yields m* € M* .
Thus z =m +m* € M + M= .

Corollary 1. (MJ-)L =M.

Proof: M C (MJ-)J' is obvious, and since M @ M+ =H =M* ¢ (MJ-)J‘7 we
cannot have that M is a proper subset of (ML)L.

3.1. Duality. Given any normed linear space X we define X* to be the vector space
of all continuous linear functionals on X, i.e. continuous linear maps A : X — C
(or into R if the scalar field is real). By Lemma 1 a linear functional is continuous
on X if and only if it is continuous at the origin, or equivalently bounded. If we set
(3.2) A" = sup |Ax|,
llzll<1

then it is easily verified that ||| is a norm on X*, and since the scalar field is
complete, so is the metric on X* induced from |-|*. Thus X* is a Banach space
(even if X is not).

Remark 2. Note that ||A||" is the smallest nonnegative constant C which exhibits
the boundedness of A on X in the inequality |Az| < C||z]|.

Now we specialize this definition to a Hilbert space H. An example of a contin-
uous linear functional on H is the linear functional A, associated with y € H given
by
(3.3) Ay = (z,y), xe€H.

The boundedness of A,, follows from the Cauchy-Schwarz inequality [Ayz| < |ly|| ||z||.
In fact, this together with the choice z = 7 in (3.2) yields A" = |lyll. It turns

out that there are no other continuous linear functionals on H and this is the first
major consequence of Theorem 4, and hence also of Theorem 3.
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Theorem 5. (Riesz representation) Let H be a Hilbert space. Fvery A € H* is of
the form A, for some y € H. Moreover, there is a conjugate linear isometry from
H to H* given by y — A, where Ay is as in (3.3).

Proof: We've already shown that A, € H* with ||A,]|" = ||y||, and since Ay, =
AA, we have that the map y — A, is a conjugate linear isometry from H into H*.
To see that this map is onto, take A # 0 in H* and let N' = {x € H : Az =0} =
A~1{0} be the null space of A. Since A is a proper closed subspace of H, Theorem
4 shows that N+ # {0}. Take z # 0 in Nt and note that

(Az)z — (Az)z € N for all z € H.

Thus
0= ((Az) 2 — (Az) m,2) = (Az) ||2]|* — (Az) (w, 2)

Az = 7(AZ) @,2) = <x, Az > =Ayz, z € H,

z
2 2
2]l 1zl

yields

with y = ”/Z\ﬁz

4. WEAK SOLUTIONS TO THE DIRICHLET PROBLEM ([1])

The Riesz representation theorem turns out to be adequate for dealing with the
existence of weak solutions to the Dirichlet problem

Au—u = [ in€
(4.1) { u = 0 onoQ’

: : 2 : ) ot ot
where Q is an open set in R™, f € L* (Q) and A is Laplace’s operator 527 ot gz
We first must define what is meant by a solution w to this problem. Given f,g €
L. () and 1 < j < n, we say that g is the weak j partial derivative of f in Q

provided
dp 1
gpdr = — | f| == )dx, for all p € C,,,, ().
Q Q O
Here C!

tom (©) denotes the normed linear space of all continuously differentiable
functions ¢ with compact support in €2, and norm given by HLPHcClm(Q) = SUp,cq | (z)]+
sup,cq [V (z)|. When g is the weak j* partial derivative of f in Q we write
g = ngj' This should cause no confusion since it is easily verified that this weak
definition is an extension of the classical definition of partial derivative for a conti-
nously differentiable function f (use integration by parts).

Definition 4. Let W2 (Q) consist of those (complez-valued) functions f € L? (2)
with Vf € L? () in the weak sense. Define an inner product on W2 (Q) by

(4.2) (f.9) = /Q fgda + /Q V- Vgdr.

Theorem 6. W12 (Q) is a Hilbert space with the inner product (4.2).

Proof: We prove completeness. If { fx},-, is Cauchy in W2 (Q), then {fx}7—,
and {V fi},—, are Cauchy in L?(Q) and &"L? (Q). Thus there are f,g1,...,9n €
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L? (Q) such that fi — f and %f’; — g; in L? () for 1 < j < n. We must now show

)
that g; = ngj in the weak sense. Letting £ — oo in the equation

Oy A fy 1
_r E— _r Q
/ka <8xj> dx /Q oz, pdz, pelC,,,, (),

yields [, f (37“2) dx = — [, gjpda for all p € CL,,, (Q) as required.

We seek a solution u € W12 (Q) to (4.1) in the following sense. In order to
capture the notion that a function u in W12 (Q) vanishes on the boundary 99 of
Q, we define W,* (Q) to be the closure in W12 (Q) of the space CL,, (Q). Clearly
Wy (Q) is a Hilbert space with the inner product (4.2). We now interpret the
boundary condition in (4.1) as meaning that w should lie in the Hilbert space
Wy (Q). Next we interpret a solution u to the partial differential equation in (4.1)

in the following weak sense:

(43) ‘A§;@W“@”‘Kf¢zlf¢’ beC, (@)

Note that if u € C?(Q), f € C (), and Au(z) —u(z) = f(z) for all z € Q, then
integration by parts yields (4.3), so that this notion of weak solution is an extension
of the classical notion. Moreover, equation (4.3) holds for all ¢ € VVOI’2 (Q) by a
simple density argument.

Let H be the Hilbert space Wy (Q) and observe that the left side of (4.3) is
— (u, 1)) where (-,-) is the inner product for W,? (Q) given in (4.2). Thus a weak
solution to the Dirichlet problem (4.1) is simply an element u € H satisfying (after
taking conjugates in (4.3))

(44) W= [vf, ven
However,
2 2 2 2
19l = ”wHLZ(Q) + ||V1/)||L2(Q) 2 H¢||L2(Q)
implies that the linear functional A on H given by Ay = — fQ of for all ¢ € H is

bounded:
JR;
Q

The Riesz representation theorem (Theorem 5) now yields a unique element v € H
such that Ay = (¢, u) for all »p € H. Thus u is a unique solution to (4.4), and
hence also a unique weak solution to the Dirichlet problem (4.1).

|Ay| = < F L2 191 2y < Wl z2) 191l -

Remark 3. We can also consider real-valued solutions w to (4.1) when f is real-
valued. If we consider the Hilbert space Wol’2 (Q) with scalar field R in place of C,
then the above arguments apply verbatim to show that there is a unique real-valued
weak solution u to (4.1) whenever f € L?(Q) is real-valued.

However, to handle more general elliptic operators in divergence form we will
need an extension of Theorem 5 due to Lax and Milgram, as well as a Fredholm
alternative together with a maximum principle.
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4.1. Lax-Milgram theorem.

Theorem 7. (Laz-Milgram) Let H be a Hilbert space and suppose B (x,y) is a
sesquilinear form on H x H that is both bounded, i.e. |B (z,y)| < C||z|| |lyll, and
coercive, i.e. B(z,x) > 8|z||>. Then for every A € H* there isy € H such that

(4.5) Az = B (z,y), forall z € H.

Moreover, the map that sends A € H* to the unique y € H satisfying (4.5) is a
bounded conjugate linear operator from H* to H.

The case B (z,y) = (z,y) is the Riesz representation theorem.

Proof: Given y € H, the boundedness of B shows that B (-,y) € H*, and so the
Riesz representation theorem shows that there is a unique element Ty € H such
that B (z,y) = (x,Ty) for all x € H. It is easy to see that T is a linear map from
H to H that is in fact bounded since

ITyll = [Ary[" = sup |Aryz|= sup |B(z,y)| < C|yll.
el <1 el <1

From the fact that B is coercive we obtain

2
S llyll” < B (y,y) = (v, Ty) <yl 1Tyl

and altogether we have
(4.6) Syl <IITyl <Clyll, yeH.

Now (4.6) easily shows that T is one-to-one and that its range Ry is closed.
It now follows that T" maps H onto H since if not, then Theorem 4 shows that
(Rp)*" +# {0}, and the existence of z # 0 in (Rr)* contradicts the coercivity of B:

B(z,2) = (2,Tz) =0 since Tz € Rr.

Thus T~ exists and is a bounded linear map from H to H.
Now given A € H*, the Riesz representation theorem yields w € H such that
A = A,, and we have with y = T~ lw,

Az = Az = (z,w) = <x,TT*1w> =B (:c,Tflw) = B(z,y), x € H.

4.2. The Fredholm alternative. The second ingredient in our treatment of the
Dirichlet problem is a Fredholm alternative for compact operators on the Sobolev
space VVO1 2 (©2). We begin with a discussion of compact operators on Banach spaces,
and later specialize to Sobolev spaces.

A linear operator T" mapping one Banach space X to another Y is said to be
compact if TB is precompact in Y where B is the unit ball in X - precompact
means the closure is compact. Thus if {xn}ff:l is any bounded sequence in X, the
sequence {T'z,,} -, has a convergent subsequence in Y.

Examples of compact operators include all bounded linear operators T : X — Y
into a finite dimensional space Y, as well as bounded linear operators T' with finite
dimensional range Ry:

Lemma 3. If F is a finite dimensional subspace of a normed linear space Y, then
F is closed in Y, and the restriction of the Y topology to F coincides with the
topology induced by any linear isomorphism of Y with C™.
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Proof: Let f : C" — F be a linear isomorphism. Since f (21, ...,2,) = 21 f (e1)+
.. + znf (&) and vector space operations are continuous in Y, it follows that f is
continuous. Thus f (S"’l) is compact and disjoint from 0, and there is r > 0 such
that B (0,7)N f (S"!) = ¢ where S"~! = 0B,, and B,, is the unit ball in C". Now
0€ E=f1(B(0,7)NF) is convex, hence connected, and it follows that £ C B,,.
From this we obtain that each component of f~! : FF — C" is a bounded linear
functional on F' (with norm at most %)7 and so f~! is continuous by Lemma 1.
This proves that the restriction of the Y topology to F' coincides with the topology
induced by the isomorphism f.

It remains to prove that F is closed in Y. Pick y € F. Then y € 2”%”3 (0,7) =
tB(0,r) and so

y € FNtB(0,r) =t(FNB(0,r) C f(tB,) C f(tB,) = f (tB,)

since f continuous and tB,, compact imply that f (tE) is compact and hence closed
inY.

It can be shown that T': X — Y is compact if and (provided Y is a Hilbert space)
only if there is a sequence of bounded linear operators T), : X — Y with dimRp, <
oo such that T;, — 1" in operator norm, i.e. ||T' —Ty| = supy <1 (T = T0) zly
tends to 0 as n — oo, but we will not use this.

Theorem 8. (Fredholm alternative) Suppose that T : H — H is a compact operator
on a Hilbert space H. Then

(1) either the equation (I —T)x =0 has a nonzero solution x € H,
(2) or the equation (I —T)x =y has a unique solution © € H for eachy € H.

-1

In this case, the inverse linear operator (I —T) " is bounded on H.

We will defer the proof of the Fredholm alternative until the end of this section
dealing with the Dirichlet problem.

Now we give an explicit example of a compact operator 1" on the Hilbert space
H = W12 (Q) with dim Ry = oo, and which will be the key to solving the Dirichlet
problem. For this we need the the Sobolev embedding theorem which shows that
functions f in W12 (Q) are better than square integrable, namely f € L¥ (Q) for
& =1 — 1 at least when n > 3 and  is a Lipschitz domain. The difficulties

with the boundary disappear for the space VVO1 2 () and we have the following
embedding.

Theorem 9. (Sobolev embedding) Let Q be an open subset of R™. If u € Wy* (Q),
then uw € L* (Q) where 7 =3 — = when n >3, and for all 2* < co when n = 2.
Moreover we have

||u||L2*(Q) <Cn ||vu||L2(Q) ) u < VVOL2 ().

Proof: For any f € W,?(Q), extended to vanish outside 2, that satisfies the
inequalities

(4.7) (@) < / 0,f @)l dty,  1<j<m,

tjz—OO
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where Z; = (21, ..., j—1,tj,Tj41, ..., Ty) (for example f € C} (9Q)), we have

n—1

AT < H/ |0 f (T;)| dt; =1] {/t Iajf(@)ldtj} :
j=1

|f (2

tj=—00 j=—00
Now integrate over z; in R and use Holder’s inequality
n—1
(4.8) bl o < T Al s
j=1

to obtain that

[ @

1=—00

] {/:joo e |dt1} /zl—oo {/tojoo 3jf(§j)|dti}nll dry

J

1

< {/t:_oo |51f(51)|dt1} {/;cl=—oo~/t 0 f ()| dt; dxl}n_l~

Integrating successively in this way over za,...,z, and applying (4.8) after each
integration leads to

Auuwﬁm<ﬁ{é@ﬂmmY%

Raising the inequality to the power 21 and then applying the geometric/arithmetic
mean inequality we get

(fir=) " Si/ﬂilajflsjﬁ/ﬂw.

In the case n > 3, we can replace f with |u|” where u € CL . () is real and
v > 1. Indeed, |u|” is absolutely continuous in x; and the pointwise derivative
; |u|” satisfies |9; |u|”| = v |u|""" |8;u] a.e. since equality holds if either u # 0 or
Oju = 0. For this we note that the set {u =0 and J;u # 0} is an F, set, hence
measurable, with at most countably many points on each line parallel to the jt*
direction. Integration by parts shows that 9; |u|” is the j!* weak partial derivative

of |u|”, that (4.7) holds and that |V |u|”] = v |u|""" |Vu| a.e. With v = 221 we
have

9_n_ " 9 N1 vy / z(v—1)>2 (/ 2>2
u < — U Vu| < — U Vu ,

and since 2 (y — 1) = 2-"5 = 2%, we conclude that

(/ |u|2n’12> <o, (/ |Vu|2) ;o u€ Cpyp (),
Q Q

as required. The case n = 2 is similar and is left as an exercise.
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Finally, to extend this inequality to arbitrary u € VVO1 2 (), choose a sequence
{up} € CL(Q) that converges to v in W2 (Q). Then we obtain that

lum — vkl p2x () < Cn ||Um — uk|lyyi2¢qy — 0 as m, k — oo,
() @
so that {u;} converges in L? () to a function which must be u. Then

[ull L2+ () < lim k12£o [uk L2+ (@) < Cnlim kl—r>l£o IVukll L2y = Cn IVl 2(q) -

When ¢ < 2* and 2 is bounded, the Lebesgue space L4 (Q) is strictly larger than
L?" (Q), and the natural embedding of W, * () into L? () via the identity map
turns out to be not only continuous, but also compact.

Theorem 10. (compact embedding) If Q0 is a bounded open subset of R™, then
Wy (Q) embeds compactly in L9 (Q) for all ¢ < 2* = 215,

Proof: Recall that a set E in a metric space is compact if and only if every
sequence has a convergent subsequence. We will also use a standard characterization
of compactness in a complete metric space: F is compact if and only if E is closed
and totally bounded (for every € > 0, E C Ué-vlej for some finite collection of balls

{B, };\;1 of radius €). Also, an interpolation inequality for Lebesgue spaces (which
follows from Holder’s inequality) together with the Sobolev embedding theorem
above shows that
(4.9)

_ -0 1 1—
ey < Nells oy Nellay < ey (o lullwgaey) + 3= 1+ 50

Thus it is enough to prove the compactness of the embedding of VVO1 () into
L' (Q). Indeed, if {uy};, is a bounded sequence in Wy* () that converges in
L' (€2), then (4.9) shows that {uy},-, is Cauchy in L?(£2), hence convergent there
as well.

So let A be a bounded set in W, (Q2). We must show that A is compact in
L' (Q), and for this we may assume without loss of generality that A ¢ CL  (Q)
and HU||WC}=2(Q) < 1lforallu € A. Let ¢ be a smooth nonnegative function supported

in the unit ball of R™ having integral 1, and set ¢;, (z) = h~"¢ (¥) for h > 0. Then
up, = U * ¢y, is smooth and the following elementary estimates hold:

IN

Jun, ()|

z _ _
[ =206 (F) A < ol ol
EIRS

IN

— z —n —n—
Vun@| < [ e li9s (2)|ande <0 90l ulge -
|z|<h

This shows that for every h > 0 the set A, = {up : u € A} is a bounded equicon-
tinuous subset of C (ﬁ) By Arzela’s theorem, A; is precompact in C' (ﬁ), and
thus precompact in L' (€2) since the embedding of C' (Q) into L' () is obviously
continuous.
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Next we observe that writing z = |2z| w

(410)  flu—wunl o) = / u(z)/||<1¢(z)u(zhz)dz dx

< //||<1 (@) — u (@ — h2)| deda
//||<1¢(Z)/Ohll P

IA

u(z —rw)| drdzdz

or

/\Vu\<h|Q|2 (/ |Vu> <h|Q?.

Since Ay, is totally bounded in L! (Q) for all h > 0 (since it is precompact), (4.10)
shows that A is totally bounded in L' () as well, and thus precompact as required.

IN

4.3. Elliptic operators. Now let us consider more generally an elliptic second or-
der partial differential operator L in divergence form with bounded measurable coef-
ficients. More precisely, let €2 be a bounded open subset of R™, and let a* (z),d (z)
be bounded measurable real-valued functions on 2. Formally the operator L is
given by

L= Z 0;a" (2)9; +d(z),
4,5=1
and L is said to be elliptic if its principal symbol (obtained by replacing the partial
derivative 0y by the dual variable &, in the highest order derivatives) is a positive
definite quadratic form in the dual variable £, uniformly for z € €2, i.e.
n
(4.11) AMEP <D a¥ (@) 68 <A, EER ae zEQ
ij=1

Note that since all variables are now real, we no longer use the conjugation symbol.

It does not make sense to apply the operator L to even a smooth function
u in the pointwise sense since the derivatives 9;a"/ (z) need not exist. However,
the weak sense used above for the operator L = A — 1 works equally well here.
Accordingly, let W2 () and W, % (Q) be the real-valued Hilbert spaces with inner
product (4.2) (except that we no longer need the conjugation symbol in the second
variable), and consider real-valued data g, f* € L? (Q) and ¢ € W2 (Q2). We say
that u € W2 (Q) is a weak solution to the Dirichlet problem (note that we have
added additional inhomogeneous terms of the form 9; f*)

Lu = g+Y . ,0;f* inQ
(4.12) { u = ) on 0f)

b

provided that u — ¢ € Wy (Q) and

(4.13) / Z 8u)dw+/ﬂdu1/1dm/Q{gwgfi&w}dx,

7,7=1
for all ¢ € W, % (€2). Note that the integrals in (4.13) are all absolutely convergent
under the given hypotheses on a¥,d, g, f*,u and 1. Moreover, a classical solution
u is also a weak solution in this sense.
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Theorem 11. With Q, L, g, f* and ¢ as above, the Dirichlet problem (4.12) has
a unique solution u € W12 (Q) provided d (z) < 0.

The proof of this theorem is technically complicated compared to the case
L = A — 1 by the fact that the Riesz representation theorem is no longer directly
applicable. Here is a step-by-step outline of the argument.

e First, we reduce to the case of zero boundary data, ¢ = 0.

e Second, we cast the integral formula (4.13) in the form of an equation
B (¢,u) = Ay where B is a bounded bilinear form on H = W, (Q), and
A e H*

e Third, we are done by the Lax-Milgram theorem if the form B is coercive.

e Fourth, we consider a related equation Lu — ou = f for ¢ > 0 so large
that the related bilinear form is coercive. This related problem is then
solved as above using the Lax-Milgram theorem, and then the compactness
of the Sobolev embedding together with the Fredholm alternative show
that the original problem (4.12) is solvable if and only if the corresponding
homogeneous problem (when ¢, g and f? all vanish) has only the trivial
solution u = 0.

e Finally, a maximum principle is proved that yields uniqueness of solutions
to (4.12) when d (z) < 0, and thus that the homogeneous problem has only
the trivial solution.

First, we reduce (4.12) to the case ¢ = 0 simply by letting w = v — ¢. Then
u € W2 (Q) solves (4.12) if and only if w € W,* (Q) solves

Lw:Lu—Lg@:gfdthrzai fifza”aj(ﬁ :§+Zaifi

i=1 j=1 i=1

in © in the weak sense. Since g, fl € L% (Q), we see that it is enough to solve (4.12)
when ¢ = 0.
Second, motivated by the right side of (4.13), we define a linear functional A on

H=W,?(Q) by
o= [ {gw - Zfiaiw} d.
i=1

Since |Ay| < H(g,fl, ceny f")||L2(Q) ll¢|l 77, we have ¢ € H*. Motivated by the left
side of (4.13), we also define a bilinear form B (u,) on H by

B (u,1)) = /Q i al (9;) (9;u) dw — /Q durpdz

ij=1

The boundedness of ¢* and d show that B is bounded, and in the opposite direction
we compute using (4.11) that

(4.14) Bow) = [ 3 a0 0 do- [ ditda

7,7=1

)\/ |Vu|2—/d¢2dx

Q Q

3 9 =l [
Q Q

v

Y
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The middle inequality here shows that if d () < —c¢ < 0 for some positive constant
¢, then

2 2 2 1
||¢HH—/Q(7/’ + [Vl ) < mB(w,w%

which is the coercivity of B. Then the Lax-Milgram theorem yields a unique v € H
such that AYy = B (v, u) for all ¢ € H, which is equivalent to (4.13), and hence
solves (4.12).

In the event we do not have d(z) < —c < 0 for some positive constant ¢, we
consider the operators L, given formally by

Lou=Lu—ou= Z 0:a"0ju + (d — o) u.

ij=1

For 0 > [|d|| 1« (), (4.14) shows that the related bilinear form B, (u,v) = B (u,¢)+
0 [qut is coercive. Now define a map I : H — H* by (ITu)¢ = [,uy). We claim
that I is a compact linear operator. Indeed, I is the composition of the compact
embedding of H into L? (Q) (Theorem 10) followed by the continuous map from
L?(Q) to H* that sends u € L? () to the linear functional ¢ — [, ue), ¢ € H.

Now fix ¢ > [|d| ;= (q) so that By is bounded and coercive on H. Using the
definitions of A and B we can write (4.13) as B (v),u) = Ay for all ¢ € H, which
we abbreviate as the equation

Lu=—A
in the weak sense. We next note that this equation is equivalent to

(4.15) Lou+olu=—-A

in the weak sense. Since B, is bounded and coercive on H, the last part of the
Lax-Milgram theorem (Theorem 7) shows that L;!: H* — H is bounded, and so
(4.15) is equivalent to the equation

uw+oL; Tu=—L;'A
in H. However, the operator T'= —o L '] is compact (since I is compact and L *
is continuous) and hence the Fredholm alternative (Theorem 8) shows that

e cither (I —T)wu = 0 has a nonzero solution u € H,
e or (I —T)u = w has a uniquely determined solution v € H for each w € H.

It remains now to show that the first of the Fredholm alternatives fails. But
0=(I-Tu=u+oL;'Tu
in H holds if and only if
0=L,u+oclu= Lu

in the weak sense, and the corollary to the maximum principle below shows that the
only solution v € H to the equation Lu = 0 in the weak sense is the zero solution
provided d (z) < 0. With this we will have completed the proof of Theorem 11.



FUNCTIONAL ANALYSIS 17

4.3.1. The maximum principle. We have already captured the notion that a func-
tion u € W2 (Q) vanishes on the boundary of Q by declaring that u = 0 on 9 if
and only if u € Wy (Q), the closure in W2 (Q) of C* functions that have compact
support in 2. We now wish to extend this definition in the obvious way to give
meaning to expressions such as u > v on 0f) and sup,q, u. But first we need to know
that uy = max {u,0} € W2 (Q) if u € W2 (Q). For this we use the following
four lemmas.

Lemma 4. Ifu € L}, (Q), then ux ¢, — w in Ly, (), i.e. [ |lux¢, —ul —0

loc loc
as € — 0 for every compact K C €.

Proof: Suppose first that f € C% (). Then for § > 0,

Jirsos-50 = [|[tG@-n-rwisway

< supsup |f(z—y)— f(y)|
T |y|<s

dx

tends to 0 as § — 0 by uniform continuity of f. Now given u € L} (), K compact

loc

in Q and € > 0, choose K C Q' € Q and use that C%, (Q') is dense in L! (£') to find

com

f e, () such that [, |u— f| < £. Then we also have for § < dist (K, 08,

Jlw=nsosi= [ |[ 6s@-ntuw - rwidsfis< [ Jut) -1l <
K K |Jor Q

and so we conclude that

[wsos—al < [Aw=prod [1rees—s+ [ 1= w)

- £
< —+4supsup |f(z—y)—fyl+35<e
3 T |y|<é 3

€
3’

for 6 > 0 sufficiently small.

Lemma 5. Let u,v € L} (Q) and 1 < j < n. Then v = 2% if and only if there is

loc Oz
1

a sequence of smooth functions {u,,} converging to w in L;,,

887;*; converge to v in L, ().

(Q) whose derivatives

1

Proof: We have ux¢1 — uin L),
m

(Q) by the previous lemma. If v = 837“]_ then

v * qbi = U * %q’)% by definition, and a difference quotient argument shows that

this is % (u * (b%), which then converges to v in Llloc (€2). The converse is easy.

Lemma 6. Let f € C*(R) with f' € L* (R) and suppose u € W2 (Q). Then
foueWh2(Q) and V (f ou) = (f' ou) Vu.

Proof: By the previous lemma there is a sequence {u,,} of smooth functions
such that u,, — v and Vu,, — Vu in L, (£2). Then for Q' € Q,

[ ) =@l < 17 [ e —ul =0 asm oo
o Q

A

/ 1 () Vit — ' (@) Ve < [F / |Vt — V| + / 1 () — ' (w)] [V
94 Q Q

also tends to 0 as m — oo upon applying the dominated convergence theorem to
the last integral using the continuity of f’ and assuming, as we may by passing
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to a subsequence, that w,, — w a.e. in ©’. This shows that f ou, — fowu and
V (foum) = (f' o tp) Vi — (f ou) Vu in L}, (), and we're done.

Vu if u>0

Lemma 7. Letu € W2 (Q). Thenuy € WH2(Q) and Vu, = { 0 if w<o0

Vut4+e2—e if u>0
0 if w<0
previous lemma we have for any ¢ € CL (Q),

uVu
RS i
/Q Wve=—[ er

and letting ¢ — 0 yields fQ uyVo = — f{u>0} pVu as required.

Proof: For ¢ > 0 define f. (u) = { . Then by the

Definition 5. Let u,v € W12 (Q). We define u < v on 99 if
(U' - U)+ € WOLQ (Q) )

and define
sgg)u:inf{aeR:uga on 00} .
Theorem 12. Suppose Q and L are as above with d (z) <0 in Q. Ifue W12 (Q)
satisfies Lu = 0, then
sup |u| < sup [u] .
Q o0

Proof: From Lu =0 and d (z) < 0 we obtain

[ 3

7,7=1

(Ov) (Oju) = /duv<0

for all v € Wy * () such that uv > 0 in Q. Now let 3 = supyq uy > 0 and set
v=max{u— 3,0} = (u—F), = (uy —B), -

By definition uy — 3 < 0 on 92 and so v = (uy — ), € W2 (Q). We also have
uv > 0 since v > > 0 where v > 0, and it follows using (4.11) that

3 9o /Z /Z ju) <0,

3,j=1 i,j=1

which implies that v is constant. Indeed, the above lemmas imply d;v = 0;u a.e.
on the set where v > 0, and d;uv = 0 a.e. on the set where v < 0. Moreover
V(v ¢yp) () = (Vuxoy) (x) = 0 if dist (x,00) > h. Thus v * ¢, () is constant
for dist (x,0) > h and since v * ¢, — v in L}, (), v is constant in .

Since v € VVOL2 (), v is the zero constant which yields uy < = supyn u4 in
Q. If we apply the same argument to —u we get (—u), < supyq (—u), in Q, and

combining these two inequalities with |u| = uy + (—u), gives supg |u| < supygq |ul-

Corollary 2. Suppose Q and L are as above with d (x) < 0 in Q. If u € W,* ()
satisfies Lu = 0, then u =0 in Q.
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4.4. Proof of the Fredholm alternative. First we recast a slight strengthening
of Theorem 8 in terms of the null space Ng and range Rg of a linear operator S.

Theorem 13. (Fredholm alternative) Suppose that T : H — H is a compact
operator on a Hilbert space H, and set S =1 —T. Then Ng = {0} if and only if
Rs=H. If Rg = H, then S has a bounded linear inverse S~ : H — H.

Proof: We give the proof in four steps.
First, if Ng = {0}, there is a constant C' such that

(4.16) el < C|Szl|, =€ H.

Indeed, if not then there is a sequence {z,} -, C H with ||Sz,| =1 and ||z,| /
oo. Then z, = Hi—zn is in the unit ball of H and ||Sz,| \, 0. Since T is compact,

there is a subsequence {z,, },-, such that T'z,, converges in H, to say w. But
then z,, = Sz, + Tz, converges to 0+ w = w and since Sw = limy_, Sz, =0,
the assumption Ng = {0} yields w = 0. This contradicts ||z,, || = 1 for all k, and
completes the proof of (4.16).

Second, still assuming Ng = {0}, we obtain from (4.16) and the boundedness of
S that ||z|| < C'||Sz|| < C"||z|| for all x € H. This easily yields that Rg is closed,
and moreover that S takes closed sets to closed sets.

Third, still assuming Ns = {0}, we claim that Rg = H. Let V}, = S¥H. Then
Vi is closed by induction using the previous step, and Vi1 C Vj, for all k. We must
have Vi, = Vi1 for some k since otherwise there is y; € Vi\ Vi1 with ||yx]] = 1
and yi L Vi41. But then we have for n > m,

1Ty — TymH = H(Sym — SYn +Yn) — ymH > ||ym|| =1

by Lemma 2 since Sy, — Syn + Yn € Vint1 and yp, L Vipyq. Thus {Ty,} -, has
no convergent subsequence, contradicting 7' compact.

So Vi = Viyq for some k. Then for y € H we have S*y = S¥*1x for some = € H.
Thus S* (y — Sz) = 0 implies y = Sz upon iterating (4.16):

ly =Szl < ClS(y—Sx)ll < C*[|S* (y — Sa)|
< L <CF||SF(y - S| =0.

This shows that S is onto, and then (4.16) shows that S~ : H — H exists and is
bounded.

Fourth, we claim that Rg = H implies Ng = {0}. This time let V}, = S=% ({0}).
Then V}, is closed by the continuity of S, and Vj, C Vj41 for all k. An argument
analogous to that above shows that there is m such that V,, = V,, for all n > m.
Given y € V,,,, an induction using Rg = H shows that Rgm = H, and so there is
x € H such that y = S™x. Thus S?™z = S™y = 0 by the definition of y € V;,,. So
x € Vo, = V,,, implies that y = S™xz = 0 as well. Thus V,, = {0} and hence so
also the smaller space V3 = S~!({0}). This completes the proof that N'g = {0}.

5. COMPLETENESS THEOREMS ([2])

The uniform boundedness principle, the open mapping theorem and the closed
graph theorem all depend on the following result of Baire.

Theorem 14. If X is either (1) a complete metric space or (2) a locally compact
Hausdorff space, then the intersection of countably many open dense subsets of X
is dense in X.
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Proof: Let {V;},—, be a sequence of open dense subsets of X, and let By be
any nonempty open subset of X. Define sets B, inductively by choosing B;, open
and nonempty with B, C V,, N B,,_1 and in addition,

1
diam (B,) < — in case (1),
n
B, is compact in case (2).
Let K = N2 ,B,. Then in case (1), if we choose points x, € B, the sequence
{x,},~, is Cauchy and converges in K since K is closed. Thus K # ¢. In case
(2), K # ¢ since the sets B,, are compact and decreasing, hence satisfy the finite
intersection property. Thus in both cases ¢ # K C By N (N2, V), and this shows
that N3, V} is dense in X.

Remark 4. A subset V of X is open and dense if and only if X\V is closed with
empty interior. Thus the conclusion of Baire’s theorem can be restated as “every
countable union of closed sets with empty interior in X has empty interior in X 7.

Definition 6. Let E be a subset of a topological space X. We say that E is nowhere
dense if E has empty interior, that E is of the first category if it is a countable
union of nowhere dense sets, and that E is of the second category if it is not of the
first category.

5.1. The uniform boundedness principle.
Theorem 15. (Banach-Steinhaus uniform boundedness principle) Let X, Y be Ba-
nach spaces and I' a set of bounded linear maps from X to Y. Let

B= {x € X :sup ||Az|y < oo}.
AeT

If B is of the second category in X, then B = X and I is equicontinuous, i.e.

sup [|A|l < oo,
A€eT
where |A]| = SUP||z <1 |Az|y

Proof: Let E = NperA™! (By (0, %)) where By (0,7) is the ball of radius
about the origin in Y. Then F is closed by the continuity of the maps A. If x € B,
then there is n € N such that Az € nBy (0,1) for all A € . Thus B = U3 nE
and since B is of the second category in X, so is nFE for some n € N. Since z — nx
is a homeomorphism of X, we have that F is of the second category in X. Thus
E has an interior point x and there is r > 0 so that © — F D Bx (0,7). Then we
conclude

1 [\ —
A(Bx (0,7)) C Az — AE C By (07 2) — By (0, 2) C By (0,1),

which implies [|A]| < 1 for all A €T

5.1.1. Nonconvergence of Fourier series of continuous functions. Recall that {emt}nez
is an orthonormal set in L? (T), i.e.

2 :
<eimt,eint>:/ Weimteintdt{ 0 ifm#n
0

o2 1 ifm=n
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Given U = {ua},c4 an orthonormal set in a Hilbert space H, and x € H, define
the Fourier coefficients of x (relative to U) by
Z(a) =(z,uq), «a€A

Theorem 16. Let U = {ua},c4 be an orthonormal set in a Hilbert space H, and
suppose {ai,...,an} s a finite subset of A. Then

(1) =N cota, implies that ¢, = 7 () and ||z]* = SN 17 ()]
(2) x € H implies

<

N N
T — Z Z (o) U, T — Z Antia,,
n=1 n=1

for all scalars \1,...A\n, and morever, equality holds if and only if A\, =

Z(ap) for 1 < n < N. The vector 27]:[:152\(04,”) Uq, 1S the orthogonal
N
n=1"

projection of x onto the linear space spanned by {uq,

Proof: Statement (1) is a straightforward computation using orthonormality,
and (2) is equivalent, after squaring and expanding, to the inequality

N N N
2] = > 1@ () |” < 2] = 2Re > & (an) A+ Y Al
n=1 n=1 n=1

< VS 18 ()PS0, Dl

Theorem 17. (Bessel’s inequality) If U = {ua},c 4 is an orthonormal set in a
Hilbert space H, then ) 4 7 ())* < ||| for all z € H.

which in turn follows from ‘ZnN:1 Z (an) An

Theorem 18. (Riesz-Fischer) If U = {uqa},c 4 95 an orthonormal set in a Hilbert
space H and o € (? (A), then there is x € H such that T = .

Proof: There is E = {a,},., C A such that ¢ (o) = 0 for « € ANE. Then

TN = 25:1 ¢ () Uq,, is Cauchy in H, hence convergent to some z € H, and
continuity now yields T = ¢.

Theorem 19. Suppose U = {uq},c 4 95 an orthonormal set in a Hilbert space H.
FEquality holds in Bessel’s inequality, i.e.

]l = {Z If(a)lz} =lZlpw, €4,

a€cA

Nl

if and only if

Spanld = {Z Calle : Co Scalar, F' a finite subset of A}
acl

is dense in H.

Remark 5. The orthornormal set U = {ei"t}nez is dense in H = L?(T) by the
Stone- Weierstrass theorem, and thus the map F : L* (T) — (2 (Z) given by

~ ) 2m o dt
Ff(n)=f(n)=(fe") = ft)e ™ — ne,

0 27’
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is a Hilbert space isomorphism of L? (T) onto ¢?(Z). Note that an inner product
(-,+) on an inner product space X can always be recovered from its norm ||-|| by
polarization:

2 2
4Re<]}7y>:H$+yH —||Jf—y” ) x;?JGX-

Now consider the symmetric partial sums S, f of the Fourier series of f € L? (T):

n n

Z f(k‘) eiko _ Z /OQW f (t) e—ikt%treikx

k=—n k=—n

/0277 ; (t) { _zn: eik(m—t)} %tr

27

Snf (z)

I
~
—~
=

>,
3
£}

|
N2

I
~

*

>
3
—

8
S~—

where

satisfies

k=1 (k—1)=w

and so tends to co as n — oo.

From the Hilbert space theory above, we obtain that S, f converges to f in
L?(T) for all f € L%(T):

1Suf = 1IF =7 [F )

|k|>n

)2—>Oasn—>oo, ferL*(T).

For f € C(T) we ask if we have pointwise convergence of S, f to f on T. How-
ever, the property sup,,~; ||Dy|| ri(ry = oo of the Dirichlet kernel D, when com-
bined with the uniform boundedness principle, implies that there are continuous
functions f € C(T) whose Fourier series Y ;o f (k) e fail to converge at
some points z in T. In fact there is a dense Gy subset T' of C (T) (a set is a

G5 subset of X if it is a countable intersection of open subsets of X) such that

{z €T:S,f () fails to converge at x} contains a dense G5 subset of T for every
ferl.
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To see this, set A,f = S,f(0) = o%f (t) Dy, (t) . Then A, € C(T)" and

AL = 0% Dy, (t)| &£ 0o as n — oo. By the uniform boundedness principle
we have

sup |Anf| = sup |Snf (O)| =0
n>1 n>1

for f in some dense G subset of C (T) since sup,,~; |An f] is a lower semicontinuous
function of f. In particular there is a continuous function f on T whose Fourier
series fails to converge at 0.

Now choose {z;};-, dense in T, and by applying the above argument with z; in
place of 0, choose E; to be a dense G subset of C' (T) such that

sup |Snf (z;)| =00, fE€E;, i>1.
n>

By Baire’s theorem, E = NI | FE; is also a dense G subset of C'(T). Thus for
every f € E we have sup,,~; |Snf (z;)] = oo for all ¢ > 1. Now we note that
sup,,>1 |Snf ()| is a lower semicontinuous function of z (since it is a supremum of
continuous functions), and thus the set

{x € T:supl|S,f (z)| = oo}
n>1

is a G5 subset of T for every f € C(T). Combining these observations yields that

there is a dense G5 subset E of C (T) such that for every f € E, the set of  where

the Fourier series of f fails to converge contains a dense G subset of T.

Remark 6. In a complete metric space X without isolated points, every dense Gs
subset is uncountable. Indeed, if E = {xy}r—; = N2, Vy, V,, open, is a countable
dense Gs subset of X, then W, = V,,\_ {xk}zzl is still a dense open subset of X,
but NS W, = ¢, contradicting Baire’s theorem.

Remark 7. A famous theorem of L. Carleson shows that for every f € L?(T),
lim, oo Spf (x) = f (x) for a.e. z €T.

5.2. The open mapping theorem. A map f: X — Y where X, Y are topological
spaces is open if f (G) is open in Y for every G open in X. A famous “open mapping
theorem” is that a holomorphic function f on a connected open subset §2 of the
complex plane is open if it is not constant. If we consider continuous linear maps
A : X — Y where X,Y are Banach spaces, then A is open if it is onto. Note that
for a linear map A : X — Y from one normed linear space X to another Y, A is
open if and only if A (Bx (0,1)) D By (0,r) for some r > 0.

Theorem 20. (Open mapping theorem) Suppose X,Y are Banach spaces and A :
X — Y is bounded and onto. Then A is an open map.

Remark 8. More generally, if A : X — Y is a bounded linear operator from a
Banach space X to a normed linear space Y, and if AX is of the second category in
Y, then A is open and onto Y, and Y is a Banach space. The proof is essentially
the same as that given below.

Proof: Since A is onto we have Y = U° ;A (kBx (0,1)), and thus by Baire’s
0

1
1
theorem, one of the sets A (kBX (O, i)) = kA (BX ( ,i)) must have nonempty
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interior, and hence so must A (BX (O, i)), say

1
BY (y()ar) C A <BX (03 4>)
Then we have

o (o (1) > A(m (o)) (o o
s (o 0 2)) -2 (s (o
D> By (yo,7) — By (yo,7)
D By (0,r).

U

))
))

It remains only to prove that A (Bx (0,3)) € A(Bx (0,1)). For this, fix y; €

A (BX (0, %)) Now the argument above shows that A (BX (0, %)) contains an
open ball By (0,71) about the origin as well. There is ; € Bx (0, %) such that
Axqi €A (BX (0, %)) satisfies |[Azy — y1|ly < ri. Then we have

1
Azy € By (y1,m1) C {yl —A <BX (0, 4>)}
1
yo=1y1 —Az1 € A (BX (0, 4))

We can repeat this procedure inductively to obtain sequences {z,},.; C X and

{yn}roq C Y satisfying
1
T, € BX (0, 271) ,

1
Yn € A <BX (07 271))7

Yn+1 = Yn — A.’L’n,

for all n > 1. Then z = limy,— 00 1y Tn € Bx (0,1) since ||z < 3207, || <
3> o =1, and since ||y, < [|A]| 277,

n=1 27

N TN

Now define

m m
Ae= i 37 Az, = Bm 37 (0~ i) =30 i s =

n=1 n=1

5.2.1. Fourier coefficients of integrable functions. If f € L'(T), then ‘f(n)) =

‘fo%f(t) emintdt| < 1fllz1(r) for all n € Z, i.e. F =" is a bounded linear map

from L' (T) to £>° (Z) of norm 1 (1 = &y). More is true because of the density of
trigonometric polynomials Zg:_ N ¢, €™ in L' (T), namely the Riemann-Lebesgue
lemma:

lim ‘f(n)) =0, feL'(T).

n—0o0
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To prove this, simply let € > 0 be given and choose P (z) = ZnN:_ N Cn€™ such
If = Pllpiery <e. Since P (n) =0 for |n| > N, we have

‘f(n)‘ = ‘f/—\P(n)‘ <|If = Pllgaery <e

for n| > N. Thus F : L' (T) — £3° (Z) with norm 1 where (g° (Z) is the closed sub-
space of £*° (Z) consisting of those sequences with limit zero at +o00. The following
application of the open mapping theorem shows that not every such sequence arises
as the Fourier transform of an integrable function on T.

Theorem 21. The Fourier transform F : L' (T) — (5° (Z) is bounded and one-to-
one, but not onto.

Proof: To see that F is one-to-one, suppose that f € L' (T) and f (n) = 0 for
all n € Z. Then if P (m) = ij,_N €™ is a trigonometric polynomial,

27
(5.2) f( Z cn/ f(t)emtdt =

0

and since trigonometric polynomials are dense in C (T), we have
2m

| f#)g@)dt=0

for all g € C (T). Now let E be a measurable subset of T. By Lusin’s theorem there
is a sequence of continuous functions {g,},. ; such that g, = xp except on a set
of measure at most 27" and where ||g,||, = 1 for all n > 1. Thus g, — xp almost
everywhere on T, and the dominated convergence theorem shows that

/f t)dt = 0.

With E equal {t: f(t) > 0} and {t: f (¢) <0}, we see that f =0 a.e.
Now we prove that F is not onto by contradiction. If Ry = £3° (Z), then the
open mapping theorem shows that there is § > 0 such that

(5.3) 1y = 0 Nisy Fe LM

But (5.3) fails if we take f = D,, for n large, since Hf”
1 while ||DnHL1(T) /" o0.

= |1X —n,l—n,...,n—1,n ‘ =
Y ]

£5°(2)

5.3. The closed graph theorem. If X is any topological space and Y is a Haus-
dorff space, then every continuous map f : X — Y has a closed graph (exercise:
prove this). A statement that gives conditions under which the converse holds is
referred to as a “closed graph theorem”. Here is an elementary example. Suppose
that X and Y are metric spaces and Y is compact. If the graph of f is closed in
X XY then f is continuous. Indeed, for metric spaces it is enough to show that every
sequence {z,} -, in X converging to a point € X has a subsequence {z,, },-,
such that f (z,,) — f(z) as k — co. However, since Y is compact, {f (z,)},—;
has a convergent subsequence, say f(z,,) — y € K as k — oo. Thus (z,y) is a
limit point of the graph G = {(z, f (z)) : * € X}, and since G is assumed closed,
we have (z,y) € G, i.e. y = f(x). The next theorem gives the same conclusion
for a linear map from one Banach space to another. Note that linearity is needed



26 FUNCTIONAL ANALYSIS

. Lo ifx#£0 .
here since f : R — R by f(z) = 6 o0 has a closed graph, but is not

continuous at the origin.

Theorem 22. (closed graph theorem) Suppose that X and Y are Banach spaces
and A : X =Y is linear. If the graph G = {(z, A (x)) : x € X} is closed in X XY,
then A is continuous.

Proof: The product X xY is a Banach space with the norm [|(z,y)|| = |z| x +
llylly- Since A is linear and the graph G of A is closed, G is also a Banach space.
Now the projection 71 : X XY — X by (x,y) — z is a continuous linear map from
the Banach space G onto the Banach space X, and the open mapping theorem
thus implies that w1 is an open map. However, 77 is clearly one-to-one and so the
inverse map 7, : X — G exists and is continuous. But then the composition
maom; ' : X — Y is also continuous where 73 : X x Y — Y by (z,y) — y. We are
done since my o 77t = A.

As a consequence of the closed graph theorem, we obtain the automatic conti-
nuity of symmetric linear operators on a Hilbert space.

Theorem 23. (Hellinger and Toeplitz) Suppose that T is a linear operator on a
Hilbert space H satisfying (Tx,y) = (x,Ty) for allz,y € H. Then T is continuous.

Proof: It is enough to show that 7" has a closed graph G. So let (z,z) be a
limit point of G. Then there is a sequence {x,} -, C X such that z,, — x and
Tx, — z. For every y € H the symmetry hypothesis now shows that

(T (xp —2),y) = (2 —2,Ty) — 0
as n — oo. But we also have

<T (zn — :c),y} = <Txmy> - (Tx7y> - <Zvy> - <T:c,y)
as n — oco. Thus (z — Tz,y) = 0 for all y € H and so z = Tz, which shows that
(z,2) € G.

5.3.1. Interpolating sequences. The closed graph theorem finds many applications
within the theory of interpolating sequences, typical of its use more widely in analy-
sis. We describe one such example here. Given a finite subset Z = {zj}jzl of the

open unit disk D in the complex plane C, and a sequence of data & = {§ j};‘]:1 in

C, it is easy to see that there is a bounded holomorphic function f in the disk that
interpolates the data, i.e. f € H> (D) and f (z;) = {; for 1 < j < J. Indeed, the
polynomial f (z) = ijl §; H Z—* is a solution (although typically with a much
J 7
i#]
larger supremum norm than necessary). In the 1950’s Buck raised the question of
whether or not there exists an infinite subset Z = {z; };’11 of D that is interpolating

for H* (D), i.e. for every bounded sequence £ = {§ j }ji1 of complex numbers there

is f € H* (D) such that f(z;) = &; for 1 < j < oco. In 1958 Carleson gave an
affirmative answer and moreover characterized all such interpolating sequences in
the disk.

Implicit in Carleson’s solution, and explicitly realized by Shapiro and Shields in
1961, is the equivalence of this problem with certain Hilbert space analogues which
we now describe. Let H? (D) be the Hardy space consisting of all holomorphic
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functions f (z) =Y.~ ,a,z" in the unit disk with 1Nl r2(my = > |an|” < co.
The Hardy space H? (D) can be identified with the closed subspace H? (T) of L? (T)
given by

'Hz(T):{fGLQ(']I‘):f(n):Oforn<0}.

Indeed, simply associate each f(z) = >~ ,a,2" in the unit disk with the square
. . N . P~ _fa, for n>0
integrable function f* on the circle satisfying f* (n) = { 0 for n<0 The

inner product on H? (D ( is then defined by that on H? (T) inherited from L? (T):

n=0 n=0

if f(z) =30 ganz" and g(z) = Y7 b,2™. Cauchy’s theorem applied to poly-

nomials, and then followed by a limiting argument, shows that

f* (eie) " 1 f* (eié)

_ - d v = — — d9 = kZ
1) 2mi Jp et — 2 G 21 Jp 1 —e 0z {f, k)

where the “reproducing kernel” k, € H? (D) satisfies k, (¢) = 1%24 and k% (e?) =
ﬁ We note in passing that if f(rgz) is a rapidly converging sequence in
H? (D) (where the radii 7, tend to 1 from below), then f* (e?) = limy_ f (rre®)
for a.e. 6. Moreover, Fatou’s theorem shows that we actually have f* (ew) =

lim, - f (rew) for a.e. 8, but we will not need either of these facts here.

The above computations show that for fixed z € D, the linear functional f —
1

f (2) is continuous on H? (D) with norm ||k, || = v/(k., k.) = V/k. (2 (1 - |z|2)_§

Thus the map f — {f (zj)\/1— |zj2} is bounded with norm 1 from H? (D)
=1

to £ (Z). The relevant questions that Shaplro and Shields then asked were these.
When is this map onto (respectively into) the smaller Hilbert space ¢2 (Z)? In other
words, when is the restiction map Rf = {f (zj)};’il onto (respectively into) the
weighted space

(o]
0o 2
()= ¢&= {fj}jzl : ||§||42(M) = Z |§]| My < 00
=1
with weight p; =1— |zj\2 = %7 We will see in a moment that these questions

are equivalent to Buck’s question above. But first we show how the closed graph
theorem yields an unexpected control in the way we may interpolate the data
¢ € 02 (u) when R maps H? (D) onto (but not necessarily into) £2 ().

Lemma 8. Suppose that > (u) C R (H?(D)). Then there is a constant C such
that for every & € 02 (), there is f € H? (D) satisfying

(1) Rf =¢,

@) 2wy < CliEll gz -

Proof: Let M = {f € H*(D) : f(zj) =0,1 < j < oo}. Then M is closed since
point evaluations are continuous, and we have H? (D) = M @& M+. Let P+ denote
projection of H? (D) onto M~*. Then if £ € 2 (u) and fe € H? (D) satisfies Rfe =
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¢, we have that RPLfe = ¢ with PLfe the unique such element in M<. Thus
A¢ = P f¢ defines a linear map from ¢2 () to M+ with RA¢ = £. Clearly A has

closed graph since if (gk, A§’“> s (&,h) in €2 () x M, ie. €5 = ¢ in £2 (u) and
AE® — hin M1, then both
5? — §; and AE¥ (2)) — h(z))

as k — oo for each fixed j. However AE¥ (z;) = (RPJ_fgk)j = &% then shows
that h (z;) = §; = A (2;) for all j and hence by uniqueness in M* that A¢ = h,
ie. (& h) is in the graph of A. The closed graph theorem now implies that A is
continuous and we may take f = A in the conclusion of the lemma.

An even easier argument using the closed graph theorem shows that if R maps
H? (D) into £ (i), then it does so boundedly.

Before stating Carleson’s theorem, we derive an interesting consequence of the
interpolation control given by (2) in the lemma above.

Corollary 3. If *> (1) C R (H? (D)) then Z = {z; }(;11 is separated in the Poincaré
metric: there is a positive constant ¢ such that

|Ziizj|Zcmin{17|zi|717|zj‘}a i # ]
Proof: Fix j and let £ satisfy £, = 6; By the lemma there is f € H? (D) such
that f(z;) = 5; and || fll grzpy < C ll€llpzy = C\/1 - |zj|2 with C > 1. Thus for

1 # 7 and any complex scalar A,

L= (f(z) = M (z)7 = (frksy = Moz,

2

< ”f”?{?(]l))) szj - )‘kzz iIZ(]D))
2 2 2 2
< O (1= 12P) Lo a9y + 1M W 2oy — 2Re (hsy, Mz, )}

¢ (,ﬁl(zj)) {k (2) + [N ks, (2:) — 2Re Ak, (zj)}

0{2_2 [k, (2))] }
k=, (2) | /B, )

bey (23) /oy (22) Thus we have

if we choose \ =

2 2
TN N Gt 1 Gl L0 N Y (LY
1 —7Zjz N |1 77jzi|2 B ki (2i) kzj (ZJ) - 20
and hence % > ¢ > 0 for all i # j, which easily yields the corollary.

We note that if R maps H* (D) onto £*° (Z), then the open mapping theorem
easily shows that Z is separated. Indeed, there is ¢ > 0 such that R (unit ball in H*° (D)) D
exunit ball in £*° (Z). Thus for fixed i # j there is f € H* (D) of norm at most
one with f(z;) = c and f(z;) = 0. If ¢, (2) = {%=% is the idempotent automor-
phism of the disk D that interchanges 0 and w, then g = f o ¢., maps I to D and
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g(0) = f(z;) = 0. Thus the Schwarz lemma implies that (recall . o, is the
identity)

I
0., (2)| = |7—

e= 17 () = o (e, (2))| < 1=z

which shows as above that Z is separated. Thus separation is a necessary condition
for either ¢ (1) C R (H? (D)) or £ (Z) C R(H*> (D)), and we may as well assume
it from the outset. Now we can state Carleson’s theorem with contributions from
Shapiro and Shields.

Theorem 24. Suppose that Z = {z; }(;il C D is separated and let R be the restric-
tion map Rf = {f (zj)}J 1- Then the following conditions are equivalent:

(1) R maps H*® (D) onto £~ (Z),

(2) R maps H? (D) onto ¢? (),

(3) R maps H? (D) into £ (),

(4) p(T () <C|I| for all ares I C T.

Here the tent T (I) over the arc I is the convex hull of I and z; = re®® where %
is the midpoint of / and r =1 — ‘QA

Marshall and Sundberg identified the crucial interplay between the spaces H> (D)
and H? (D) here, namely that H> (D) is the multiplier algebra Mp2(p) of the
Hilbert space H? (D). They then replaced the Hardy space with the classical Dirich-

let space

D (D) = {f holomorphic in D |||l pp) = \/|f(0)|2 + /D If ()P dz < oo}

and obtained a theorem analogous to that above but with a stronger separation
condition, D (D) in place of H2 (D), MD(D) in place of H* (D), a larger measure fi
and ky, (z) = L log

in place of y where p; = E;( S

for D (D), a more complicated capacity condition in place of (4), and finally without
condition (2). In fact, as observed by Bishop, even when the measure i is finite,
R maps D (D) onto €2( ) for sequences Z more general than those for which R
maps D (D) into ¢ (ii). Recently Arcozzi, Rochberg and Sawyer have characterized
(at least when the measure f is finite) the sequences Z for which R maps D (D)
onto £? (1) in terms of a capacity condition on the Bergman tree 7, the standard
grid of points in the disk uniformly separated in the Poincaré metric and endowed
with the obvious tree structure. Many open problems remain in connection with
interpolating sequences.

171@z is the reproducing kernel

6. CONVEXITY THEOREMS ([2] AND [4])

If M is a closed subspace of a Hilbert space H and A is a bounded linear func-
tional on M, then we can always extend A to a bounded linear functional A.;; on
all of H with the same norm. Indeed, Theorem 4 shows that H = M & M=, and
so we can simply extend A by the formula Acgs (m, mJ-) = Am. The Hahn-Banach
theorem shows that we can do the same for any subspace M (not necessarily closed)
in any normed linear space. However, this requires the aziom of choice and opens
the door to paradoxical constructions such as the Banach-Tarski paradox: the open
unit ball in R? can be decomposed into 5 pieces, which can then be rearranged by
rigid motions (although probably not by continuous disjoint motions - but this is
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an open problem) into two disjoint copies of the unit ball. Of course these pieces
cannot be Lebesgue measurable, and the construction depends crucially on the ex-
istence of a free subgroup of rotations in R3 of rank 2. Before constructing the
Banach-Tarski paradox, we will use the Hahn-Banach and Banach-Alaoglu theo-
rems to construct nontrivial finitely additive positive measures on the full power set
of abelian groups (this also uses the axiom of choice!), thus proving the impossibility
of such paradoxical constructions using only translations.

6.1. The Hahn-Banach theorem.

Theorem 25. (Hahn-Banach) Let M be a proper subspace of a normed linear space
X. If f € M*, then there is F € X* such that F' |y= f and ||F|| . = || fl -

Proof: Suppose first that the scalar field is R. Without loss of generality
| fllp« = 1. Choose g € X\ M and let

My = Span{M,zo} = {z+ Axo : x € M, X € R}.
Define fy on My by fo (x + Azo) = f (z) + Aa where o € R will be chosen below so
that fy is a norm-preserving extension of f to My. Since fj is a linear extension of f
for any a € R, we need only require that |f (z) + Aa| < ||z + x| forz € M, X € R,
and if we write y = ¥, this is equivalent to
—lly+zoll <fW) +a<lly+zl, yeM,

and with z = —y, to
(6.1) fE) =llz=woll <a<fR)+]z -, 2z€M.

However, the supremum of the left side and the infimum of the right side satisfy

sup f(z) = [[z — 2ol < inf f(w)+ |lw— o
zeEM weM

since
f2) = fw)=[f(z-w)<|z-wl <z =20l + lw— 2ol -
This shows that there exists o € R such that (6.1) holds, and completes the proof

that fy is a norm-preserving extension of f to M.
Now let

P = {(M/af/) M C M’ CX’f/ (= (M/)*,f/ |M: f; ||f/||(M/)* _ 1}7

where M’ denotes a subspace of X. Define a partial order on P by declaring
(M’ fy 2 (M, f") it M ¢ M" and f” |pm= f’. The Hausdorfl maximality
theorem implies the existence of a maximal totally ordered subset €2 of P. We now
define

M = U{M': (M, f') € Q for some f' € (M')"}.
Clearly M is a subspace of X and if we define fon M by
f(@)=f (z) ifx € M and (M, f) €,
then fis a well-defined linear functional on M with norm 1, and in fact (M , f) e Q.

Now we must have M = X since otherwise we could adjoin a point in X \M and
extend f by the argument above, contradicting the maximality of 2. This completes
the proof when the scalar field is R.



FUNCTIONAL ANALYSIS 31

Now suppose the scalar field is C. Set w = Re f. We have just proved that there
is a real-linear U € X* such that U |y= u and ||U||" = 1. However, there is a
unique complex-linear functional A whose real part is U:

Az =Ux —iU (iz), x€X.
Then A |p= f and

A A A
[Az] = A <|Az|$) =U <Ai|x> < H|Ai|$H = |lz||, z e X.

6.1.1. Weak topologies. Suppose X is a normed linear space. Then X* separates
points on X. Indeed, given xy # 0, let M = Span {z¢} and define f on M by
f (Axo) = A||zo||. The Hahn-Banach theorem supplies a bounded linear functional
A € X* of norm 1 such that A |pr= f. If 21 # x9, then with zy = z1 — 22 we have

ALEl — ALEQ = A (171 - 1‘2) = AZL‘O = f (SC()) = ||170|| = HIl - I’QH 7& 0.

The Hahn-Banach theorem actually yields an even stronger separation theorem.
Namely, if M is a closed subspace of X and z¢g ¢ M, then there is A € X* with
Axzg =1 and A |p= 0. For this take f (x + Azo) = A for € M and A a scalar,
and use dist (zg, M) = ¢ > 0 to obtain

||/\_1$+$0|| _ 1
) )

Now let A be a norm preserving extension of f to X.
Given a normed linear space X we define X,, to be the vector space X topologized
by the weak topology 7., which is the weakest topology on X such that all the
maps in X* are continuous: more precisely the weak topology consists of all unions
of finite intersections A" (G1) N ... N A, (G,) where G}, is an open subset of

the scalar field and Ay € X*. A local base is given by all unions of the sets
ATH(B)N...NA; ' (B) where B is the unit ball in the scalar field and Ay, € X*.

[f (@ 4+ Azo)| = [A] < [A] [ + Azol| -

Theorem 26. Let X' be a separating vector space of linear functionals on the
vector space X. Let 7' be the weak topology on X induced by X'. Then X, is a
locally convex topological vector space such that X* = X'.

This theorem applies in particular to the vector space X*, with X assuming the
role of the separating vector space of linear functionals on the vector space X*.
Here X acts linearly on X* by the formula

r(A)=Az, 2xeX,AeX".
The X topology of X* is called the weak™ topology of X* and is denoted 7.

Theorem 27. (Banach-Alaoglu) Let V' be a neighbourhood of 0 in a normed linear
space X and let K be the polar set of V:

K={Ae X" :|Az| <1 forallz € V}.
Then K is weak™ compact.

Remark 9. The above theorem actually holds in a topological vector space X with
the same proof. Of course for a normed linear space X it suffices to consider only
the case V' is the unit ball in X.
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Proof: For every x € X choose 7 (x) > 0 such that € v (x) V so that |Az| <
v (z) for all A € K. Let D, = B(0,v(x)), the closed ball about the origin of
radius v (x) in the scalar field. Let 7p be the product topology on the product
space P = H D,.. Tychonoff’s theorem implies that P is compact. Note that the

zeX
elements of 1% are the (arbitrary) functions f on X such that
If @) <y (), =zeX
Now K C X* N P and we claim that
(1) The restrictions of the topologies T+ and 7p to K coincide.
(2) K is a closed subset of P.

With (1) and (2) proved, we immediately obtain that K is compact in the topol-
ogy T+ as required. To see (1) simply consider the following two sets for a given
Ao € K, {.TZ}ZL:I C X and § > 0:

W, = {AEX*|A.’L‘l—A0(BZ|<5,1§’L§TL},
Wy = {f€P|f(£L'Z)—A0£E1|<(5,].§Z§TL}
As {z;}]_, ranges over all finite subsets of X and & ranges over all positive real
numbers,
e the sets W3 form a local base for the topology 7,+ at Ag,
e the sets W5 form a local base for the topology 7p at Ag.

Since K C X* N P, we have W1 N K = Wy N K and (1) is proved.

To see (2), suppose that fy is in the 7p closure of K in P. Then we have that
fo is linear. Indeed, simply approximate fy by f € K at the points x,y, ax + By
and note that the linearity of f yields f (ax + By) = af (x) + S f (y). We also have
that |fo (z)] < 1 for x € V by again approximating fo by f € K at z and then
using |f (z)] < 1. Thus fo € K and K is 7p closed.

6.2. Paradoxical decompositions and finitely additive measures.

Definition 7. Let G be a group acting on a set X. A subset E of X is finitely
G-paradoxical if there are subsets A;, Bj of X and group elements g;, h; such that

(6.2) E D (0111141') U (U;'llej) )
E = Ulg:4; =U}_1h;B;.

The notation U asserts that the indicated union is pairwise disjoint. Note that
one can easily arrange to have each collection of sets {g;A4;},~, and {thj}?zl
in the second line of (6.2) pairwise disjoint simply by paring the sets A; and B;.
Omne can also achieve equality in the first line of (6.2), but this is harder, and is
not proved until Corollary 6 below. We say that E is countably G-paradozical if
m,n in (6.2) are permitted to be oo, the first infinite ordinal. By G-paradoxical
we mean finitely G-paradoxical. Finally, we say that G is paradoxical if G acts on
itself by left multiplication and G is G-paradoxical. The next result uses the axiom
of choice.

Theorem 28. Let G be the circle group T and let it act on itself X =T by group
multiplication:

et € G sends the point € € X to the point ette) ¢ X
Then X is countably G-paradozical.



FUNCTIONAL ANALYSIS 33

Proof: Let M be a choice set for the equivalence classes of the relation on
T given by declaring two points equivalent if one is obtained from the other by
rotation through a rational multiple of 27 radians. Let {p;};—, enumerate the
rotations through a rational multiple of 27 radians, and set M; = p;M. Then the
countable paradoxical decomposition is provided by

X = (Uz oddMi) U (Uz evenMi) 5

X = Ui oddgiMi = U’L evenhiMi7
where g; = p%p{1 for ¢ odd, and h; = p%p;1 for ¢ even.
Corollary 4. There is a non-Lebesgue measurable subset of T.

Proof: If A;, B, g;, h; witness a countable paradoxical decomposition (6.2) of
T = E with m,n < oo, and if we assume every subset of T is Lebesgue measurable,
then

i=1 j=1 1=1 j=1
> U, giAi| + Uy hy By| = 4,

a contradiction.

Remark 10. There exists a Ga-paradozical subset E of the plane R? = C that
does not require the axiom of choice for its construction, namely the Sierpinski-
Mazurkiewicz Paradoz: let e be a transcendental complex number and define

E = {x = Z zne™ € C:x, € Zy and x, =0 for all but finitely many n} ,
n=0

B = {$€Eix():0}7

E, = {ze€E:z>0}.

Then E = ElUEQ = einl =Fy, —1.

6.2.1. Finitely additive invariant measures. Let G be a group acting on a set X. If
there exists a finitely (countably) additive G-invariant positive nontrivial measure
on the power set P (X)), then there are no finitely (countably) G-paradoxical subsets
E of X having positive y-measure. In particular G itself is not finitely (countably)
G-paradoxical. This is proved as in the proof of Corollary 4 above. Thus paradoxical
constructions can be viewed as nonexistence theorems for invariant measures, and
by the contrapositive, the construction of invariant measures precludes paradoxical
decompositions. We now state the main two theorems proved in this subsubsection.
The first shows that paradoxical decompositions never occur for abelian groups
(such as the group of translations on Euclidean space R™), and the second shows
that paradoxical decompositions do exist for the rotation groups on Euclidean space
R™ when n > 3 (resulting in the Banach-Tarski paradox).

Theorem 29. Suppose G is an abelian group and let M be the power set of G.
There is p : M — [0,1] satisfying

(1) p(ErUE2) = p(Er) +p(E2),  EieM,

(2) pn(E+a)=pn(E), EeM,aegG,

(3) 1(G) = L.
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Definition 8. Let G act on a set X. Subsets A and B of X are said to be G-
equidecomposable, written A ~g B or simply A ~ B when G is understood, if
A=U!A; and B =U,_,B; where A; = g;B; for some g; € G, 1 <i <n.

We will see later that E is G-paradoxical if and only if E = AUB where A ~¢
E ~qg B.

Remark 11. If X is Fuclidean space R™, then G3-equidecomposability preserves
the following properties: boundedness, Lebesque measure zero, first category, and
second category.

Theorem 30. (Banach-Tarski paradox) The sphere S? is SO3-paradoxical and the
ball B3 is Gs-paradozical. Moreover, if A and B are any two bounded subsets of
R3, each having nonempty interior, then A and B are Gs-equidecomposable.

To prove the first theorem, we need an “invariant” Hahn-Banach theorem. This
will be proved using the following invariant fixed point theorem in a topological
vector space. Let K be convex and Y a vector space. We say thatamapT : K — Y
is affine if

T(1-0)z+0y)=1-60)Tz+0Ty, =zycK,0<6<1.
We say that a vector space X is a topological vector space if there is a topology 7
on X satisfying
e every point of X is a closed set,
e the vector space operations are continuous with respect to 7.

Theorem 31. (Markov and Kakutani) Let K be a nonempty compact convex subset
of a topological vector space X . Suppose that F is a commuting family of continuous
affine maps from K to K. Then there is a point p € K such that Tp = p for all
TeF.

Proof: For T € F,let T° =1, T" =T oT™ ! and T}, = %ZZ;S T*. Then T,,
and T commute for all T,T" € F and m,n > 0. Indeed, an affine map S satisfies

S (Z£=1 9(.%[) = Zi:l 0¢S (xp) if Z£=1 0y, =1, and so

m—1 n—1
T.oT, = ZTJ<Z ’>k>

k=0
m—1 n—1
1S (1ira )
1m 1n—
m—z::OZTJ ()"

Since T9 (T")* = (T")* T9 we immediately have T}, o T/, = T/, o T,.
Let F* be the semigroup generated by the T;,, n > 1. Since
f(K)Ng(K)D feg(K), fgeTF,
we see that {f (K)};cz. has the finite intersection property and hence there is

p € Nper-f(K). Next, p € T, (K) implies that p = 1 - OT xp for some
x, € K, so that

(xp —T"zy) € % (K - K)

1
p—Tp=—
n
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for all n > 1. Now K compact implies K — K compact, hence bounded. It follows
that p = Tp.

Theorem 32. (invariant Hahn-Banach) Let Y be a subspace of a normed linear
space X, and let f € Y*. Suppose that ' is a collection of bounded linear operators
T:X — X satisfying |T|| <1 for all T €T and

a) ST=TS
by TY CY
C) fOT|Y:f

for all S, T € T. Then there is F € X* such that F' |y= f and FoT = F for all
Tel.

Proof: Assume that ||f||" = 1. Let
K={AcX*: A" <LA|y= /).

Now K is convex, and by the Hahn-Banach theorem, K is nonempty. Moreover,
K is weak* closed since A |y= f if and only if Ay = f(y) for all y € Y. By the
Banach-Alaoglu theorem, K is weak™ compact. Below we will show that for 7" € I'
the map 7' : X* — X* defined by TA = A oT is weak” continuous. We also
have TK C K since |T|| < 1. Thus the invariant fixed point theorem applied to
X* equipped with the weak™ topology and F = {T 2T e F} produces the desired
FeK. B
To see that T is weak® continuous, fix A; € X* and consider the weak* neigh-

bourhoods of A1T" and Ay given by

V = {LeX":|Lz;— (MT) x| <e,1 <i<n},

W = {Ae X" |A(Tz;) — A (Tzy)| <e,1<i<n},

for {z1,..,z,} C X. Now if A € W, we have AT € V which shows that T is weak*
continuous.

Now we prove the existence theorem for finitely additive measures on abelian
groups.

Proof (of Theorem 29): Suppose G is infinite. Let X = ¢*° (G), the Banach
space of bounded complex-valued functions on G with the supremum norm. Let

Y = {fEX:zlLIEOf(m) exists},

where lim,_ .o f(xz) = L if for every ¢ > 0 there is a finite set F' such that
|f(x)—L| < e for all z € G\NF. For f € Y let Af = limy .o f(z). Then
AeY*and |Al| =1. Let T' = {7, : a € G} where 7,f () = f (z —a). Now I' is
commutative since G is abelian. Also ||74|| = 1, 7,Y C Y and Ao 7, |y= A for
all @ € G. Thus the invariant Hahn-Banach theorem implies that there is L € X*
with |L]| =1, L |y=A and L7, = L for all « € G.

Now we define p (E) = Lxp for E € M. Clearly

w(E\UEy) = L(xg,uom,) =L (Xg, + X&) = Lxg, + Lxg, = 1 (E1) + p(Es),

w(E+a) = L(Xpya)=L(Taxp) = (L7d)xp = Lxg = n(E),
pw(G) = Lxg)=Ll=1
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Finally, from ||L|| = 1 and L1 = 1 we have that 0 < Lf < 1 whenever 0 < f < 1,
which yields p: M — [0, 1]. Indeed, if Lf = o+ i8 then for t € R,

L(r-bea)= (- D) witsror

Since Hf—%‘ < % we have

(a—;>2+(ﬁ+t)2:)[/<f—;+it>

for all £ € R, and this implies f = 0 and then 0 < o < 1.

2 2
1 1
<|f—-=4it|| <-4t

6.2.2. Paradoxical decompositions. We obtain the strong form of the Banach-Tarski
paradox in four steps.

e First, we prove that the free nonabelian group F5 of rank 2 is paradoxical.

e Second, we show that the special orthogonal group SOj3 in three dimensions
contains a copy of Fb.

e Third, we lift the paradoxical decomposition from SOs to the sphere S? on
which it acts “almost” without nontrivial fixed points.

e Fourth, we extend the paradox to bounded sets with nonempty interior
with the help of the proof of the Schroder-Bernstein theorem.

First step: We prove that F5 is paradoxical. Let Fy consist of all finite “words”
in 0,07, 7,771 with concatenation as the group operation, and the empty word
as identity 1. For p € {J, 0_1,7',7'_1}, let W (p) consist of all reduced words that
begin with p (a word is reduced if no pair of adjacent symbols is o1, o~ to, 7771,
or 77 17). The following decompositions witness the paradoxical nature of Fy:

F, = {1}UW (o) UW (o™ ) UW (1) UW (r71),
B = W(o)UoW (671,
B = W(n)urw (r ).

Note that we do not use the identity in these reconstructions of F;. We can however
witness the paradox with four disjoint pieces whose union is Fy as follows. Let
S ={o7"} 7, and define

Ay = {1}UW (o) US,
Ay = W(o7h)\S,
Az = W(r),

Ay, = W (7'71) .

Then F2 = szlAz and F2 = A1L'JO'A2 and F2 = A3UTA4.

Second step: To embed a copy of F5 in SO3 we define the 3 x 3 matrices:

L 522 o1 w2v2 0]
6F = | £22 1 o |=g |2 1 0
0 0 1 | 0 0 3 ]
(10 0 | 3 0 0
pto= |0 1 22 % 0 1  F2v2
0o 22 1 0 +2v2 1
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It suffices to show that no nonempty reduced word in qbi, pT equals the identity
in SO3. Since conjugation by ¢i doesn’t affect the vanishing of a word, we may
assume that w is a nonempty reduced word ending in qﬁi.

Claim 1. Fvery nonempty reduced word w in quE,pi that ends in qSi satisfies
w(1,0,0) = 37F (a7 bv/2, c) for some a,b,c € Z with 31b, and where k is the length
of w.

We prove the claim by induction on the length k& of w. The case k = 1 is evident

upon examining the first columns of the two matrices ¢=. If w of length k > 2
equals ¢Tw’ or pfuw’, where

w' (1,0,0) = 31F (a/,b’\@, c’), a\b,d €L, 31V,
then
otu’ (1,0,0) = 37F (a’qiélb’,(b’i?a’) fQ,3c’>,
pEw (1,0,0) = 3°F (3a’, W F2)v2,¢ + 4b’) :

We now see that w(1,0,0) has the form 37% (a,bv/2,c) for some a,b,c € Z,
and it remains only to prove 3 { b given that 3 { b’. There are four cases: w =
qﬁipiv, piqbiv, qbiqbiv and p*p*v where v is possibly empty. We may suppose
that v (1,0,0) = 327 (a”,b”\@, c”) where a”’,b",c’ € Z. In the first case, with
w' = ptv, we have 3 | @’ (since a’ = 3a” by the second line displayed above) and
310 and so 310 +2a’ = b as required. The second case is similar. For the third
case we have

b=V +2d =0 +2(@" F4")=b +0"+£2a" — 90" =20 — 9",

and again 3 1 b follows from 3 { &’. The fourth case is similar and this completes the
proof of the claim.

Third step: To lift a paradoxical decomposition from a group to a set on which
it acts is easy using the axiom of choice provided the action is with trivial fixed
points. We say that a group G acts on a set X with trivial fixed points if gz # x
for all x € X and all g € G\ {e} where e denotes the identity element of G.

Proposition 1. If G is a paradozical group and acts on a set X with trivial fived
points, then X is G-paradozical.

Proof: Let A;, Bj, g;, h; witness the paradoxical nature of G as in (6.2). Let M
be a choice set for the G-orbits in X. Then {gM} s is a partition of X because
there are no nontrivial fixed points. Then A} = Ugea,gM and Bf = Upep,hM
easily yield a paradoxical decomposition of X:

X o (UL AU (Ui, B)),

X = UligiAf = U1y B;.
Corollary 5. (Hausdorff’s paradoxz) There is a countable set D C S? such that
S\ D is SOs3-paradozical.

Proof: Let F be a free nonabelian group of rank 2 in SO3. Then F' is countable
and since each « € F fixes exactly 2 points, D = {:E € S?: az = z for some a € F}
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is countable. Then F acts on S\ D with trivial fixed points, and Proposition 1
implies that S\ D is F-paradoxical, hence also SOs-paradoxical.

Hausdorft’s paradox is already sufficient to disprove the existence of finitely addi-
tive rotation invariant positive measures of total mass 1 on the power set of S?, and
hence also disproves the existence of finitely additive isometry invariant positive
measures on the power set of R® that normalize the unit cube (this was Haus-
dorff’s motivation). Ezercise: prove this! We can eliminate the countable set D in
Hausdorff’s paradox by an absorption process once we have the following lemma.

Lemma 9. Let G act on a set X and let E,E' € P(X). If E ~g E', then E is
G-paradozical if and only E' is G-paradozical.

First we note that the relation ~¢ is transitive. Suppose that £ ~g A and E ~g
B. Then E = Uj_ | A; = U;_, Bj where A = U;_,g;A; and B = U}_, h;B; for some
group elements g;, hj. Then A = UZ}TZlgi (A;NBj) and B = UZ}Zlhj (A; N B;y)
shows that A ~g B. From this we easily obtain the lemma. Indeed, E is G-
paradoxical if and only there are disjoint subsets By, Bs of E such that both By ~g
E and By ~g E. From E ~g E', we have E = U_; A; and E' = U_,g;A;. Thus if
we define B} = U._,g; (A; N By) and B} = U, g; (A; N By), we have that B}, B}
are disjoint subsets of E’ such that B} ~¢ Ui, (A; N By) = By ~g E ~¢ E' and
similarly Bf ~g E’. This shows that E’ is G-paradoxical.

Theorem 33. (Banach-Tarski paradox) S? is SO3-paradozical and B3 is G'3-paradozical.
Proof: Let D = {d;};-, be as in Hausdorf’s paradox. Pick a line ¢ through the
origin that misses D and fix a plane P containing ¢. Let

A:{l(ei—ej)2n7i,j€N}, HiZK(di,g),
n

where £ (d;, ¢) denotes the angle mod 7 through which the plane P must be rotated
(in a fixed sense) about £ so as to contain d;. Pick 6 ¢ A (mod m). Then if p is
rotation about ¢ through angle 6, we have

p)"DND = ¢, n>1,
p"DNptD = ¢, m # n in Z.

Then with D = U, ,p"D = DUpD we have
S? = (S*\\D) UD ~s0, (S*\D) UpD = S*\ D,

and the lemma shows that S? is SOs-paradoxical.
Finally, the equality

Bs\ {0} = Upege {Adw:0< A <1}

shows that B3\ {0} is SOs-paradoxical, and an absorption argument as above then
shows that B3 is Gs-paradoxical. Indeed, use a rotation p about a line ¢ passing
through (0, 0, %) but not passing through the origin, so that p™0 # p"0 for m # n,
and set D = U, ,p"0 = {0} UpD. Then since p € G,

B; = (Bs\D) UD ~g, (Bs\D) UpD = B;\ {0}.
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Remark 12. The arguments above show that S? can be duplicated using 8 pieces,
and that B3 can be duplicated using 16 pieces. More refined arguments show that
4 pieces suffice for S?, and that 5 pieces suffice for Bs. These latter results are
optimal.

Fourth step: The next result shows that if we declare A <5 B when A is
G-equidecomposable to a subset of B, then the relation < is a partial ordering of
the ~¢ equivalence classes in P (X).

Theorem 34. (Banach-Schrider-Bernstein) Suppose that a group G acts on a set
X. If A,B € P(X) satisfy both A <¢ B and B 3¢ A, then A ~g B.
Proof: We have the following two properties of the relation ~¢:
e If A ~; B, then there is a bijection g : A — B such that
(6.3) C ~¢ g(C) whenever C C A.
L J IfAlﬂAg = d) = BlﬂBQ and Ai ~G Bz fori = 1, 2 then A1UA2 ~G BluBQ.
By hypothesis, A ~¢ By and A; ~g B for some By C B and A; C A. By
the first property, there are bijections f : A — By and g : A; — B satisfying
C ~¢ f(C)and D ~g ¢g(D) whenever C C A and D C A;. Let Cy = A\ A; and
inductively C,, 41 = g~1f (C,) for n > 0. With C = U;~_,C,, we have
9 (ANC) = B\f (C)
and then ANC ~¢ B\ f (C) by (6.3). But we also have C' ~¢ f (C) by (6.3) and
the second property now yields

A= (ANC)UC ~g (B\f(O)Uf(C) = B.

Corollary 6. A subset E of X is G-paradoxical if and only if there are disjoint
sets A,B C E with AUB=F and A ~g E ~g B.

Theorem 35. (strong form of the Banach-Tarski paradox) If A and B are any
two bounded subsets of R, each with nonempty interior, then A and B are Gs3-
equidecomposable.

Proof: It suffices to show that A <q, B, since interchanging A and B yields
B =, A, and the Banach-Schroder-Bernstein theorem then shows that A ~¢q, B.
So choose solid balls K and L such that A C K and L C B, and let n be large
enough that K can be covered by n copies of L. Use the Banach-Tarski paradox to
create a union S of n pairwise disjoint copies of L, and then cover K by a union of
translates of these copies so that K <q, S. It follows that

ACK =g, 8 2¢, L C B,
and so A <, B.
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