
FUNCTIONAL ANALYSIS AND APPLICATIONS

1. Introduction

We begin by solving a Volterra integral equation using a �xed point theorem, and
from this we motivate the de�nition of Banach space and bounded linear operator.
Next, we specialize to Hilbert spaces and after proving some elementary results

on duality, we use the Lax-Milgram theorem and the Fredholm alternative to derive
existence and uniqueness of weak solutions to Dirichlet problems for second order
elliptic linear partial di¤erential equations on open subsets of Euclidean space.
Then we derive the completeness theorems for Banach spaces, including the

uniform boundedness principle, the open mapping theorem and the closed graph
theorem, and give applications to the nonconvergence of Fourier series of contin-
uous functions, the nonconverse of the Riemann-Lebesgue lemma, and �nally to
interpolating sequences for the Hardy space of holomorphic functions on the unit
disk.
We then continue with convexity theorems, such as the Hahn-Banach and Banach-

Alaoglu theorems, and investigate the relation between the existence of invariant
�nitely additive measures and paradoxical decompositions, including the Banach-
Tarski paradox. Further directions and applications will follow as time permits.
References are given at the end.

2. Schechter�s Example ([3])

The pair of functions fcosx; sinxg is a fundamental solution set on the real line
R for the homogeneous second order equation

y00 (x) + y (x) = 0; x 2 R;

and the general solution is given by

(2.1) yhom (x) = yhom (0) cosx+ y
0
hom (0) sinx; x 2 R:

We now wish to solve the more general equation

y00 (x) + y (x) = � (x) y (x) ;

where � is a continuous function on R: First we solve the inhomogenoeous equation

y00 (x) + y (x) = f (x)

by writing it as a system in y =
�
y
y0

�
:

y0 =

�
y0

y00

�
=

�
0 1
�1 0

� �
y
y0

�
+

�
0
f

�
� Ay + f :
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Then the Wronskian matrix

W (x) =

�
cosx sinx
cos0 x sin0 x

�
=

�
cosx sinx
� sinx cosx

�
satis�es

W 0 = AW and
�
W�1�0 = �W�1A:

Thus �
W�1y

�0
= W�1y0 +

�
W�1�0 y

= W�1y0 �W�1Ay =W�1f

implies

y =W

Z
W�1f

and so a particular solution ypart (x) is derived from�
ypart (x)
y0part (x)

�
=

Z x

0

W (x)W�1 (t) f (t) dt(2.2)

=

Z x

0

�
cosx sinx
� sinx cosx

� �
cos t � sin t
sin t cos t

� �
0

f (t)

�
dt

=

Z x

0

�
� sinx cos t� cosx sin t
� �

� �
0

f (t)

�
dt

=

� R x
0
sin (x� t) f (t) dt

�

�
:

Now we see from (2.1) and (2.2) that the solution to the initial value problem8<: y00 + y = �y
y (0) = 1
y0 (0) = 0

satis�es the integral equation

y (x) = cosx+

Z x

0

sin (x� t)� (t) y (t) dt; x 2 R;

and vice versa. If we write u (x) = cosx and

Lh (x) =

Z x

0

sin (x� t)� (t)h (t) dt;

we can rewrite this equation as

(2.3) y = u+ Ly;

an example of a Volterra integral equation.

2.1. Volterra Equations. To solve the Volterra equation (2.3) for x 2 [�N;N ],
we start with a guess y0 = y0 (x) where y0 is any continuous function on [�N;N ],
and plug it into the right side of (2.3), de�ning

y1 = y1 (x) = u (x) + Ly0 (x)

= cosx+

Z x

0

sin (x� t)� (t) y0 (t) dt; x 2 [�N;N ] :
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If it happens that y1 = y0 (highly unlikely!) we are done. Otherwise set y2 = u+Ly1
and inductively

(2.4) yn = u+ Lyn�1 on [�N;N ] ; n = 1; 2; 3; :::

We hope that this sequence of functions fyng1n=1 converges in some sense. Since
uniform convergence yields a continuous limit, we de�ne

khk = max
jxj�N

jh (x)j

and hope that kym � ynk ! 0 as m;n ! 1 (the Cauchy criterion for uniform
convergence).
Now we compute inductively that

yn = u+ Lyn�1(2.5)

= u+ L (u+ Lyn�2)

...

= u+ Lu+ :::+ Ln�1u+ Lny0:

Thus we have for n > m,

kym � ynk =


Lmu+ :::+ Ln�1u+ Lny0 � Lmy0

(2.6)

� kLmuk+ :::+


Ln�1u

+ kLny0k+ kLmy0k ;

and in particular this will tend to zero as m;n!1 provided we have the �absolute
convergence of orbit series�:

(2.7)
1X
n=0

kLnvk <1 for every continuous v on [�N;N ] :

Indeed, if (2.7) holds, then fyng1n=1 satis�es the Cauchy criterion for uniform
convergence and hence there is a continuous function y = y (x) on [�N;N ] such
that yn ! y uniformly on [�N;N ]. We now claim that y satis�es (2.3) on [�N;N ].
For this we use the inequality

(2.8) jLv (x)j =
����Z x

0

sin (x� t)� (t) v (t) dt
���� � k�k kvk jxj ;

from which follows

(2.9) kLvk � (N k�k) kvk = C kvk

for all continuous v on [�N;N ]. If we now let n ! 1 in the equation (2.4) we
obtain

y = lim
n!1

yn = lim
n!1

(u+ Lyn�1) = u+ Ly

since by (2.9),

kLy � Lyn�1k = kL (y � yn�1)k � C ky � yn�1k ! 0; as n!1:

Finally we establish the �absolute convergence of orbit series�in (2.7). By (2.8)
we have����Z x

0

sin (x� t)� (t)Lv (t) dt
���� � Z x

0

jsin (x� t)� (t)j fk�k kvk jtjg dt � k�k2 kvk jxj
2

2
;
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and continuing by induction we obtain

jLnv (x)j =

����Z x

0

sin (x� t)� (t)Ln�1v (t) dt
���� � k�kn kvk jxjnn! ;

kLnvk � k�kn kvk N
n

n!
;

from which (2.7) follows immediately:
1X
n=0

kLnvk �
1X
n=0

k�kn kvk N
n

n!
= eNk�k kvk <1:

2.2. Banach spaces and bounded linear operators. We now examine the
above argument and extract the essential properties needed of the set X of con-
tinuous functions on [�N;N ], and of the mapping h ! Lh. First, in (2.4) we use
that X is a vector space, and in (2.6), we use a nonnegative function k�k de�ned
on X that satis�es the triangle inequality among other things. Our use of the
Cauchy criterion on the sequence of approximations fyng requires �completeness�
in the metric d (f; g) = kf � gk induced by k�k. These considerations motivate the
following de�nition of a Banach space.

De�nition 1. A complex vector space X is a normed linear space if there is a map
k�k : X ! [0;1) satisfying kx+ yk � kxk+ kyk, k�xk = j�j kxk and kxk = 0()
x = 0, for all x; y 2 X and � 2 C. Then d (x; y) = kx� yk de�nes a metric on X,
and X is a Banach space if (X; d) is a complete metric space.

There are versions of these de�nitions and those below when the scalar �eld is
the real �eld R instead of the complex �eld C. Normally there is little di¤erence in
the interaction of the concepts, and we will usually use the complex scalar �eld C
- but will explicitly mention the scalar �eld R when it matters. We will denote by
C (K) the Banach space of continuous functions on a compact topological space K,
equipped with the supremum norm kfk1 = supx2K jf (x)j. Now we examine the
properties used of the map L from the Banach space C ([�N;N ]) into itself. First,
in (2.5) we used that L is linear, and then in (2.9) we used that L takes bounded
sets in C ([�N;N ]) to bounded sets. This motivates the following de�nition of a
bounded linear operator between normed linear spaces.

De�nition 2. A map L from one normed linear space X to another Y is linear
if L (�x+ y) = �Lx + Ly for all x; y 2 X and � 2 C, and bounded if there is a
nonnegative constant C such that kLxkY � C kxkX for all x 2 X.

The proof of the next result is easy and is left to the reader.

Lemma 1. Let L : X ! Y be linear where X;Y are normed linear spaces. Then
L is bounded () L is continuous on X () L is continuous at 0.

Remark 1. If Y is the scalar �eld, then in addition we have that L is continuous
() the null space of L is closed. Indeed, if the null space N of L is closed and
x0 =2 N , then there is a ball B (x0; r) � XnN . Now if L (B (0; r)) is unbounded, then
it must be all of the scalar �eld C, and so L (B (x0; r)) = C as well, contradicting
the fact that L (B (x0; r)) � L (X n N ), where the latter set doesn�t include 0. Thus
L (B (0; r)) is bounded as required. However, this equivalence of continuity and
closed null space fails for general Y = X as evidenced by the space X of polynomials
on [0; 1] with the supremum norm, and L : X ! X by LP = P 0 for P 2 X.
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Our arguments above prove the following general theorem in a Banach space.

Theorem 1. Let X be a Banach space and L be a bounded linear operator from X
to itself. If

P1
n=0 kLnxk <1 for all x 2 X, then the equation

x = y + Lx

has a unique solution x 2 X for every y 2 X.

Proof : To see uniqueness, let x1 = y + Lx1 and x2 = y + Lx2. Then

x = x1 � x2 = Lx1 � Lx2 = Lx = L2x = ::: = Lnx

for all n � 1 implies that kx1 � x2k = kLnxk ! 0 as n!1, which implies x1 = x2.
The existence is proved as above using the approximating sequence fxng1n=0 de�ned
inductively by xn = y + Lxn�1, x0 arbitrary in X.

The contraction mapping theorem is a special case.

Theorem 2. Let X be a Banach space and L be a bounded linear operator from X
to itself. If L is a contraction, i.e. there is a constant 0 � 
 < 1 such that

kLxk � 
 kxk ; x 2 X;

then L has a unique �xed point x, i.e. x = Lx.

Proof : We can apply the previous theorem with y = 0 since
P1

n=0 kLnxk �P1
n=0 


n kxk = 1
1�
 kxk <1.

3. Hilbert spaces ([2])

There is a class of special Banach spaces that enjoy many of the properties of
the familiar Euclidean spaces Rn and Cn, namely the Hilbert spaces, whose norms
arise from an inner product.

De�nition 3. A complex vector space H is an inner product space if there is a
map h�; �i from H �H to C satisfying for all x; y 2 H and � 2 C,

hx; yi = hy; xi;
hx+ z; yi = hx; yi+ hz; yi ;
h�x; yi = � hx; yi ;
hx; xi � 0 and hx; xi = 0() x = 0:

Then kxk =
p
hx; xi de�nes a norm on H (see below) and if this makes H into a

Banach space, i.e. the metric d (x; y) = kx� yk is complete, then we say H is a
Hilbert space.

A simple example of a Hilbert space is real or complex Euclidean space Rn or Cn
with the usual inner product. More generally, the space `2 (N) of square summable
sequences a = fang1n=1 with inner product ha; bi =

P1
n=1 anbn is a Hilbert space.

Both of these examples are included as special cases of the Hilbert space L2 (�)
where � is a positive measure on a measure space X and the inner product is
hf; gi =

R
X
fgd�.
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Lemma 2. Let H be an inner product space and de�ne kxk =
p
hx; xi for x 2 H.

Then k�k is a norm on H and for all x; y 2 H,

jhx; yij � kxk kyk ;
kyk � k�x+ yk for all � 2 C i¤ hx; yi = 0;

kx+ yk2 + kx� yk2 = 2 kxk2 + 2 kyk2 :

Proof : For x; y 2 H and � 2 C,

(3.1) 0 � k�x+ yk2 = j�j2 kxk2 + 2Re (� hx; yi) + kyk2 :

Thus hx; yi = 0 implies kyk � k�x+ yk for all � 2 C. Conversely, if x 6= 0 we

minimize the right side of (3.1) with � = � hx;yi
kxk2 to get

0 � k�x+ yk2 = �jhx; yij
2

kxk2
+ kyk2 :

This shows that kyk � k�x+ yk fails for some � if hx; yi 6= 0, and also proves the
Cauchy-Schwarz inequality jhx; yij � kxk kyk. With � = 1 in (3.1) we now have

kx+ yk2 = kxk2 + 2Re hx; yi+ kyk2

� kxk2 + 2 kxk kyk+ kyk2

= (kxk+ kyk)2 ;

which shows k�k satis�es the triangle inequality, and k�k is now easily seen to be a
norm. Finally, the parallelogram law follows from expanding the inner products on
the left side.

The next easy theorem lies at the heart of the great success of Hilbert spaces in
analysis.

Theorem 3. Suppose E is a nonempty closed convex subset of a Hilbert space H.
Then E contains a unique element x of minimal norm, i.e. kxk = infy2E kyk.

Proof : Let d = infy2E kyk, which is �nite since E is nonempty. Pick fxng1n=1 �
E with kxnk ! d as n ! 1. Since E is convex, xm+xn2 2 E and so has norm at
least d. The parallelogram law now yields



xm � xn2





2 =
kxmk2 + kxnk2

2
�




xm + xn2





2
� kxmk2 + kxnk2

2
� d2

! d2 + d2

2
� d2 = 0

as m;n ! 1. Thus fxng1n=1 is Cauchy and since H is complete and E closed,
x = limn!1 xn 2 E. Since k�k is continuous, we have kxk = d. If x0 2 E also

satis�es kx0k = d, then using the parallelogram law as above yields



x�x02




2 =
kxk2+kx0k2

2 �



x+x02




2 � 0, hence x = x0.
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Let H be a Hilbert space. We say that x and y in H are perpendicular, written
x ? y, if hx; yi = 0. We say subsets E and F of H are perpendicular, written
E ? F , if hx; yi = 0 for all x 2 E and y 2 F . Finally, we de�ne

E? = fy 2 H : hx; yi = 0 for all x 2 Eg :
The next theorem uses Theorem 3 to establish an orthogonal decomposition of H
relative to any closed subspace M of a Hilbert space H.

Theorem 4. Suppose that M is a closed subspace of a Hilbert space H. Then

H =M �M?;

which means that M and M? are closed subspaces of H whose intersection is the
smallest subspace f0g, and whose span is the largest subspace H.

Proof : M? is a subspace since hx; yi is linear in x, and is closed by the Cauchy-
Schwarz inequality. The fact that hx; xi = 0 () x = 0 gives M \M? = f0g.
Finally, to show M +M? = H, let x 2 H and set E = x�M , a nonempty closed
convex set. Thus there is a unique element m? 2 x �M of minimal norm having
the form x�m with m 2M . Thus for all z 2M and � 2 C,

m?

 � 

m? + �z




and Lemma 2 implies that



z;m?� = 0 for all z 2 M , which yields m? 2 M?.

Thus x = m+m? 2M +M?.

Corollary 1.
�
M?�? =M .

Proof : M �
�
M?�? is obvious, and since M �M? = H =M? �

�
M?�?, we

cannot have that M is a proper subset of
�
M?�?.

3.1. Duality. Given any normed linear spaceX we de�neX� to be the vector space
of all continuous linear functionals on X, i.e. continuous linear maps � : X ! C
(or into R if the scalar �eld is real). By Lemma 1 a linear functional is continuous
on X if and only if it is continuous at the origin, or equivalently bounded. If we set

(3.2) k�k� = sup
kxk�1

j�xj ;

then it is easily veri�ed that k�k� is a norm on X�, and since the scalar �eld is
complete, so is the metric on X� induced from k�k�. Thus X� is a Banach space
(even if X is not).

Remark 2. Note that k�k� is the smallest nonnegative constant C which exhibits
the boundedness of � on X in the inequality j�xj � C kxk.

Now we specialize this de�nition to a Hilbert space H. An example of a contin-
uous linear functional on H is the linear functional �y associated with y 2 H given
by

(3.3) �yx = hx; yi ; x 2 H:
The boundedness of �y follows from the Cauchy-Schwarz inequality j�yxj � kyk kxk.
In fact, this together with the choice x = y

kyk in (3.2) yields k�yk
�
= kyk. It turns

out that there are no other continuous linear functionals on H and this is the �rst
major consequence of Theorem 4, and hence also of Theorem 3.
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Theorem 5. (Riesz representation) Let H be a Hilbert space. Every � 2 H� is of
the form �y for some y 2 H. Moreover, there is a conjugate linear isometry from
H to H� given by y ! �y where �y is as in (3.3).

Proof : We�ve already shown that �y 2 H� with k�yk� = kyk, and since ��y =
��y we have that the map y ! �y is a conjugate linear isometry from H into H�.
To see that this map is onto, take � 6= 0 in H� and let N = fx 2 H : �x = 0g =
��1 f0g be the null space of �. Since N is a proper closed subspace of H, Theorem
4 shows that N? 6= f0g. Take z 6= 0 in N? and note that

(�x) z � (�z)x 2 N for all x 2 H:

Thus
0 = h(�x) z � (�z)x; zi = (�x) kzk2 � (�z) hx; zi

yields

�x =
(�z) hx; zi
kzk2

=

*
x;

�z

kzk2
z

+
= �yx; x 2 H;

with y = �z
kzk2 z.

4. Weak solutions to the Dirichlet problem ([1])

The Riesz representation theorem turns out to be adequate for dealing with the
existence of weak solutions to the Dirichlet problem

(4.1)
�
4u� u = f in 


u = 0 on @

;

where 
 is an open set in Rn, f 2 L2 (
) and4 is Laplace�s operator @2

@x21
+:::+ @2

@x2n
.

We �rst must de�ne what is meant by a solution u to this problem. Given f; g 2
L1loc (
) and 1 � j � n, we say that g is the weak jth partial derivative of f in 

provided Z




g'dx = �
Z



f

�
@'

@xj

�
dx; for all ' 2 C1com (
) :

Here C1com (
) denotes the normed linear space of all continuously di¤erentiable
functions ' with compact support in 
, and norm given by k'kC1

com(
)
= supx2
 j' (x)j+

supx2
 jr' (x)j. When g is the weak jth partial derivative of f in 
 we write
g = @f

@xj
. This should cause no confusion since it is easily veri�ed that this weak

de�nition is an extension of the classical de�nition of partial derivative for a conti-
nously di¤erentiable function f (use integration by parts).

De�nition 4. Let W 1;2 (
) consist of those (complex-valued) functions f 2 L2 (
)
with rf 2 L2 (
) in the weak sense. De�ne an inner product on W 1;2 (
) by

(4.2) hf; gi =
Z



fgdx+

Z



rf � rgdx:

Theorem 6. W 1;2 (
) is a Hilbert space with the inner product (4.2).

Proof : We prove completeness. If ffkg1k=1 is Cauchy in W 1;2 (
), then ffkg1k=1
and frfkg1k=1 are Cauchy in L2 (
) and �nL2 (
). Thus there are f; g1; :::; gn 2
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L2 (
) such that fk ! f and @fk
@xj

! gj in L2 (
) for 1 � j � n. We must now show

that gj =
@f
@xj

in the weak sense. Letting k !1 in the equationZ



fk

�
@'

@xj

�
dx = �

Z



@fk
@xj

'dx; ' 2 C1com (
) ;

yields
R


f
�
@'
@xj

�
dx = �

R


gj'dx for all ' 2 C1com (
) as required.

We seek a solution u 2 W 1;2 (
) to (4.1) in the following sense. In order to
capture the notion that a function u in W 1;2 (
) vanishes on the boundary @
 of

, we de�ne W 1;2

0 (
) to be the closure in W 1;2 (
) of the space C1com (
). Clearly
W 1;2
0 (
) is a Hilbert space with the inner product (4.2). We now interpret the

boundary condition in (4.1) as meaning that u should lie in the Hilbert space
W 1;2
0 (
). Next we interpret a solution u to the partial di¤erential equation in (4.1)

in the following weak sense:

(4.3) �
Z



nX
j=1

�
@j 

�
(@ju)�

Z



u =

Z



f ;  2 C1com (
) :

Note that if u 2 C2 (
), f 2 C (
), and 4u (x)� u (x) = f (x) for all x 2 
, then
integration by parts yields (4.3), so that this notion of weak solution is an extension
of the classical notion. Moreover, equation (4.3) holds for all  2 W 1;2

0 (
) by a
simple density argument.
Let H be the Hilbert space W 1;2

0 (
) and observe that the left side of (4.3) is
�hu;  i where h�; �i is the inner product for W 1;2

0 (
) given in (4.2). Thus a weak
solution to the Dirichlet problem (4.1) is simply an element u 2 H satisfying (after
taking conjugates in (4.3))

(4.4) h ; ui = �
Z



 f;  2 H:

However,

k k2H = k k
2
L2(
) + kr k

2
L2(
) � k k

2
L2(
)

implies that the linear functional � on H given by � = �
R


 f for all  2 H is

bounded:

j� j =
����Z



 f

���� � kfkL2(
) k kL2(
) � kfkL2(
) k kH :
The Riesz representation theorem (Theorem 5) now yields a unique element u 2 H
such that � = h ; ui for all  2 H. Thus u is a unique solution to (4.4), and
hence also a unique weak solution to the Dirichlet problem (4.1).

Remark 3. We can also consider real-valued solutions u to (4.1) when f is real-
valued. If we consider the Hilbert space W 1;2

0 (
) with scalar �eld R in place of C,
then the above arguments apply verbatim to show that there is a unique real-valued
weak solution u to (4.1) whenever f 2 L2 (
) is real-valued.

However, to handle more general elliptic operators in divergence form we will
need an extension of Theorem 5 due to Lax and Milgram, as well as a Fredholm
alternative together with a maximum principle.



10 FUNCTIONAL ANALYSIS

4.1. Lax-Milgram theorem.

Theorem 7. (Lax-Milgram) Let H be a Hilbert space and suppose B (x; y) is a
sesquilinear form on H �H that is both bounded, i.e. jB (x; y)j � C kxk kyk, and
coercive, i.e. B (x; x) � � kxk2. Then for every � 2 H� there is y 2 H such that

(4.5) �x = B (x; y) ; for all x 2 H:

Moreover, the map that sends � 2 H� to the unique y 2 H satisfying (4.5) is a
bounded conjugate linear operator from H� to H.

The case B (x; y) = hx; yi is the Riesz representation theorem.
Proof : Given y 2 H, the boundedness of B shows that B (�; y) 2 H�, and so the

Riesz representation theorem shows that there is a unique element Ty 2 H such
that B (x; y) = hx; Tyi for all x 2 H. It is easy to see that T is a linear map from
H to H that is in fact bounded since

kTyk = k�Tyk� = sup
kxk�1

j�Tyxj = sup
kxk�1

jB (x; y)j � C kyk :

From the fact that B is coercive we obtain

� kyk2 � B (y; y) = hy; Tyi � kyk kTyk ;

and altogether we have

(4.6) � kyk � kTyk � C kyk ; y 2 H:

Now (4.6) easily shows that T is one-to-one and that its range RT is closed.
It now follows that T maps H onto H since if not, then Theorem 4 shows that
(RT )

? 6= f0g, and the existence of z 6= 0 in (RT )
? contradicts the coercivity of B:

B (z; z) = hz; Tzi = 0 since Tz 2 RT :

Thus T�1 exists and is a bounded linear map from H to H.
Now given � 2 H�, the Riesz representation theorem yields w 2 H such that

� = �w, and we have with y = T�1w,

�x = �wx = hx;wi =


x; TT�1w

�
= B

�
x; T�1w

�
= B (x; y) ; x 2 H:

4.2. The Fredholm alternative. The second ingredient in our treatment of the
Dirichlet problem is a Fredholm alternative for compact operators on the Sobolev
spaceW 1;2

0 (
). We begin with a discussion of compact operators on Banach spaces,
and later specialize to Sobolev spaces.
A linear operator T mapping one Banach space X to another Y is said to be

compact if TB is precompact in Y where B is the unit ball in X - precompact
means the closure is compact. Thus if fxng1n=1 is any bounded sequence in X, the
sequence fTxng1n=1 has a convergent subsequence in Y .
Examples of compact operators include all bounded linear operators T : X ! Y

into a �nite dimensional space Y , as well as bounded linear operators T with �nite
dimensional range RT :

Lemma 3. If F is a �nite dimensional subspace of a normed linear space Y , then
F is closed in Y , and the restriction of the Y topology to F coincides with the
topology induced by any linear isomorphism of Y with Cn.
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Proof : Let f : Cn ! F be a linear isomorphism. Since f (z1; :::; zn) = z1f (e1)+
:::+ znf (en) and vector space operations are continuous in Y , it follows that f is
continuous. Thus f

�
Sn�1

�
is compact and disjoint from 0, and there is r > 0 such

that B (0; r)\ f
�
Sn�1

�
= � where Sn�1 = @Bn and Bn is the unit ball in Cn. Now

0 2 E = f�1 (B (0; r) \ F ) is convex, hence connected, and it follows that E � Bn.
From this we obtain that each component of f�1 : F ! Cn is a bounded linear
functional on F (with norm at most 1

r ), and so f
�1 is continuous by Lemma 1.

This proves that the restriction of the Y topology to F coincides with the topology
induced by the isomorphism f .
It remains to prove that F is closed in Y . Pick y 2 F . Then y 2 2kykr B (0; r) =

tB (0; r) and so

y 2 F \ tB (0; r) = t (F \B (0; r)) � f (tBn) � f
�
tBn
�
= f

�
tBn
�

since f continuous and tBn compact imply that f
�
tBn
�
is compact and hence closed

in Y .

It can be shown that T : X ! Y is compact if and (provided Y is a Hilbert space)
only if there is a sequence of bounded linear operators Tn : X ! Y with dimRTn <
1 such that Tn ! T in operator norm, i.e. kT � Tnk � supkxkX�1 k(T � Tn)xkY
tends to 0 as n!1, but we will not use this.

Theorem 8. (Fredholm alternative) Suppose that T : H ! H is a compact operator
on a Hilbert space H. Then

(1) either the equation (I � T )x = 0 has a nonzero solution x 2 H,
(2) or the equation (I � T )x = y has a unique solution x 2 H for each y 2 H.

In this case, the inverse linear operator (I � T )�1 is bounded on H.

We will defer the proof of the Fredholm alternative until the end of this section
dealing with the Dirichlet problem.
Now we give an explicit example of a compact operator T on the Hilbert space

H =W 1;2 (
) with dimRT =1, and which will be the key to solving the Dirichlet
problem. For this we need the the Sobolev embedding theorem which shows that
functions f in W 1;2 (
) are better than square integrable, namely f 2 L2� (
) for
1
2� =

1
2 �

1
n , at least when n � 3 and 
 is a Lipschitz domain. The di¢ culties

with the boundary disappear for the space W 1;2
0 (
) and we have the following

embedding.

Theorem 9. (Sobolev embedding) Let 
 be an open subset of Rn. If u 2W 1;2
0 (
),

then u 2 L2� (
) where 1
2� =

1
2 �

1
n when n � 3, and for all 2

� < 1 when n = 2.
Moreover we have

kukL2� (
) � Cn krukL2(
) ; u 2W 1;2
0 (
) :

Proof : For any f 2 W 1;2
0 (
), extended to vanish outside 
, that satis�es the

inequalities

(4.7) jf (x)j �
Z 1

tj=�1
j@jf (bxj)j dtj ; 1 � j � n;
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where bxj = (x1; :::; xj�1; tj ; xj+1; :::; xn) (for example f 2 C1com (
)), we have
jf (x)j

n
n�1 �

8<:
nY
j=1

Z 1

tj=�1
j@jf (bxj)j dtj

9=;
1

n�1

=
nY
j=1

(Z 1

tj=�1
j@jf (bxj)j dtj)

1
n�1

:

Now integrate over x1 in R and use Hölder�s inequality

(4.8) kh1:::hn�1kL1 �
n�1Y
j=1

khjkLn�1

to obtain thatZ 1

x1=�1
jf (x)j

n
n�1 dx1

�
�Z 1

t1=�1
j@1f (bx1)j dt1� 1

n�1
Z 1

x1=�1

nY
j=2

(Z 1

tj=�1
j@jf (bxj)j dtj)

1
n�1

dx1

�
�Z 1

t1=�1
j@1f (bx1)j dt1� 1

n�1 nY
j=2

(Z 1

x1=�1

Z 1

tj=�1
j@jf (bxj)j dtjdx1)

1
n�1

:

Integrating successively in this way over x2; :::; xn and applying (4.8) after each
integration leads toZ




jf (x)j
n

n�1 dx �
nY
j=1

�Z



j@jf (x)j dx
� 1

n�1

:

Raising the inequality to the power n�1n and then applying the geometric/arithmetic
mean inequality we get�Z




jf j
n

n�1

�n�1
n

� 1

n

Z



nX
j=1

j@jf j �
1p
n

Z



jrf j :

In the case n � 3, we can replace f with juj
 where u 2 C1com (
) is real and

 > 1. Indeed, juj
 is absolutely continuous in xj and the pointwise derivative
@j juj
 satis�es j@j juj
 j = 
 juj
�1 j@juj a.e. since equality holds if either u 6= 0 or
@ju = 0. For this we note that the set fu = 0 and @ju 6= 0g is an F� set, hence
measurable, with at most countably many points on each line parallel to the jth

direction. Integration by parts shows that @j juj
 is the jth weak partial derivative
of juj
 , that (4.7) holds and that jr juj
 j = 
 juj
�1 jruj a.e. With 
 = 2n�1n�2 we
have�Z




juj2
n

n�2

�n�1
n

� 
p
n

Z



juj
�1 jruj � 
p
n

�Z



juj2(
�1)
� 1

2
�Z




jruj2
� 1

2

;

and since 2 (
 � 1) = 2 n
n�2 = 2

�, we conclude that�Z



juj2
n

n�2

�n�1
n � 1

2

� Cn

�Z



jruj2
� 1

2

; u 2 C1com (
) ;

as required. The case n = 2 is similar and is left as an exercise.
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Finally, to extend this inequality to arbitrary u 2 W 1;2
0 (
), choose a sequence

fukg � C1com (
) that converges to u in W
1;2 (
). Then we obtain that

kum � ukkL2� (
) � Cn kum � ukkW 1;2(
) ! 0 as m; k !1;

so that fukg converges in L2
�
(
) to a function which must be u. Then

kukL2� (
) � lim inf
k!1

kukkL2� (
) � Cn lim inf
k!1

krukkL2(
) = Cn krukL2(
) :

When q < 2� and 
 is bounded, the Lebesgue space Lq (
) is strictly larger than
L2

�
(
), and the natural embedding of W 1;2

0 (
) into Lq (
) via the identity map
turns out to be not only continuous, but also compact.

Theorem 10. (compact embedding) If 
 is a bounded open subset of Rn, then
W 1;2
0 (
) embeds compactly in Lq (
) for all q < 2� = 2 n

n�2 .

Proof : Recall that a set E in a metric space is compact if and only if every
sequence has a convergent subsequence. We will also use a standard characterization
of compactness in a complete metric space: E is compact if and only if E is closed
and totally bounded (for every " > 0, E � [Nj=1Bj for some �nite collection of balls
fBjgNj=1 of radius "). Also, an interpolation inequality for Lebesgue spaces (which
follows from Hölder�s inequality) together with the Sobolev embedding theorem
above shows that
(4.9)

kukLq(
) � kuk
�
L1(
) kuk

1��
L2� (
) � kuk

�
L1(
)

�
Cn kukW 1;2

0 (
)

�1��
;

1

q
=
�

1
+
1� �
2�

:

Thus it is enough to prove the compactness of the embedding of W 1;2
0 (
) into

L1 (
). Indeed, if fukg1k=1 is a bounded sequence in W
1;2
0 (
) that converges in

L1 (
), then (4.9) shows that fukg1k=1 is Cauchy in Lq (
), hence convergent there
as well.
So let A be a bounded set in W 1;2

0 (
). We must show that A is compact in
L1 (
), and for this we may assume without loss of generality that A � C1com (
)
and kukW 1;2

0 (
) � 1 for all u 2 A. Let � be a smooth nonnegative function supported
in the unit ball of Rn having integral 1, and set �h (x) = h�n�

�
x
h

�
for h > 0. Then

uh = u � �h is smooth and the following elementary estimates hold:

juh (x)j �
Z
jzj�h

ju (x� z)j�
� z
h

�
h�ndz � h�n k�k1 kukL1(
) ;

jruh (x)j �
Z
jzj�h

ju (x� z)j
���h�1r�� z

h

����h�ndz � h�n�1 kr�k1 kukL1(
) :

This shows that for every h > 0 the set Ah = fuh : u 2 Ag is a bounded equicon-
tinuous subset of C

�


�
. By Arzela�s theorem, Ah is precompact in C

�


�
, and

thus precompact in L1 (
) since the embedding of C
�


�
into L1 (
) is obviously

continuous.
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Next we observe that writing z = jzj!,

ku� uhkL1(
) =

Z



�����u (x)�
Z
jzj�1

� (z)u (x� hz) dz
����� dx(4.10)

�
Z



Z
jzj�1

� (z) ju (x)� u (x� hz)j dzdx

�
Z



Z
jzj�1

� (z)

Z hjzj

0

���� @@ru (x� r!)
���� drdzdx

� h

Z



jruj � h j
j
1
2

�Z



jruj2
� 1

2

� h j
j
1
2 :

Since Ah is totally bounded in L1 (
) for all h > 0 (since it is precompact), (4.10)
shows that A is totally bounded in L1 (
) as well, and thus precompact as required.

4.3. Elliptic operators. Now let us consider more generally an elliptic second or-
der partial di¤erential operator L in divergence form with bounded measurable coef-
�cients. More precisely, let 
 be a bounded open subset of Rn, and let aij (x) ; d (x)
be bounded measurable real-valued functions on 
. Formally the operator L is
given by

L =

nX
i;j=1

@ia
ij (x) @j + d (x) ;

and L is said to be elliptic if its principal symbol (obtained by replacing the partial
derivative @k by the dual variable �k in the highest order derivatives) is a positive
de�nite quadratic form in the dual variable �, uniformly for x 2 
, i.e.

(4.11) � j�j2 �
nX

i;j=1

aij (x) �i�j � � j�j
2
; � 2 Rn; a.e. x 2 
:

Note that since all variables are now real, we no longer use the conjugation symbol.
It does not make sense to apply the operator L to even a smooth function

u in the pointwise sense since the derivatives @iaij (x) need not exist. However,
the weak sense used above for the operator L = 4 � 1 works equally well here.
Accordingly, letW 1;2 (
) andW 1;2

0 (
) be the real-valued Hilbert spaces with inner
product (4.2) (except that we no longer need the conjugation symbol in the second
variable), and consider real-valued data g; f i 2 L2 (
) and ' 2 W 1;2 (
). We say
that u 2 W 1;2 (
) is a weak solution to the Dirichlet problem (note that we have
added additional inhomogeneous terms of the form @if

i)

(4.12)
�
Lu = g +

Pn
i=1 @if

i in 

u = ' on @


;

provided that u� ' 2W 1;2
0 (
) and

(4.13) �
Z



nX
i;j=1

aij (@i ) (@ju) dx+

Z



du dx =

Z



(
g �

nX
i=1

f i@i 

)
dx;

for all  2W 1;2
0 (
). Note that the integrals in (4.13) are all absolutely convergent

under the given hypotheses on aij ; d; g; f i; u and  . Moreover, a classical solution
u is also a weak solution in this sense.
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Theorem 11. With 
, L, g, f i and ' as above, the Dirichlet problem (4.12) has
a unique solution u 2W 1;2 (
) provided d (x) � 0.

The proof of this theorem is technically complicated compared to the case
L = 4� 1 by the fact that the Riesz representation theorem is no longer directly
applicable. Here is a step-by-step outline of the argument.

� First, we reduce to the case of zero boundary data, ' = 0.
� Second, we cast the integral formula (4.13) in the form of an equation
B ( ; u) = � where B is a bounded bilinear form on H = W 1;2

0 (
), and
� 2 H�.

� Third, we are done by the Lax-Milgram theorem if the form B is coercive.
� Fourth, we consider a related equation Lu � �u = f for � > 0 so large
that the related bilinear form is coercive. This related problem is then
solved as above using the Lax-Milgram theorem, and then the compactness
of the Sobolev embedding together with the Fredholm alternative show
that the original problem (4.12) is solvable if and only if the corresponding
homogeneous problem (when ', g and f i all vanish) has only the trivial
solution u = 0.

� Finally, a maximum principle is proved that yields uniqueness of solutions
to (4.12) when d (x) � 0, and thus that the homogeneous problem has only
the trivial solution.

First, we reduce (4.12) to the case ' = 0 simply by letting w = u � '. Then
u 2W 1;2 (
) solves (4.12) if and only if w 2W 1;2

0 (
) solves

Lw = Lu� L' = g � d'+
nX
i=1

@i

8<:f i �
nX
j=1

aij@j'

9=; = eg + nX
i=1

@i ef i
in 
 in the weak sense. Since eg; ef i 2 L2 (
), we see that it is enough to solve (4.12)
when ' = 0.
Second, motivated by the right side of (4.13), we de�ne a linear functional � on

H =W 1;2
0 (
) by

� = �
Z



(
g �

nX
i=1

f i@i 

)
dx:

Since j� j �


�g; f1; :::; fn�



L2(
)
k kH , we have  2 H�. Motivated by the left

side of (4.13), we also de�ne a bilinear form B (u;  ) on H by

B (u;  ) =

Z



nX
i;j=1

aij (@i ) (@ju) dx�
Z



du dx

The boundedness of aij and d show that B is bounded, and in the opposite direction
we compute using (4.11) that

B ( ; ) =

Z



nX
i;j=1

aij (@i ) (@j ) dx�
Z



d 2dx(4.14)

� �

Z



jruj2 �
Z



d 2dx

� �

Z



jruj2 � kdkL1(
)
Z



 2:
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The middle inequality here shows that if d (x) � �c < 0 for some positive constant
c, then

k k2H =
Z



�
 2 + jruj2

�
� 1

min f�; cgB ( ; ) ;

which is the coercivity of B. Then the Lax-Milgram theorem yields a unique u 2 H
such that � = B ( ; u) for all  2 H, which is equivalent to (4.13), and hence
solves (4.12).
In the event we do not have d (x) � �c < 0 for some positive constant c, we

consider the operators L� given formally by

L�u = Lu� �u =
nX

i;j=1

@ia
ij@ju+ (d� �)u:

For � > kdkL1(
), (4.14) shows that the related bilinear form B� (u;  ) = B (u;  )+

�
R


u is coercive. Now de�ne a map I : H ! H� by (Iu) =

R


u . We claim

that I is a compact linear operator. Indeed, I is the composition of the compact
embedding of H into L2 (
) (Theorem 10) followed by the continuous map from
L2 (
) to H� that sends u 2 L2 (
) to the linear functional  !

R


u ,  2 H.

Now �x � > kdkL1(
) so that B� is bounded and coercive on H. Using the
de�nitions of � and B we can write (4.13) as B ( ; u) = � for all  2 H, which
we abbreviate as the equation

Lu = ��

in the weak sense. We next note that this equation is equivalent to

(4.15) L�u+ �Iu = ��

in the weak sense. Since B� is bounded and coercive on H, the last part of the
Lax-Milgram theorem (Theorem 7) shows that L�1� : H� ! H is bounded, and so
(4.15) is equivalent to the equation

u+ �L�1� Iu = �L�1� �

in H. However, the operator T = ��L�1� I is compact (since I is compact and L�1�
is continuous) and hence the Fredholm alternative (Theorem 8) shows that

� either (I � T )u = 0 has a nonzero solution u 2 H,
� or (I � T )u = w has a uniquely determined solution u 2 H for each w 2 H.

It remains now to show that the �rst of the Fredholm alternatives fails. But

0 = (I � T )u = u+ �L�1� Iu

in H holds if and only if

0 = L�u+ �Iu = Lu

in the weak sense, and the corollary to the maximum principle below shows that the
only solution u 2 H to the equation Lu = 0 in the weak sense is the zero solution
provided d (x) � 0. With this we will have completed the proof of Theorem 11.
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4.3.1. The maximum principle. We have already captured the notion that a func-
tion u 2W 1;2 (
) vanishes on the boundary of 
 by declaring that u = 0 on @
 if
and only if u 2W 1;2

0 (
), the closure inW 1;2 (
) of C1 functions that have compact
support in 
. We now wish to extend this de�nition in the obvious way to give
meaning to expressions such as u � v on @
 and sup@
 u. But �rst we need to know
that u+ = max fu; 0g 2 W 1;2 (
) if u 2 W 1;2 (
). For this we use the following
four lemmas.

Lemma 4. If u 2 L1loc (
), then u � �" ! u in L1loc (
), i.e.
R
K
ju � �" � uj ! 0

as "! 0 for every compact K � 
.

Proof : Suppose �rst that f 2 C0com (
). Then for � > 0,Z
jf � �� � f j =

Z ����Z ff (x� y)� f (y)g�� (y) dy
���� dx

� sup
x
sup
jyj��

jf (x� y)� f (y)j

tends to 0 as � ! 0 by uniform continuity of f . Now given u 2 L1loc (
), K compact
in 
 and " > 0, chooseK � 
0 b 
 and use that C0com (
0) is dense in L1 (
0) to �nd
f 2 C0com (
0) such that

R

0
ju� f j < "

3 . Then we also have for � < dist (K; @
0),Z
K

j(u� f) � ��j =
Z
K

����Z

0
�� (x� y) fu (y)� f (y)g dy

���� dx � Z

0
ju (y)� f (y)j dy < "

3
;

and so we conclude thatZ
K

ju � �� � uj �
Z
K

j(u� f) � ��j+
Z
jf � �� � f j+

Z
K

j(f � u)j

� "

3
+ sup

x
sup
jyj��

jf (x� y)� f (y)j+ "

3
< "

for � > 0 su¢ ciently small.

Lemma 5. Let u; v 2 L1loc (
) and 1 � j � n. Then v = @u
@xj

if and only if there is

a sequence of smooth functions fumg converging to u in L1loc (
) whose derivatives
@um
@xj

converge to v in L1loc (
).

Proof : We have u�� 1
m
! u in L1loc (
) by the previous lemma. If v =

@u
@xj

then

v � � 1
m
= u � @

@xj
� 1
m
by de�nition, and a di¤erence quotient argument shows that

this is @
@xj

�
u � � 1

m

�
, which then converges to v in L1loc (
). The converse is easy.

Lemma 6. Let f 2 C1 (R) with f 0 2 L1 (R) and suppose u 2 W 1;2 (
). Then
f � u 2W 1;2 (
) and r (f � u) = (f 0 � u)ru.

Proof : By the previous lemma there is a sequence fumg of smooth functions
such that um ! u and rum ! ru in L1loc (
). Then for 
0 b 
,Z


0
jf (um)� f (u)j � kf 0k1

Z

0
jum � uj ! 0 as m!1;Z


0
jf 0 (um)rum � f 0 (u)ruj � kf 0k1

Z

0
jrum �ruj+

Z

0
jf 0 (um)� f 0 (u)j jruj

also tends to 0 as m ! 1 upon applying the dominated convergence theorem to
the last integral using the continuity of f 0 and assuming, as we may by passing
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to a subsequence, that um ! u a.e. in 
0. This shows that f � um ! f � u and
r (f � um) = (f 0 � um)rum ! (f 0 � u)ru in L1loc (
), and we�re done.

Lemma 7. Let u 2W 1;2 (
). Then u+ 2W 1;2 (
) and ru+ =
�
ru if u > 0
0 if u � 0 .

Proof : For " > 0 de�ne f" (u) =
� p

u2 + "2 � " if u > 0
0 if u � 0 . Then by the

previous lemma we have for any ' 2 C1com (
),Z



f" (u)r' = �
Z
fu>0g

'
urup
u2 + "2

;

and letting "! 0 yields
R


u+r' = �

R
fu>0g 'ru as required.

De�nition 5. Let u; v 2W 1;2 (
). We de�ne u � v on @
 if

(u� v)+ 2W
1;2
0 (
) ;

and de�ne

sup
@


u = inf f� 2 R : u � � on @
g :

Theorem 12. Suppose 
 and L are as above with d (x) � 0 in 
. If u 2W 1;2 (
)
satis�es Lu = 0, then

sup


juj � sup

@

juj :

Proof : From Lu = 0 and d (x) � 0 we obtainZ



nX
i;j=1

aij (@iv) (@ju) =

Z



duv � 0

for all v 2W 1;2
0 (
) such that uv � 0 in 
. Now let � = sup@
 u+ � 0 and set

v = max fu� �; 0g = (u� �)+ = (u+ � �)+ :

By de�nition u+ � � � 0 on @
 and so v = (u+ � �)+ 2 W
1;2
0 (
). We also have

uv � 0 since u > � � 0 where v > 0, and it follows using (4.11) that

�

Z



jrvj2 �
Z



nX
i;j=1

aij (@iv) (@jv) =

Z



nX
i;j=1

aij (@iv) (@ju) � 0;

which implies that v is constant. Indeed, the above lemmas imply @jv = @ju a.e.
on the set where v > 0, and @jv = 0 a.e. on the set where v � 0. Moreover
r (v � �h) (x) = (rv � �h) (x) = 0 if dist (x; @
) > h. Thus v � �h (x) is constant
for dist (x; @
) > h and since v � �h ! v in L1loc (
), v is constant in 
.
Since v 2 W 1;2

0 (
), v is the zero constant which yields u+ � � = sup@
 u+ in

. If we apply the same argument to �u we get (�u)+ � sup@
 (�u)+ in 
, and
combining these two inequalities with juj = u+ + (�u)+ gives sup
 juj � sup@
 juj.

Corollary 2. Suppose 
 and L are as above with d (x) � 0 in 
. If u 2 W 1;2
0 (
)

satis�es Lu = 0, then u = 0 in 
.
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4.4. Proof of the Fredholm alternative. First we recast a slight strengthening
of Theorem 8 in terms of the null space NS and range RS of a linear operator S.

Theorem 13. (Fredholm alternative) Suppose that T : H ! H is a compact
operator on a Hilbert space H, and set S = I � T . Then NS = f0g if and only if
RS = H. If RS = H, then S has a bounded linear inverse S�1 : H ! H.

Proof : We give the proof in four steps.
First, if NS = f0g, there is a constant C such that

(4.16) kxk � C kSxk ; x 2 H:
Indeed, if not then there is a sequence fxng1n=1 � H with kSxnk = 1 and kxnk %
1. Then zn = xn

kxnk is in the unit ball of H and kSznk & 0. Since T is compact,
there is a subsequence fznkg

1
k=1 such that Tznk converges in H, to say w. But

then znk = Sznk +Tznk converges to 0+w = w and since Sw = limk!1 Sznk = 0,
the assumption NS = f0g yields w = 0. This contradicts kznkk = 1 for all k, and
completes the proof of (4.16).
Second, still assuming NS = f0g, we obtain from (4.16) and the boundedness of

S that kxk � C kSxk � C 0 kxk for all x 2 H. This easily yields that RS is closed,
and moreover that S takes closed sets to closed sets.
Third, still assuming NS = f0g, we claim that RS = H. Let Vk = SkH. Then

Vk is closed by induction using the previous step, and Vk+1 � Vk for all k. We must
have Vk = Vk+1 for some k since otherwise there is yk 2 Vk�Vk+1 with kykk = 1
and yk ? Vk+1. But then we have for n > m,

kTyn � Tymk = k(Sym � Syn + yn)� ymk � kymk = 1
by Lemma 2 since Sym � Syn + yn 2 Vm+1 and ym ? Vm+1. Thus fTyng1n=1 has
no convergent subsequence, contradicting T compact.
So Vk = Vk+1 for some k. Then for y 2 H we have Sky = Sk+1x for some x 2 H.

Thus Sk (y � Sx) = 0 implies y = Sx upon iterating (4.16):

ky � Sxk � C kS (y � Sx)k � C2


S2 (y � Sx)



� ::: � Ck


Sk (y � Sx)

 = 0:

This shows that S is onto, and then (4.16) shows that S�1 : H ! H exists and is
bounded.
Fourth, we claim thatRS = H implies NS = f0g. This time let Vk = S�k (f0g).

Then Vk is closed by the continuity of S, and Vk � Vk+1 for all k. An argument
analogous to that above shows that there is m such that Vn = Vm for all n � m.
Given y 2 Vm, an induction using RS = H shows that RSm = H, and so there is
x 2 H such that y = Smx. Thus S2mx = Smy = 0 by the de�nition of y 2 Vm. So
x 2 V2m = Vm implies that y = Smx = 0 as well. Thus Vm = f0g and hence so
also the smaller space V1 = S�1 (f0g). This completes the proof that NS = f0g.

5. Completeness theorems ([2])

The uniform boundedness principle, the open mapping theorem and the closed
graph theorem all depend on the following result of Baire.

Theorem 14. If X is either (1) a complete metric space or (2) a locally compact
Hausdor¤ space, then the intersection of countably many open dense subsets of X
is dense in X.
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Proof: Let fVkg1k=1 be a sequence of open dense subsets of X, and let B0 be
any nonempty open subset of X. De�ne sets Bn inductively by choosing Bn open
and nonempty with Bn � Vn \Bn�1 and in addition,

diam (Bn) <
1

n
in case (1),

Bn is compact in case (2).

Let K = \1n=1Bn. Then in case (1), if we choose points xn 2 Bn, the sequence
fxng1n=1 is Cauchy and converges in K since K is closed. Thus K 6= �. In case
(2), K 6= � since the sets Bn are compact and decreasing, hence satisfy the �nite
intersection property. Thus in both cases � 6= K � B0 \ (\1k=1Vk), and this shows
that \1k=1Vk is dense in X.

Remark 4. A subset V of X is open and dense if and only if X�V is closed with
empty interior. Thus the conclusion of Baire�s theorem can be restated as �every
countable union of closed sets with empty interior in X has empty interior in X�.

De�nition 6. Let E be a subset of a topological space X. We say that E is nowhere
dense if E has empty interior, that E is of the �rst category if it is a countable
union of nowhere dense sets, and that E is of the second category if it is not of the
�rst category.

5.1. The uniform boundedness principle.

Theorem 15. (Banach-Steinhaus uniform boundedness principle) Let X;Y be Ba-
nach spaces and � a set of bounded linear maps from X to Y . Let

B =

�
x 2 X : sup

�2�
k�xkY <1

�
:

If B is of the second category in X, then B = X and � is equicontinuous, i.e.

sup
�2�

k�k <1;

where k�k = supkxk�1 k�xkY .

Proof : Let E = \�2���1
�
BY

�
0; 12
��
where BY (0; r) is the ball of radius r

about the origin in Y . Then E is closed by the continuity of the maps �. If x 2 B,
then there is n 2 N such that �x 2 nBY

�
0; 12
�
for all � 2 �. Thus B = [1n=1nE

and since B is of the second category in X, so is nE for some n 2 N. Since x! nx
is a homeomorphism of X, we have that E is of the second category in X. Thus
E has an interior point x and there is r > 0 so that x � E � BX (0; r). Then we
conclude

� (BX (0; r)) � �x� �E � BY

�
0;
1

2

�
�BY

�
0;
1

2

�
� BY (0; 1);

which implies k�k � 1
r for all � 2 �.

5.1.1. Nonconvergence of Fourier series of continuous functions. Recall that
�
eint

	
n2Z

is an orthonormal set in L2 (T), i.e.

eimt; eint

�
=

Z 2�

0

eimteint
dt

2�
=

�
0 if m 6= n
1 if m = n

:
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Given U = fu�g�2A an orthonormal set in a Hilbert space H, and x 2 H, de�ne
the Fourier coe¢ cients of x (relative to U) bybx (�) = hx; u�i ; � 2 A:

Theorem 16. Let U = fu�g�2A be an orthonormal set in a Hilbert space H, and
suppose fa1; :::; �Ng is a �nite subset of A. Then

(1) x =
PN

n=1 cnu�n implies that cn = bx (�n) and kxk2 =PN
n=1 jbx (�n)j2.

(2) x 2 H implies




x�
NX
n=1

bx (�n)u�n





 �






x�
NX
n=1

�nu�n







for all scalars �1; :::�N , and morever, equality holds if and only if �n =bx (�n) for 1 � n � N . The vector

PN
n=1 bx (�n)u�n is the orthogonal

projection of x onto the linear space spanned by fu�ng
N
n=1.

Proof : Statement (1) is a straightforward computation using orthonormality,
and (2) is equivalent, after squaring and expanding, to the inequality

kxk2 �
NX
n=1

jbx (�n)j2 � kxk2 � 2Re NX
n=1

bx (�n)�n + NX
n=1

j�nj2 ;

which in turn follows from
���PN

n=1 bx (�n)�n��� �qPN
n=1 jbx (�n)j2qPN

n=1 j�nj
2.

Theorem 17. (Bessel�s inequality) If U = fu�g�2A is an orthonormal set in a
Hilbert space H, then

P
�2A jbx (�)j2 � kxk2 for all x 2 H.

Theorem 18. (Riesz-Fischer) If U = fu�g�2A is an orthonormal set in a Hilbert
space H and ' 2 `2 (A), then there is x 2 H such that bx = '.

Proof : There is E = f�ng1n=1 � A such that ' (�) = 0 for � 2 A�E. Then
xN =

PN
n=1 ' (�n)u�n is Cauchy in H, hence convergent to some x 2 H, and

continuity now yields bx = '.

Theorem 19. Suppose U = fu�g�2A is an orthonormal set in a Hilbert space H.
Equality holds in Bessel�s inequality, i.e.

kxk =
(X
�2A

jbx (�)j2) 1
2

= kbxk`2(A) ; x 2 H;

if and only if

SpanU �
(X
�2F

c�u� : c� scalar, F a �nite subset of A

)
is dense in H.

Remark 5. The orthornormal set U =
�
eint

	
n2Z is dense in H = L2 (T) by the

Stone-Weierstrass theorem, and thus the map F : L2 (T)! `2 (Z) given by

Ff (n) = bf (n) = 
f; eint� = Z 2�

0

f (t) e�int
dt

2�
; n 2 Z;
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is a Hilbert space isomorphism of L2 (T) onto `2 (Z). Note that an inner product
h�; �i on an inner product space X can always be recovered from its norm k�k by
polarization:

4Re hx; yi = kx+ yk2 � kx� yk2 ; x; y 2 X:

Now consider the symmetric partial sums Snf of the Fourier series of f 2 L2 (T):

Snf (x) =
nX

k=�n

bf (k) eikx = nX
k=�n

Z 2�

0

f (t) e�ikt
dt

2�
eikx

=

Z 2�

0

f (t)

(
nX

k=�n
eik(x�t)

)
dt

2�

=

Z 2�

0

f (t)Dn (x� t)
dt

2�
= f � Dn (x) ;

where

Dn (�) =
nX

k=�n
eik� =

�
ei

�
2 � e�i �2

�Pn
k=�n e

ik�

ei
�
2 � e�i �2

=
ei(n+

1
2 )� � e�i(n+ 1

2 )�

ei
�
2 � e�i �2

=
sin
�
n+ 1

2

�
�

sin �2

satis�es Z 2�

0

jDn (�)j
d�

2�
> 2

Z �

0

��sin �n+ 1
2

�
�
���� �

2

�� d�

2�

=
2

�

Z (n+ 1
2 )�

0

jsin �j d�
�

>
2

�

nX
k=1

1

k�

Z k�

(k�1)�
jsin �j d�

=
4

�2

nX
k=1

1

k
;

and so tends to 1 as n!1.
From the Hilbert space theory above, we obtain that Snf converges to f in

L2 (T) for all f 2 L2 (T):

kSnf � fk2 =
X
jkj>n

��� bf (k)���2 ! 0 as n!1; f 2 L2 (T) :

For f 2 C (T) we ask if we have pointwise convergence of Snf to f on T. How-
ever, the property supn�1 kDnkL1(T) = 1 of the Dirichlet kernel Dn, when com-
bined with the uniform boundedness principle, implies that there are continuous
functions f 2 C (T) whose Fourier series

P1
k=�1

bf (k) eikx fail to converge at
some points x in T. In fact there is a dense G� subset � of C (T) (a set is a
G� subset of X if it is a countable intersection of open subsets of X) such that
fx 2 T : Snf (x) fails to converge at xg contains a dense G� subset of T for every
f 2 �.
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To see this, set �nf = Snf (0) =
R 2�
0

f (t)Dn (t) dt2� . Then �n 2 C (T)� and
k�nk� =

R 2�
0
jDn (t)j dt2� % 1 as n ! 1. By the uniform boundedness principle

we have

sup
n�1

j�nf j = sup
n�1

jSnf (0)j =1

for f in some dense G� subset of C (T) since supn�1 j�nf j is a lower semicontinuous
function of f . In particular there is a continuous function f on T whose Fourier
series fails to converge at 0.
Now choose fxig1i=1 dense in T, and by applying the above argument with xi in

place of 0, choose Ei to be a dense G� subset of C (T) such that

sup
n�1

jSnf (xi)j =1; f 2 Ei; i � 1:

By Baire�s theorem, E = \ni=1Ei is also a dense G� subset of C (T). Thus for
every f 2 E we have supn�1 jSnf (xi)j = 1 for all i � 1. Now we note that
supn�1 jSnf (x)j is a lower semicontinuous function of x (since it is a supremum of
continuous functions), and thus the set�

x 2 T : sup
n�1

jSnf (x)j =1
�

is a G� subset of T for every f 2 C (T). Combining these observations yields that
there is a dense G� subset E of C (T) such that for every f 2 E, the set of x where
the Fourier series of f fails to converge contains a dense G� subset of T.

Remark 6. In a complete metric space X without isolated points, every dense G�
subset is uncountable. Indeed, if E = fxkg1k=1 = \1n=1Vn, Vn open, is a countable
dense G� subset of X, then Wn = Vn� fxkgnk=1 is still a dense open subset of X,
but \1n=1Wn = �, contradicting Baire�s theorem.

Remark 7. A famous theorem of L. Carleson shows that for every f 2 L2 (T),
limn!1 Snf (x) = f (x) for a.e. x 2 T.

5.2. The open mapping theorem. Amap f : X ! Y whereX;Y are topological
spaces is open if f (G) is open in Y for every G open inX. A famous �open mapping
theorem� is that a holomorphic function f on a connected open subset 
 of the
complex plane is open if it is not constant. If we consider continuous linear maps
� : X ! Y where X;Y are Banach spaces, then � is open if it is onto. Note that
for a linear map � : X ! Y from one normed linear space X to another Y , � is
open if and only if � (BX (0; 1)) � BY (0; r) for some r > 0.

Theorem 20. (Open mapping theorem) Suppose X;Y are Banach spaces and � :
X ! Y is bounded and onto. Then � is an open map.

Remark 8. More generally, if � : X ! Y is a bounded linear operator from a
Banach space X to a normed linear space Y , and if �X is of the second category in
Y , then � is open and onto Y , and Y is a Banach space. The proof is essentially
the same as that given below.

Proof : Since � is onto we have Y = [1k=1�
�
kBX

�
0; 14
��
, and thus by Baire�s

theorem, one of the sets �
�
kBX

�
0; 14
��
= k�

�
BX

�
0; 14
��
must have nonempty
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interior, and hence so must �
�
BX

�
0; 14
��
, say

BY (y0; r) � �
�
BX

�
0;
1

4

��
:

Then we have

�

�
BX

�
0;
1

2

��
� �

�
BX

�
0;
1

4

��
� �

�
BX

�
0;
1

4

��
(5.1)

� �

�
BX

�
0;
1

4

��
� �

�
BX

�
0;
1

4

��
� BY (y0; r)�BY (y0; r)
� BY (0; r) :

It remains only to prove that �
�
BX

�
0; 12
��
� � (BX (0; 1)). For this, �x y1 2

�
�
BX

�
0; 12
��
. Now the argument above shows that �

�
BX

�
0; 14
��
contains an

open ball BY (0; r1) about the origin as well. There is x1 2 BX
�
0; 12
�
such that

�x1 2 �
�
BX

�
0; 12
��
satis�es k�x1 � y1kY < r1. Then we have

�x1 2 BY (y1; r1) �
(
y1 � �

�
BX

�
0;
1

4

��)
:

Now de�ne

y2 = y1 � �x1 2 �
�
BX

�
0;
1

4

��
:

We can repeat this procedure inductively to obtain sequences fxng1n=1 � X and
fyng1n=1 � Y satisfying

xn 2 BX

�
0;
1

2n

�
;

yn 2 �

�
BX

�
0;
1

2n

��
;

yn+1 = yn � �xn;

for all n � 1. Then x = limm!1
Pm

n=1 xn 2 BX (0; 1) since kxk �
P1

n=1 kxnk <P1
n=1

1
2n = 1, and since kynk � k�k 2

�n,

�x = lim
m!1

mX
n=1

�xn = lim
m!1

mX
n=1

(yn � yn+1) = y1 � lim
m!1

ym+1 = y1:

5.2.1. Fourier coe¢ cients of integrable functions. If f 2 L1 (T), then
��� bf (n)��� =���R 2�0 f (t) e�int dt2�

��� � kfkL1(T) for all n 2 Z, i.e. F =b is a bounded linear map
from L1 (T) to `1 (Z) of norm 1 (b1 = �0). More is true because of the density of
trigonometric polynomials

PN
n=�N cne

inx in L1 (T), namely the Riemann-Lebesgue
lemma:

lim
n!1

��� bf (n)��� = 0; f 2 L1 (T) .
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To prove this, simply let " > 0 be given and choose P (x) =
PN

n=�N cne
inx such

kf � PkL1(T) < ". Since bP (n) = 0 for jnj > N , we have��� bf (n)��� = ���\f � P (n)��� � kf � PkL1(T) < "

for jnj > N . Thus F : L1 (T)! `10 (Z) with norm 1 where `10 (Z) is the closed sub-
space of `1 (Z) consisting of those sequences with limit zero at �1. The following
application of the open mapping theorem shows that not every such sequence arises
as the Fourier transform of an integrable function on T.

Theorem 21. The Fourier transform F : L1 (T)! `10 (Z) is bounded and one-to-
one, but not onto.

Proof : To see that F is one-to-one, suppose that f 2 L1 (T) and bf (n) = 0 for
all n 2 Z. Then if P (x) =

PN
n=�N cne

inx is a trigonometric polynomial,

(5.2)
Z 2�

0

f (t)P (t) dt =
NX

n=�N
cn

Z 2�

0

f (t) eintdt = 0;

and since trigonometric polynomials are dense in C (T), we haveZ 2�

0

f (t) g (t) dt = 0

for all g 2 C (T). Now let E be a measurable subset of T. By Lusin�s theorem there
is a sequence of continuous functions fgng1n=1 such that gn = �E except on a set
of measure at most 2�n and where kgnk1 = 1 for all n � 1. Thus gn ! �E almost
everywhere on T, and the dominated convergence theorem shows thatZ

E

f (t) dt = 0:

With E equal ft : f (t) > 0g and ft : f (t) < 0g, we see that f = 0 a.e.
Now we prove that F is not onto by contradiction. If RF = `10 (Z), then the

open mapping theorem shows that there is � > 0 such that

(5.3)



 bf




`10 (Z)
� � kfkL1(T) ; f 2 L1 (T) :

But (5.3) fails if we take f = Dn for n large, since



 bf




`10 (Z)
=



�f�n;1�n;:::;n�1;ng




`10 (Z)
=

1 while kDnkL1(T) %1.

5.3. The closed graph theorem. If X is any topological space and Y is a Haus-
dor¤ space, then every continuous map f : X ! Y has a closed graph (exercise:
prove this). A statement that gives conditions under which the converse holds is
referred to as a �closed graph theorem�. Here is an elementary example. Suppose
that X and Y are metric spaces and Y is compact. If the graph of f is closed in
X�Y then f is continuous. Indeed, for metric spaces it is enough to show that every
sequence fxng1n=1 in X converging to a point x 2 X has a subsequence fxnkg

1
k=1

such that f (xnk) ! f (x) as k ! 1. However, since Y is compact, ff (xn)g1n=1
has a convergent subsequence, say f (xnk) ! y 2 K as k ! 1. Thus (x; y) is a
limit point of the graph G = f(x; f (x)) : x 2 Xg, and since G is assumed closed,
we have (x; y) 2 G, i.e. y = f (x). The next theorem gives the same conclusion
for a linear map from one Banach space to another. Note that linearity is needed
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here since f : R ! R by f (x) =
�

1
x if x 6= 0
0 if x = 0

has a closed graph, but is not

continuous at the origin.

Theorem 22. (closed graph theorem) Suppose that X and Y are Banach spaces
and � : X ! Y is linear. If the graph G = f(x;� (x)) : x 2 Xg is closed in X � Y ,
then � is continuous.

Proof : The product X�Y is a Banach space with the norm k(x; y)k = kxkX +
kykY . Since � is linear and the graph G of � is closed, G is also a Banach space.
Now the projection �1 : X �Y ! X by (x; y)! x is a continuous linear map from
the Banach space G onto the Banach space X, and the open mapping theorem
thus implies that �1 is an open map. However, �1 is clearly one-to-one and so the
inverse map ��11 : X ! G exists and is continuous. But then the composition
�2 � ��11 : X ! Y is also continuous where �2 : X � Y ! Y by (x; y)! y. We are
done since �2 � ��11 = �.

As a consequence of the closed graph theorem, we obtain the automatic conti-
nuity of symmetric linear operators on a Hilbert space.

Theorem 23. (Hellinger and Toeplitz) Suppose that T is a linear operator on a
Hilbert space H satisfying hTx; yi = hx; Tyi for all x; y 2 H. Then T is continuous.

Proof : It is enough to show that T has a closed graph G. So let (x; z) be a
limit point of G. Then there is a sequence fxng1n=1 � X such that xn ! x and
Txn ! z. For every y 2 H the symmetry hypothesis now shows that

hT (xn � x) ; yi = hxn � x; Tyi ! 0

as n!1. But we also have
hT (xn � x) ; yi = hTxn; yi � hTx; yi ! hz; yi � hTx; yi

as n ! 1. Thus hz � Tx; yi = 0 for all y 2 H and so z = Tx, which shows that
(x; z) 2 G.

5.3.1. Interpolating sequences. The closed graph theorem �nds many applications
within the theory of interpolating sequences, typical of its use more widely in analy-
sis. We describe one such example here. Given a �nite subset Z = fzjgJj=1 of the
open unit disk D in the complex plane C, and a sequence of data � =

�
�j
	J
j=1

in
C, it is easy to see that there is a bounded holomorphic function f in the disk that
interpolates the data, i.e. f 2 H1 (D) and f (zj) = �j for 1 � j � J . Indeed, the

polynomial f (z) =
PJ

j=1 �j
Y
i 6=j

z�zi
zj�zi is a solution (although typically with a much

larger supremum norm than necessary). In the 1950�s Buck raised the question of
whether or not there exists an in�nite subset Z = fzjg1j=1 of D that is interpolating
for H1 (D), i.e. for every bounded sequence � =

�
�j
	1
j=1

of complex numbers there
is f 2 H1 (D) such that f (zj) = �j for 1 � j < 1. In 1958 Carleson gave an
a¢ rmative answer and moreover characterized all such interpolating sequences in
the disk.
Implicit in Carleson�s solution, and explicitly realized by Shapiro and Shields in

1961, is the equivalence of this problem with certain Hilbert space analogues which
we now describe. Let H2 (D) be the Hardy space consisting of all holomorphic
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functions f (z) =
P1

n=0 anz
n in the unit disk with kfkH2(D) =

qP1
n=0 janj

2
<1.

The Hardy space H2 (D) can be identi�ed with the closed subspace H2 (T) of L2 (T)
given by

H2 (T) =
n
f 2 L2 (T) : bf (n) = 0 for n < 0o :

Indeed, simply associate each f (z) =
P1

n=0 anz
n in the unit disk with the square

integrable function f� on the circle satisfying cf� (n) = � an for n � 0
0 for n < 0

. The

inner product on H2 (D) is then de�ned by that on H2 (T) inherited from L2 (T):

hf; gi = 1

2�

Z
T
f�
�
ei�
�
g� (ei�)d� =

1X
n=0

bf (n) bg (n) = 1X
n=0

anbn

if f (z) =
P1

n=0 anz
n and g (z) =

P1
n=0 bnz

n. Cauchy�s theorem applied to poly-
nomials, and then followed by a limiting argument, shows that

f (z) =
1

2�i

Z
T

f�
�
ei�
�

ei� � z d
�
ei�
�
=
1

2�

Z
T

f�
�
ei�
�

1� e�i�z d� = hf; kzi

where the �reproducing kernel�kz 2 H2 (D) satis�es kz (�) = 1
1�z� and k

�
z

�
ei�
�
=

1
1�zei� . We note in passing that if f (rkz) is a rapidly converging sequence in
H2 (D) (where the radii rk tend to 1 from below), then f�

�
ei�
�
= limk!1 f

�
rke

i�
�

for a.e. �. Moreover, Fatou�s theorem shows that we actually have f�
�
ei�
�
=

limr!1� f
�
rei�

�
for a.e. �, but we will not need either of these facts here.

The above computations show that for �xed z 2 D, the linear functional f !

f (z) is continuous onH2 (D) with norm kkzk =
p
hkz; kzi =

p
kz (z) =

�
1� jzj2

�� 1
2

.

Thus the map f !
�
f (zj)

q
1� jzj j2

�1
j=1

is bounded with norm 1 from H2 (D)

to `1 (Z). The relevant questions that Shapiro and Shields then asked were these.
When is this map onto (respectively into) the smaller Hilbert space `2 (Z)? In other
words, when is the restiction map Rf = ff (zj)g1j=1 onto (respectively into) the
weighted space

`2 (�) =

8<:� = ��j	1j=1 : k�k`2(�) =
vuut 1X

j=1

���j��2 �j <1
9=;

with weight �j = 1� jzj j
2
= 1

kzj (zj)
? We will see in a moment that these questions

are equivalent to Buck�s question above. But �rst we show how the closed graph
theorem yields an unexpected control in the way we may interpolate the data
� 2 `2 (�) when R maps H2 (D) onto (but not necessarily into) `2 (�).

Lemma 8. Suppose that `2 (�) � R
�
H2 (D)

�
. Then there is a constant C such

that for every � 2 `2 (�), there is f 2 H2 (D) satisfying
(1) Rf = �,
(2) kfkH2(D) � C k�k`2(�).

Proof : Let M =
�
f 2 H2 (D) : f (zj) = 0; 1 � j <1

	
. Then M is closed since

point evaluations are continuous, and we have H2 (D) =M �M?. Let P? denote
projection of H2 (D) onto M?. Then if � 2 `2 (�) and f� 2 H2 (D) satis�es Rf� =
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�, we have that RP?f� = � with P?f� the unique such element in M?. Thus
�� = P?f� de�nes a linear map from `2 (�) to M? with R�� = �. Clearly � has

closed graph since if
�
�k;��k

�
! (�; h) in `2 (�) �M?, i.e. �k ! � in `2 (�) and

��k ! h in M?, then both

�kj ! �j and ��
k (zj)! h (zj)

as k ! 1 for each �xed j. However ��k (zj) =
�
RP?f�k

�
j
= �kj then shows

that h (zj) = �j = �� (zj) for all j and hence by uniqueness in M
? that �� = h,

i.e. (�; h) is in the graph of �. The closed graph theorem now implies that � is
continuous and we may take f = �� in the conclusion of the lemma.
An even easier argument using the closed graph theorem shows that if R maps

H2 (D) into `2 (�), then it does so boundedly.

Before stating Carleson�s theorem, we derive an interesting consequence of the
interpolation control given by (2) in the lemma above.

Corollary 3. If `2 (�) � R
�
H2 (D)

�
then Z = fzjg1j=1 is separated in the Poincaré

metric: there is a positive constant c such that

jzi � zj j � cmin f1� jzij ; 1� jzj jg ; i 6= j:

Proof : Fix j and let � satisfy �i = �ij . By the lemma there is f 2 H2 (D) such

that f (zi) = �ij and kfkH2(D) � C k�k`2(�) = C
q
1� jzj j2 with C � 1. Thus for

i 6= j and any complex scalar �,

1 = (f (zj)� �f (zi))2 =


f; kzj � �kzi

�2
� kfk2H2(D)



kzj � �kzi

2H2(D)

� C
�
1� jzj j2

�n

kzj

2H2(D) + j�j
2 kkzik

2
H2(D) � 2Re



kzj ; �kzi

�o
= C

�
1

kzj (zj)

�n
kzj (zj) + j�j

2
kzi (zi)� 2Re�kzi (zj)

o
= C

(
2� 2 jkzi (zj)jp

kzi (zi)
p
kzj (zj)

)

if we choose � =
jkzi (zj)j

p
kzj (zj)

kzi (zj)
p
kzi (zi)

. Thus we have

1�
���� zi � zj1� zjzi

����2 =
�
1� jzij2

��
1� jzj j2

�
j1� zjzij2

=
jkzi (zj)j

2

kzi (zi) kzj (zj)
�
�
1� 1

2C

�2
and hence

��� zi�zj1�zjzi

��� � c > 0 for all i 6= j, which easily yields the corollary.

We note that if R maps H1 (D) onto `1 (Z), then the open mapping theorem
easily shows that Z is separated. Indeed, there is c > 0 such thatR (unit ball in H1 (D)) �
c�unit ball in `1 (Z). Thus for �xed i 6= j there is f 2 H1 (D) of norm at most
one with f (zi) = c and f (zj) = 0. If 'w (z) =

w�z
1�wz is the idempotent automor-

phism of the disk D that interchanges 0 and w, then g = f � 'zj maps D to D and
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g (0) = f (zj) = 0. Thus the Schwarz lemma implies that (recall 'zj � 'zj is the
identity)

c = jf (zi)j =
���g �'zj (zi)���� � ���'zj (zi)��� = ���� zj � zi1� zjzi

���� ;
which shows as above that Z is separated. Thus separation is a necessary condition
for either `2 (�) � R

�
H2 (D)

�
or `1 (Z) � R (H1 (D)), and we may as well assume

it from the outset. Now we can state Carleson�s theorem with contributions from
Shapiro and Shields.

Theorem 24. Suppose that Z = fzjg1j=1 � D is separated and let R be the restric-
tion map Rf = ff (zj)g1j=1. Then the following conditions are equivalent:

(1) R maps H1 (D) onto `1 (Z),
(2) R maps H2 (D) onto `2 (�),
(3) R maps H2 (D) into `2 (�),
(4) � (T (I)) � C jIj for all arcs I � T.
Here the tent T (I) over the arc I is the convex hull of I and zI = rei� where ei�

is the midpoint of I and r = 1� jIj
2� .

Marshall and Sundberg identi�ed the crucial interplay between the spacesH1 (D)
and H2 (D) here, namely that H1 (D) is the multiplier algebra MH2(D) of the
Hilbert spaceH2 (D). They then replaced the Hardy space with the classical Dirich-
let space

D (D) =
(
f holomorphic in D : kfkD(D) =

s
jf (0)j2 +

Z
D
jf 0 (z)j2 dz <1

)
and obtained a theorem analogous to that above but with a stronger separation
condition, D (D) in place of H2 (D), MD(D) in place of H1 (D), a larger measure e�
in place of � where e�j = 1gkzj (zj) and fkw (z) = 1

wz log
1

1�wz is the reproducing kernel

for D (D), a more complicated capacity condition in place of (4), and �nally without
condition (2). In fact, as observed by Bishop, even when the measure e� is �nite,
R maps D (D) onto `2 (e�) for sequences Z more general than those for which R
maps D (D) into `2 (e�). Recently Arcozzi, Rochberg and Sawyer have characterized
(at least when the measure e� is �nite) the sequences Z for which R maps D (D)
onto `2 (e�) in terms of a capacity condition on the Bergman tree T , the standard
grid of points in the disk uniformly separated in the Poincaré metric and endowed
with the obvious tree structure. Many open problems remain in connection with
interpolating sequences.

6. Convexity theorems ([2] and [4])

If M is a closed subspace of a Hilbert space H and � is a bounded linear func-
tional on M , then we can always extend � to a bounded linear functional �ext on
all of H with the same norm. Indeed, Theorem 4 shows that H = M �M?, and
so we can simply extend � by the formula �ext

�
m;m?� = �m. The Hahn-Banach

theorem shows that we can do the same for any subspaceM (not necessarily closed)
in any normed linear space. However, this requires the axiom of choice and opens
the door to paradoxical constructions such as the Banach-Tarski paradox: the open
unit ball in R3 can be decomposed into 5 pieces, which can then be rearranged by
rigid motions (although probably not by continuous disjoint motions - but this is
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an open problem) into two disjoint copies of the unit ball. Of course these pieces
cannot be Lebesgue measurable, and the construction depends crucially on the ex-
istence of a free subgroup of rotations in R3 of rank 2. Before constructing the
Banach-Tarski paradox, we will use the Hahn-Banach and Banach-Alaoglu theo-
rems to construct nontrivial �nitely additive positive measures on the full power set
of abelian groups (this also uses the axiom of choice!), thus proving the impossibility
of such paradoxical constructions using only translations.

6.1. The Hahn-Banach theorem.

Theorem 25. (Hahn-Banach) LetM be a proper subspace of a normed linear space
X. If f 2M�, then there is F 2 X� such that F jM= f and kFkX� = kfkM� .

Proof : Suppose �rst that the scalar �eld is R. Without loss of generality
kfkM� = 1. Choose x0 2 X�M and let

M0 = Span fM;x0g = fx+ �x0 : x 2M;� 2 Rg :
De�ne f0 on M0 by f0 (x+ �x0) = f (x)+�� where � 2 R will be chosen below so
that f0 is a norm-preserving extension of f toM0. Since f0 is a linear extension of f
for any � 2 R, we need only require that jf (x) + ��j � kx+ �x0k for x 2M;� 2 R,
and if we write y = x

� , this is equivalent to

�ky + x0k � f (y) + � � ky + x0k ; y 2M;

and with z = �y, to
(6.1) f (z)� kz � x0k � � � f (z) + kz � x0k ; z 2M:

However, the supremum of the left side and the in�mum of the right side satisfy

sup
z2M

f (z)� kz � x0k � inf
w2M

f (w) + kw � x0k

since
f (z)� f (w) = f (z � w) � kz � wk � kz � x0k+ kw � x0k :

This shows that there exists � 2 R such that (6.1) holds, and completes the proof
that f0 is a norm-preserving extension of f to M0.
Now let

P =
n
(M 0; f 0) :M �M 0 � X; f 0 2 (M 0)

�
; f 0 jM= f; kf 0k(M 0)� = 1

o
;

where M 0 denotes a subspace of X. De�ne a partial order on P by declaring
(M 0; f 0) � (M 00; f 00) if M 0 � M 00 and f 00 jM 0= f 0. The Hausdor¤ maximality
theorem implies the existence of a maximal totally ordered subset 
 of P. We now
de�ne fM = [

�
M 0 : (M 0; f 0) 2 
 for some f 0 2 (M 0)

�	
:

Clearly fM is a subspace of X and if we de�ne ef on fM byef (x) = f 0 (x) if x 2M 0 and (M 0; f 0) 2 
;

then ef is a well-de�ned linear functional on fM with norm 1, and in fact
�fM; ef� 2 
.

Now we must have fM = X since otherwise we could adjoin a point in X�fM and
extend ef by the argument above, contradicting the maximality of 
. This completes
the proof when the scalar �eld is R.
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Now suppose the scalar �eld is C. Set u = Re f . We have just proved that there
is a real-linear U 2 X� such that U jM= u and kUk� = 1. However, there is a
unique complex-linear functional � whose real part is U :

�x = Ux� iU (ix) ; x 2 X:

Then � jM= f and

j�xj = �
�
j�xj
�x

x

�
= U

�
j�xj
�x

x

�
�




 j�xj�x

x





 = kxk ; x 2 X:

6.1.1. Weak topologies. Suppose X is a normed linear space. Then X� separates
points on X. Indeed, given x0 6= 0, let M = Span fx0g and de�ne f on M by
f (�x0) = � kx0k. The Hahn-Banach theorem supplies a bounded linear functional
� 2 X� of norm 1 such that � jM= f . If x1 6= x2, then with x0 = x1 � x2 we have

�x1 � �x2 = �(x1 � x2) = �x0 = f (x0) = kx0k = kx1 � x2k 6= 0:

The Hahn-Banach theorem actually yields an even stronger separation theorem.
Namely, if M is a closed subspace of X and x0 =2 M , then there is � 2 X� with
�x0 = 1 and � jM= 0. For this take f (x+ �x0) = � for x 2 M and � a scalar,
and use dist (x0;M) = � > 0 to obtain

jf (x+ �x0)j = j�j � j�j


��1x+ x0



�
=
1

�
kx+ �x0k :

Now let � be a norm preserving extension of f to X.
Given a normed linear spaceX we de�neXw to be the vector spaceX topologized

by the weak topology �w, which is the weakest topology on X such that all the
maps in X� are continuous: more precisely the weak topology consists of all unions
of �nite intersections ��11 (G1) \ ::: \ ��1n (Gn) where Gk is an open subset of
the scalar �eld and �k 2 X�. A local base is given by all unions of the sets
��11 (B) \ ::: \ ��1n (B) where B is the unit ball in the scalar �eld and �k 2 X�.

Theorem 26. Let X 0 be a separating vector space of linear functionals on the
vector space X. Let � 0 be the weak topology on X induced by X 0. Then X� 0 is a
locally convex topological vector space such that X�

� 0 = X 0.

This theorem applies in particular to the vector space X�, with X assuming the
role of the separating vector space of linear functionals on the vector space X�.
Here X acts linearly on X� by the formula

x (�) = �x; x 2 X;� 2 X�:

The X topology of X� is called the weak� topology of X� and is denoted �w� .

Theorem 27. (Banach-Alaoglu) Let V be a neighbourhood of 0 in a normed linear
space X and let K be the polar set of V :

K = f� 2 X� : j�xj � 1 for all x 2 V g :

Then K is weak� compact.

Remark 9. The above theorem actually holds in a topological vector space X with
the same proof. Of course for a normed linear space X it su¢ ces to consider only
the case V is the unit ball in X.
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Proof : For every x 2 X choose 
 (x) > 0 such that x 2 
 (x)V so that j�xj �

 (x) for all � 2 K. Let Dx = B (0; 
 (x)), the closed ball about the origin of
radius 
 (x) in the scalar �eld. Let �P be the product topology on the product
space P =

Y
x2X

Dx. Tychono¤�s theorem implies that P is compact. Note that the

elements of P are the (arbitrary) functions f on X such that

jf (x)j � 
 (x) ; x 2 X:
Now K � X� \ P and we claim that

(1) The restrictions of the topologies �w� and �P to K coincide.
(2) K is a closed subset of P .
With (1) and (2) proved, we immediately obtain that K is compact in the topol-

ogy �w� as required. To see (1) simply consider the following two sets for a given
�0 2 K, fxigni=1 � X and � > 0:

W1 = f� 2 X� : j�xi � �0xij < �; 1 � i � ng ;
W2 = ff 2 P : jf (xi)� �0xij < �; 1 � i � ng :

As fxigni=1 ranges over all �nite subsets of X and � ranges over all positive real
numbers,

� the sets W1 form a local base for the topology �w� at �0,
� the sets W2 form a local base for the topology �P at �0.

Since K � X� \ P , we have W1 \K =W2 \K and (1) is proved.
To see (2), suppose that f0 is in the �P closure of K in P . Then we have that

f0 is linear. Indeed, simply approximate f0 by f 2 K at the points x; y; �x + �y
and note that the linearity of f yields f (�x+ �y) = �f (x)+�f (y). We also have
that jf0 (x)j � 1 for x 2 V by again approximating f0 by f 2 K at x and then
using jf (x)j � 1. Thus f0 2 K and K is �P closed.

6.2. Paradoxical decompositions and �nitely additive measures.

De�nition 7. Let G be a group acting on a set X. A subset E of X is �nitely
G-paradoxical if there are subsets Ai; Bj of X and group elements gi; hj such that

E �
�
_[mi=1Ai

�
_[
�
_[nj=1Bj

�
;(6.2)

E = [mi=1giAi = [nj=1hjBj :

The notation _[ asserts that the indicated union is pairwise disjoint. Note that
one can easily arrange to have each collection of sets fgiAigmi=1 and fhjBjg

n
j=1

in the second line of (6.2) pairwise disjoint simply by paring the sets Ai and Bj .
One can also achieve equality in the �rst line of (6.2), but this is harder, and is
not proved until Corollary 6 below. We say that E is countably G-paradoxical if
m;n in (6.2) are permitted to be 1, the �rst in�nite ordinal. By G-paradoxical
we mean �nitely G-paradoxical. Finally, we say that G is paradoxical if G acts on
itself by left multiplication and G is G-paradoxical. The next result uses the axiom
of choice.

Theorem 28. Let G be the circle group T and let it act on itself X = T by group
multiplication:

eit 2 G sends the point eix 2 X to the point ei(t+x) 2 X:
Then X is countably G-paradoxical.
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Proof : Let M be a choice set for the equivalence classes of the relation on
T given by declaring two points equivalent if one is obtained from the other by
rotation through a rational multiple of 2� radians. Let f�ig

1
i=1 enumerate the

rotations through a rational multiple of 2� radians, and set Mi = �iM . Then the
countable paradoxical decomposition is provided by

X = ( _[i oddMi) _[ ( _[i evenMi) ;

X = _[i oddgiMi = _[i evenhiMi;

where gi = � i+1
2
��1i for i odd, and hi = � i

2
��1i for i even.

Corollary 4. There is a non-Lebesgue measurable subset of T.

Proof : If Ai; Bj ; gi; hj witness a countable paradoxical decomposition (6.2) of
T = E with m;n � 1, and if we assume every subset of T is Lebesgue measurable,
then

2� = jGj �
mX
i=1

jAij+
nX
j=1

jBj j =
mX
i=1

jgiAij+
nX
j=1

jhjBj j

� j[mi=1giAij+
��[nj=1hjBj�� = 4�;

a contradiction.

Remark 10. There exists a G2-paradoxical subset E of the plane R2 = C that
does not require the axiom of choice for its construction, namely the Sierpínski-
Mazurkiewicz Paradox: let ei� be a transcendental complex number and de�ne

E =

(
x =

1X
n=0

xne
in� 2 C : xn 2 Z+ and xn = 0 for all but �nitely many n

)
;

E1 = fx 2 E : x0 = 0g ;
E2 = fx 2 E : x0 > 0g :
Then E = E1 _[E2 = e�i�E1 = E2 � 1.

6.2.1. Finitely additive invariant measures. Let G be a group acting on a set X. If
there exists a �nitely (countably) additive G-invariant positive nontrivial measure �
on the power set P (X), then there are no �nitely (countably) G-paradoxical subsets
E of X having positive �-measure. In particular G itself is not �nitely (countably)
G-paradoxical. This is proved as in the proof of Corollary 4 above. Thus paradoxical
constructions can be viewed as nonexistence theorems for invariant measures, and
by the contrapositive, the construction of invariant measures precludes paradoxical
decompositions. We now state the main two theorems proved in this subsubsection.
The �rst shows that paradoxical decompositions never occur for abelian groups
(such as the group of translations on Euclidean space Rn), and the second shows
that paradoxical decompositions do exist for the rotation groups on Euclidean space
Rn when n � 3 (resulting in the Banach-Tarski paradox).

Theorem 29. Suppose G is an abelian group and let M be the power set of G.
There is � :M! [0; 1] satisfying

(1) � (E1 _[E2) = � (E1) + � (E2) ; Ei 2M;
(2) � (E + a) = � (E) ; E 2M; a 2 G;
(3) � (G) = 1:
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De�nition 8. Let G act on a set X. Subsets A and B of X are said to be G-
equidecomposable, written A �G B or simply A � B when G is understood, if
A = _[ni=1Ai and B = _[ni=1Bi where Ai = giBi for some gi 2 G, 1 � i � n.

We will see later that E is G-paradoxical if and only if E = A _[B where A �G
E �G B.

Remark 11. If X is Euclidean space Rn, then G3-equidecomposability preserves
the following properties: boundedness, Lebesgue measure zero, �rst category, and
second category.

Theorem 30. (Banach-Tarski paradox) The sphere S2 is SO3-paradoxical and the
ball B3 is G3-paradoxical. Moreover, if A and B are any two bounded subsets of
R3, each having nonempty interior, then A and B are G3-equidecomposable.

To prove the �rst theorem, we need an �invariant�Hahn-Banach theorem. This
will be proved using the following invariant �xed point theorem in a topological
vector space. LetK be convex and Y a vector space. We say that a map T : K ! Y
is a¢ ne if

T ((1� �)x+ �y) = (1� �)Tx+ �Ty; x; y 2 K, 0 < � < 1:

We say that a vector space X is a topological vector space if there is a topology �
on X satisfying

� every point of X is a closed set,
� the vector space operations are continuous with respect to � .

Theorem 31. (Markov and Kakutani) Let K be a nonempty compact convex subset
of a topological vector space X. Suppose that F is a commuting family of continuous
a¢ ne maps from K to K. Then there is a point p 2 K such that Tp = p for all
T 2 F .
Proof : For T 2 F , let T 0 = I, Tn = T � Tn�1 and Tn = 1

n

Pn�1
k=0 T

k. Then Tm
and T 0n commute for all T; T

0 2 F and m;n � 0. Indeed, an a¢ ne map S satis�es
S
�P`

k=1 �`x`

�
=
P`

k=1 �`S (x`) if
P`

k=1 �` = 1, and so

Tm � T 0n =
1

m

m�1X
j=0

T j

 
1

n

n�1X
k=0

(T 0)
k

!

=
1

m

m�1X
j=0

 
1

n

n�1X
k=0

T j (T 0)
k

!

=
1

mn

m�1X
j=0

n�1X
k=0

T j (T 0)
k
:

Since T j (T 0)k = (T 0)k T j we immediately have Tm � T 0n = T 0n � Tm.
Let F� be the semigroup generated by the Tn, n � 1. Since

f (K) \ g (K) � f � g (K) ; f; g 2 F�;
we see that ff (K)gf2F� has the �nite intersection property and hence there is

p 2 \f2F�f (K). Next, p 2 Tn (K) implies that p = 1
n

Pn�1
k=0 T

kxn for some
xn 2 K, so that

p� Tp = 1

n
(xn � Tnxn) 2

1

n
(K �K)
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for all n � 1. Now K compact implies K �K compact, hence bounded. It follows
that p = Tp.

Theorem 32. (invariant Hahn-Banach) Let Y be a subspace of a normed linear
space X, and let f 2 Y �. Suppose that � is a collection of bounded linear operators
T : X ! X satisfying kTk � 1 for all T 2 � and

a) ST = TS

b) TY � Y

c) f � T jY= f

for all S; T 2 �. Then there is F 2 X� such that F jY= f and F � T = F for all
T 2 �.

Proof : Assume that kfk� = 1. Let

K =
�
� 2 X� : k�k� � 1;� jY= f

	
:

Now K is convex, and by the Hahn-Banach theorem, K is nonempty. Moreover,
K is weak� closed since � jY= f if and only if �y = f (y) for all y 2 Y . By the
Banach-Alaoglu theorem, K is weak� compact. Below we will show that for T 2 �
the map eT : X� ! X� de�ned by eT� = � � T is weak� continuous. We also
have eTK � K since kTk � 1. Thus the invariant �xed point theorem applied to

X� equipped with the weak� topology and F =
neT : T 2 �o produces the desired

F 2 K.
To see that eT is weak� continuous, �x �1 2 X� and consider the weak� neigh-

bourhoods of �1T and �1 given by

V = fL 2 X� : jLxi � (�1T )xij < "; 1 � i � ng ;
W = f� 2 X� : j� (Txi)� �1 (Txi)j < "; 1 � i � ng ;

for fx1; ::; xng � X. Now if � 2W , we have �T 2 V which shows that eT is weak�
continuous.

Now we prove the existence theorem for �nitely additive measures on abelian
groups.
Proof (of Theorem 29): Suppose G is in�nite. Let X = `1 (G), the Banach

space of bounded complex-valued functions on G with the supremum norm. Let

Y =
n
f 2 X : lim

x!1
f (x) exists

o
;

where limx!1 f (x) = L if for every " > 0 there is a �nite set F such that
jf (x)� Lj < " for all x 2 G�F . For f 2 Y let �f = limx!1 f (x). Then
� 2 Y � and k�k = 1. Let � = f�a : a 2 Gg where �af (x) = f (x� a). Now � is
commutative since G is abelian. Also k�ak = 1, �aY � Y and � � �a jY= � for
all a 2 G. Thus the invariant Hahn-Banach theorem implies that there is L 2 X�

with kLk = 1, L jY= � and L�a = L for all a 2 G.
Now we de�ne � (E) = L�E for E 2M. Clearly

� (E1 _[E2) = L
�
�E1 _[E2

�
= L

�
�E1 + �E2

�
= L�E1 + L�E2 = � (E1) + � (E2) ;

� (E + a) = L
�
�E+a

�
= L (�a�E) = (L�a)�E = L�E = � (E) ;

� (G) = L (�G) = L1 = 1:
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Finally, from kLk = 1 and L1 = 1 we have that 0 � Lf � 1 whenever 0 � f � 1,
which yields � :M! [0; 1]. Indeed, if Lf = �+ i� then for t 2 R,

L

�
f � 1

2
+ it

�
=

�
�� 1

2

�
+ i (� + t) :

Since


f � 1

2



 � 1
2 we have�

�� 1
2

�2
+ (� + t)

2
=

����L�f � 12 + it
�����2 � 



f � 12 + it





2 � 1

4
+ t2;

for all t 2 R, and this implies � = 0 and then 0 � � � 1.

6.2.2. Paradoxical decompositions. We obtain the strong form of the Banach-Tarski
paradox in four steps.

� First, we prove that the free nonabelian group F2 of rank 2 is paradoxical.
� Second, we show that the special orthogonal group SO3 in three dimensions
contains a copy of F2.

� Third, we lift the paradoxical decomposition from SO3 to the sphere S2 on
which it acts �almost�without nontrivial �xed points.

� Fourth, we extend the paradox to bounded sets with nonempty interior
with the help of the proof of the Schröder-Bernstein theorem.

First step: We prove that F2 is paradoxical. Let F2 consist of all �nite �words�
in �; ��1; � ; ��1 with concatenation as the group operation, and the empty word
as identity 1. For � 2

�
�; ��1; � ; ��1

	
, let W (�) consist of all reduced words that

begin with � (a word is reduced if no pair of adjacent symbols is ���1, ��1�, ���1,
or ��1�). The following decompositions witness the paradoxical nature of F2:

F2 = f1g _[W (�) _[W
�
��1

�
_[W (�) _[W

�
��1

�
;

F2 = W (�) _[�W
�
��1

�
;

F2 = W (�) _[�W
�
��1

�
:

Note that we do not use the identity in these reconstructions of F2. We can however
witness the paradox with four disjoint pieces whose union is F2 as follows. Let
S = f��ng1n=1 and de�ne

A1 = f1g _[W (�) _[S;
A2 = W

�
��1

�
�S;

A3 = W (�) ;

A4 = W
�
��1

�
:

Then F2 = _[4i=1Ai and F2 = A1 _[�A2 and F2 = A3 _[�A4.

Second step: To embed a copy of F2 in SO3 we de�ne the 3� 3 matrices:

�� =

264 1
3 � 2

p
2

3 0

� 2
p
2

3
1
3 0

0 0 1

375 = 1

3

24 1 �2
p
2 0

�2
p
2 1 0

0 0 3

35 ;
�� =

264 1 0 0

0 1
3 � 2

p
2

3

0 � 2
p
2

3
1
3

375 = 1

3

24 3 0 0

0 1 �2
p
2

0 �2
p
2 1

35 :



FUNCTIONAL ANALYSIS 37

It su¢ ces to show that no nonempty reduced word in ��; �� equals the identity
in SO3. Since conjugation by �

� doesn�t a¤ect the vanishing of a word, we may
assume that w is a nonempty reduced word ending in ��.

Claim 1. Every nonempty reduced word w in ��; �� that ends in �� satis�es
w (1; 0; 0) = 3�k

�
a; b
p
2; c
�
for some a; b; c 2 Z with 3 - b, and where k is the length

of w.

We prove the claim by induction on the length k of w. The case k = 1 is evident
upon examining the �rst columns of the two matrices ��. If w of length k � 2
equals ��w0 or ��w0, where

w0 (1; 0; 0) = 31�k
�
a0; b0

p
2; c0

�
; a0; b0; c0 2 Z; 3 - b0;

then

��w0 (1; 0; 0) = 3�k
�
a0 � 4b0; (b0 � 2a0)

p
2; 3c0

�
;

��w0 (1; 0; 0) = 3�k
�
3a0; (b0 � 2c0)

p
2; c0 � 4b0

�
:

We now see that w (1; 0; 0) has the form 3�k
�
a; b
p
2; c
�
for some a; b; c 2 Z,

and it remains only to prove 3 - b given that 3 - b0. There are four cases: w =
����v, ����v, ����v and ����v where v is possibly empty. We may suppose
that v (1; 0; 0) = 32�k

�
a00; b00

p
2; c00

�
where a00; b00; c00 2 Z. In the �rst case, with

w0 = ��v, we have 3 j a0 (since a0 = 3a00 by the second line displayed above) and
3 - b0 and so 3 - b0 � 2a0 = b as required. The second case is similar. For the third
case we have

b = b0 � 2a0 = b0 � 2 (a00 � 4b00) = b0 + b00 � 2a00 � 9b00 = 2b0 � 9b00;
and again 3 - b follows from 3 - b0. The fourth case is similar and this completes the
proof of the claim.

Third step: To lift a paradoxical decomposition from a group to a set on which
it acts is easy using the axiom of choice provided the action is with trivial �xed
points. We say that a group G acts on a set X with trivial �xed points if gx 6= x
for all x 2 X and all g 2 G� feg where e denotes the identity element of G.

Proposition 1. If G is a paradoxical group and acts on a set X with trivial �xed
points, then X is G-paradoxical.

Proof : Let Ai; Bj ; gi; hj witness the paradoxical nature of G as in (6.2). Let M
be a choice set for the G-orbits in X. Then fgMgg2G is a partition of X because
there are no nontrivial �xed points. Then A�i = _[g2Ai

gM and B�j = _[h2Bj
hM

easily yield a paradoxical decomposition of X:

X �
�
_[mi=1A�i

�
_[
�
_[nj=1B�j

�
;

X = _[mi=1giA�i = _[nj=1hjB�j :

Corollary 5. (Hausdor¤ �s paradox) There is a countable set D � S2 such that
S2�D is SO3-paradoxical.

Proof : Let F be a free nonabelian group of rank 2 in SO3. Then F is countable
and since each � 2 F �xes exactly 2 points, D =

�
x 2 S2 : �x = x for some � 2 F
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is countable. Then F acts on S2�D with trivial �xed points, and Proposition 1
implies that S2�D is F -paradoxical, hence also SO3-paradoxical.

Hausdor¤�s paradox is already su¢ cient to disprove the existence of �nitely addi-
tive rotation invariant positive measures of total mass 1 on the power set of S2, and
hence also disproves the existence of �nitely additive isometry invariant positive
measures on the power set of R3 that normalize the unit cube (this was Haus-
dor¤�s motivation). Exercise: prove this! We can eliminate the countable set D in
Hausdor¤�s paradox by an absorption process once we have the following lemma.

Lemma 9. Let G act on a set X and let E;E0 2 P (X). If E �G E0, then E is
G-paradoxical if and only E0 is G-paradoxical.

First we note that the relation �G is transitive. Suppose that E �G A and E �G
B. Then E = _[ni=1Ai = _[mj=1Bj where A = _[ni=1giAi and B = _[nj=1hjBj for some
group elements gi, hj . Then A = _[n;mi;j=1gi (Ai \Bj) and B = _[n;mi;j=1hj (Ai \Bj)
shows that A �G B. From this we easily obtain the lemma. Indeed, E is G-
paradoxical if and only there are disjoint subsets B1; B2 of E such that both B1 �G
E and B2 �G E. From E �G E0, we have E = _[ni=1Ai and E0 = _[ni=1giAi. Thus if
we de�ne B01 = _[ni=1gi (Ai \B1) and B02 = _[ni=1gi (Ai \B2), we have that B01; B02
are disjoint subsets of E0 such that B01 �G _[ni=1 (Ai \B1) = B1 �G E �G E0 and
similarly B02 �G E0. This shows that E0 is G-paradoxical.

Theorem 33. (Banach-Tarski paradox) S2 is SO3-paradoxical and B3 is G3-paradoxical.

Proof : Let D = fdig1i=1 be as in Hausdor¤�s paradox. Pick a line ` through the
origin that misses D and �x a plane P containing `. Let

A =

�
1

n
(�i � �j) : n; i; j 2 N

�
; �i = ] (di; `) ;

where ] (di; `) denotes the angle mod � through which the plane P must be rotated
(in a �xed sense) about ` so as to contain di. Pick � =2 A (mod �). Then if � is
rotation about ` through angle �, we have

�nD \D = �; n � 1;
�mD \ �nD = �; m 6= n in Z:

Then with D = _[1n=0�nD = D _[�D we have

S2 =
�
S2�D

�
_[D �SO3

�
S2�D

�
_[�D = S2�D;

and the lemma shows that S2 is SO3-paradoxical.
Finally, the equality

B3� f0g = [!2S2 f�! : 0 < � < 1g

shows that B3� f0g is SO3-paradoxical, and an absorption argument as above then
shows that B3 is G3-paradoxical. Indeed, use a rotation � about a line ` passing
through

�
0; 0; 13

�
but not passing through the origin, so that �m0 6= �n0 for m 6= n,

and set D = _[1n=0�n0 = f0g _[�D. Then since � 2 G3,

B3 =
�
B3�D

�
_[D �G3

�
B3�D

�
_[�D = B3� f0g :
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Remark 12. The arguments above show that S2 can be duplicated using 8 pieces,
and that B3 can be duplicated using 16 pieces. More re�ned arguments show that
4 pieces su¢ ce for S2, and that 5 pieces su¢ ce for B3. These latter results are
optimal.

Fourth step: The next result shows that if we declare A �G B when A is
G-equidecomposable to a subset of B, then the relation �G is a partial ordering of
the �G equivalence classes in P (X).

Theorem 34. (Banach-Schröder-Bernstein) Suppose that a group G acts on a set
X. If A;B 2 P (X) satisfy both A �G B and B �G A, then A �G B.

Proof : We have the following two properties of the relation �G:
� If A �G B, then there is a bijection g : A! B such that

(6.3) C �G g (C) whenever C � A:

� If A1\A2 = � = B1\B2 and Ai �G Bi for i = 1; 2 then A1[A2 �G B1[B2.
By hypothesis, A �G B1 and A1 �G B for some B1 � B and A1 � A. By

the �rst property, there are bijections f : A ! B1 and g : A1 ! B satisfying
C �G f (C) and D �G g (D) whenever C � A and D � A1. Let C0 = A�A1 and
inductively Cn+1 = g�1f (Cn) for n � 0. With C = _[1n=0Cn we have

g (A�C) = B�f (C)
and then A�C �G B�f (C) by (6.3). But we also have C �G f (C) by (6.3) and
the second property now yields

A = (A�C) _[C �G (B�f (C)) _[f (C) = B:

Corollary 6. A subset E of X is G-paradoxical if and only if there are disjoint
sets A;B � E with A _[B = E and A �G E �G B.

Theorem 35. (strong form of the Banach-Tarski paradox) If A and B are any
two bounded subsets of R3, each with nonempty interior, then A and B are G3-
equidecomposable.

Proof : It su¢ ces to show that A �G3
B, since interchanging A and B yields

B �G3
A, and the Banach-Schröder-Bernstein theorem then shows that A �G3

B.
So choose solid balls K and L such that A � K and L � B, and let n be large
enough that K can be covered by n copies of L. Use the Banach-Tarski paradox to
create a union S of n pairwise disjoint copies of L, and then cover K by a union of
translates of these copies so that K �G3

S. It follows that

A � K �G3
S �G3

L � B;

and so A �G3
B.
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