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Abstract

The aim of this paper is twofold. First some machinery is established to reveal the
structure of abelian congruences. Then we describe all minimal, locally finite, locally
solvable varieties. For locally solvable varieties, this solves problems 9 and 10 of Hobby
and McKenzie, [6]. We generalize part of this result by proving that all locally finite
varieties generated by nilpotent algebras that have a trivial locally strongly solvable
subvariety are congruence permutable.

1 Introduction

This paper is an outgrowth of our study of locally solvable locally finite varieties. Our
purpose is to describe tools that have been developed to better deal with finite solvable
algebras. We refer to these tools as “coordinatization theory” and “the theory of minimal sets
in subdirect powers”. Although these tools were originally developed to deal with solvable
algebras, we present them in greater generality here. After spending the early sections of
this paper building theory, we then present one of the firstfruits of coordinatization theory:
we characterize the locally finite minimal varieties generated by an abelian algebra.

In Section 2 we present all technical results on centrality and type 2 minimal sets that
we use later. There are some new observations here, too, like Theorem 2.12 and its corollary.

Our first section devoted to theory building is Section 3. In this section we describe
coordinatization results. We approach the subject in a general way, explaining how a subset
of an algebra may be coordinatizable by E-traces, but we quickly get to the most interesting
case: we consider when a subset of an algebra is coordinatizable by traces. Such a subset
might be called a “higher dimensional trace”. We analyze the algebra induced on a coordi-
natizable subset of an a—class where « is a minimal congruence on a finite algebra A and
typ(0a, ) € {1,2,3}. We now describe what this means and why it is interesting. To
minimize the prerequisites for this discussion we assume that A is a finite simple algebra.
In this setting, &« = 15 and minimal sets and traces are the same thing. We will use the
word “trace” in the next few paragraphs since that is the accurate choice when looking at
algebras which are not simple.
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The fundamental concept of tame congruence theory is that an algebra can be locally ap-
proximated by induced algebras. One proceeds as follows. Choose a nonconstant idempotent
unary polynomial e of A with minimal range. Let N = e(A). Then N is a (0, 1)-minimal
set of A and also a (0, 1)~trace. Define A|y to be the algebra whose universe is N and
whose basic operations are the polynomials of A under which N is closed. These are the
f € Pol(A) such that f(N*) C N. What makes this a powerful approach to the study
of finite algebras can be summarized by four words: Isomorphism, Density, Separation and
(Classification. The word Isomorphism refers to the fact that, up to polynomial equivalence,
the algebra A |y is independent of the choice of e. Hence, the polynomial equivalence class
of A|y is an invariant of A. The word Density refers to the fact that any two elements of A
can be connected by a chain of overlapping traces. The word Separation reflects the fact
that if a,b € A are distinct, then there is a polynomial p € Pol;(A) such that p(A) = N and
p(a) # p(b). The word Classification refers to the fact that, up to polynomial equivalence,
the structure of A|y is known. Namely, A|y is one of the following algebras:

1. a simple G—set (for a group G),
2. a 1-dimensional vector space,
3. a 2—element Boolean algebra,
4. a 2-element lattice or

5. a 2-element semilattice.

The number 1 — 5 is called the type of A|y and also the type of A.

When a finite algebra A offers a puzzle, analysis of the puzzle often can be reduced to
the consideration of a certain “configuration” of elements and operations. We do not intend
to define “configuration” here, but roughly what we mean by this term is a set of first order
sentences in the language of A4 which are either atomic or negated atomic. Now, one can
use separation to map any configuration of A into N in a way that preserves at least one
negated atomic sentence. This transforms the puzzle about A into a related puzzle about
the induced algebra A|y. Because of the isomorphism between induced algebras it doesn’t
matter which you choose. Using the classification of induced algebras, one solves the puzzle
“locally”. Then one uses density to transfer the solution back to the original algebra. Of
course, the success of this strategy depends on how closely A is approximated by its induced
algebras.

In Figure 1 we have indicated what might be called the “geometry” of an 8—element simple
algebra A. The black dots represent elements of A. These are the “points” of the geometry.
The set N = {0, 1} is one of the ten traces of A. The traces are the “lines” of the geometry.
It would be highly desirable to understand how all the operations of A compose, but tame
congruence theory won’t tell us that much; the theory only tells us what is happening “on a
line”. That is, if p € Polg(A) and p(N*) C N, then p|y € Polp(A|y). If, for example, A is
of type 2, then p|y is a vector space polynomial. This tells us that a fragment of the Cayley
table for p is described by an operation on N of the form ayx; 4+ - -+ agxr. Tame congruence
theory does not tell us more about the Cayley table of p nor does it tell us anything about
other polynomials ¢ € Pol,,,(A) unless it happens that ¢(N™) C N (or at the very least one
must have ¢(Ny X -+ x N,,,) € Ny where all N; are traces).
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FIGURE 1: The geometry of A.

In Section 3 we go a step further. We show that often there are subsets 7' C A larger than
a trace which share the basic properties of traces and which may be thought of as higher
dimensional traces. The sets we consider are those subsets of A of the form T" = f(N,...,N)
where N is a trace and f € Pol(A). We call these sets multitraces. In Figure 2 there are
two multitraces which are not just traces.

FIcURE 2: Multitraces T and T".

The multitrace T might be thought of as a “hyperplane” of the geometry. A classification
of algebras of the form A|r, where T is a multitrace, would tell us what is happening on a
hyperplane rather than just what is happening on a line. The structure of A|r when A is
abelian follows fairly directly from coordinatization theory. We are also able to determine
the structure of A|r when A has type 3. Unfortunately, the notion of a multitrace is not
well-behaved in types 4 and 5.

The class of multitraces of our simple algebra A contains the traces, so we still have the
properties of separation and density with respect to multitraces. In Section 3, we classify
the algebra induced on a multitrace for types 1, 2 and 3. With respect to the isomorphism



property which traces enjoy, it is not true that any two multitraces are polynomially isomor-
phic. However, any polynomial image of a multitrace is again a multitrace and, in types 1, 2
and 3, the structure A induces on a multitrace is determined up to polynomial equivalence
by the cardinality of the multitrace. These two properties may serve as substitutes for the
isomorphism property of traces.

It turns out that there is another realization of the intuitive notion of a higher dimensional
trace which works well in all types. This new notion, called a generalized trace, will be
developed in a subsequent paper. Here we will only say that the definition of a generalized
trace is a little more complicated than that of a multitrace, but in types 1, 2, and 3 these
concepts coincide.

Section 4 is our other section devoted to theory building. In this section we investigate
minimal sets in subdirect powers. Generally, our goal is to better understand the connection
between local and global properties in a locally finite variety. Specifically, our goal is to
analyze the relationship between minimal sets in A and minimal sets in an arbitrarily chosen
finite algebra B € V(A). This seems to be a difficult problem. For example, say that a finite
algebra satisfies the empty tails condition if all of its minimal sets have empty tail. It is
known (see [11]) that a locally finite variety is congruence modular if and only if all finite
members satisfy the empty tails condition. The empty tails condition is not sufficient (nor
necessary) to prove congruence modularity for a single algebra; but the empty tails condition
for every finite subalgebra of a power of A is strong enough to prove that A is congruence
modular, and moreover it is strong enough to prove that the variety generated by A is
congruence modular. In particular, this shows that the empty tails condition holding for all
subalgebras of powers of A implies that typ{B} C {2,3,4} whenever B is a subalgebra
of a power of A. However, this implication does not hold on the level of single algebras;
A may satisfy the empty tails condition even when typ{A} Z {2,3,4}. What is needed,
clearly, is a better understanding of the consequences of asserting that all minimal sets of
subalgebras of powers satisfy a specified condition (like the empty tails condition). In Section
4 we consider a finite algebra A which has a type 2 prime quotient («, 5). We describe the
minimal sets corresponding to certain type 2 intervals in subdirect powers of A. In the case
where A is a simple algebra of type 2, our description of minimal sets in subdirect powers
applies to all type 2 prime quotients in all subalgebras of powers of A.

In Section 5 we use the tools developed in the earlier part of the paper to classify the
minimal, locally finite varieties generated by abelian algebras. Any locally finite variety gen-
erated by abelian algebras is locally solvable. Any locally finite minimal variety is generated
by a strictly simple algebra; by which we mean a finite simple algebra with no nontrivial
proper subalgebras. Hence, a minimal locally finite variety generated by abelian algebras
is generated by an abelian strictly simple algebra. The main idea behind the classification
theorem is that this strictly simple abelian generating algebra must be coordinatizable by
traces. The connection between the theory of coordinatization and matrix powers allows one
to deduce that a minimal, locally finite variety generated by a simple algebra of type 1 is
term equivalent to a matrix power of the variety of sets or the variety of pointed sets. It also
allows one to deduce that a minimal, locally finite variety generated by a simple algebra of
type 2 is an affine variety. We give two proofs of the latter result in Section 5.

In Section 6 we give yet a third proof that a minimal locally finite variety generated by
a simple algebra of type 2 is affine. We then extend this result to non—minimal varieties
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generated by nilpotent algebras. The main result in this section is that a locally finite variety
generated by nilpotent algebras is either congruence permutable or else it has a nontrivial
strongly abelian subvariety. This section can be read independently of Sections 3-5.

The reader is assumed to be familiar with the book [6] on tame congruence theory, and
also with the book [2] containing the basics of universal algebra. The notation used in the
paper is mostly the same as that used in [6]. In particular, algebras are denoted by boldface
capital letters, and A is the underlying set of A. Boldface lower case letters, like b denote
sequences of elements, and b; stands for the i—th component of b. Thus b typically denotes
(by,...,b,) for some integer n if these are arguments of a function, and the corresponding
column vector, if this is an element of a cartesian product. If R is a binary relation, then
by a R b we mean a; R b; for all i.

Acknowledgements. The first and second authors are greatly indebted to Matthew Vale-
riote for inviting them to Hamilton to work on the topic of this paper. The second author
would also like to thank Joel Berman for inviting him to Chicago for the same purpose.

2 Centrality

First we recall the concepts of centrality and of the commutator (defined in Chapter 3 of [6])
in a slightly more general form.

Definition 2.1 Let A be an algebra, L and R binary relations on A, and § € Con(A). We
say that L centralizes R modulo 0, or that the (L, R)—term condition holds modulo § (in
notation: C'(L, R;d)) if for all polynomials f of A and elements a L b and ¢ R d of A,

f(a;c) f(a,d)
f(b,c) f(b,d).

The commutator of L and R is defined to be the smallest congruence 6 of A with C(L, R;J)
and it is denoted [L, R]. The largest congruence v of A satisfying C(«, R;0) is denoted
by (6 : R). We write ann(R) for (04 : R); this is the annihilator of R.

5
0
0

We have to make several remarks to justify this definition. First note that if R denotes
the compatible tolerance of A generated by R, then C(L, R;§) is equivalent to C(L, R; ).
If R itself is reflexive, then it is sufficient to assume f(a,c) 0 f(a,d) <= f(b,c) ¢ f(b,d)
for all terms f (rather than polynomials).

It is easy to see that the set of all congruences § satisfying C'(L, R;9) is closed under
intersection, so the commutator [L, R| indeed exists. However, this set of congruences is not
necessarily a filter in Con(A). The polynomials f(z,c) and f(z,d) in Definition 2.1 are
called R—twins because they are derived from the same polynomial with different parameter
sequences which are R-related componentwise. More generally and more precisely, when
S C Ak is a k—ary relation on A and t(x,%) is a polynomial, then we say that a sequence of
unary polynomials, (¢8(z,s!), ..., t&(z,s")), where the tuples (s}, ..., s¥) each belong to S,



is a sequence of (simultaneous) S—twins. The statement that the (L, R)-term condition
holds is simply this: any pair of R—twins which agree modulo § at the value a also agree
modulo § at any value L-related to a. As one can see, the relations L and R do not play
symmetric roles. We have described the (L, R)-term condition in such a way that L refers
to the relation in the leftmost position in [L, R] and C(L, R;§) while R refers to the relation
which occupies the position to the right of L.

It is not difficult to show that the set of all pairs (a, b) for which C'({(a,b)}, R;J) holds is
a congruence relation of A. This congruence is of course (0 : R), so the definition of (§ : R) is
meaningful. We should really speak of a left annihilator here, but this will cause no trouble,
since there is no natural definition for a right annihilator. Thus, if L denotes the congruence
generated by L, then C'(L, R;d) and C(L, R;0) are also equivalent.

An important consequence of the existence of the annihilator is the fact that

Claj, Ryd) foralli € I <= C(\/ a;, R;9),

i€l

where a; € Con(A) for i € I. This does not imply, however, that the commutator is left
distributive over join.

Definition 2.2 If A is an algebra and R is a compatible, reflexive, binary relation on A,
then the subalgebra of A? with underlying set R (that is, all R-related pairs) will often
be denoted by A(R). If L is any binary relation on A, then Ay g denotes the congruence
on A(R) generated by

{(@2), . 9) | = Ly}

Let m; denote the coordinate projections of A(R) onto A. If v # 0 is a congruence of A, then
we denote by v; the congruence ;" (), and write n; for m; *(04). If R is a congruence (3,
then 8, = (5 is denoted by (.

It is easy to check that [L, R] = 0 is equivalent to the statement that the diagonal
subuniverse of A(R) is a union of Ay g—classes. This observation leads to an alternative
definition of the commutator. It also shows that we can replace L with the congruence it
generates in A in the definition of Ay g and also in the definition of [L, R]. (We point out
that what we write as Ay r has unfortunately been expressed as Ap in several places in
the literature. Because of the connection between Ay p and the commutator of L and R,
we choose to arrange our notation so that the left subscript of Ay g corresponds to the left
position of [—, —]. So remember: the right subscript of Ay g is considered as a subalgebra,
the left subscript is put on the diagonal.)

Next we recall some definitions concerning nilpotence, partially contained in Definition 3.5
of [6].

Definition 2.3 Let A be any algebra and 3 € Con(A). We define (5]' = [8)' = []' = 5,
and inductively (3" = [3, (3"]], also [3)"* = [[8)", 8], and [3]" = [[3]", [3]"]. The

congruence (3 is called left or right nilpotent, or solvable, iff for some n we have (5]" = 04,
or [B)" = 0a, or [3]" = 0a. The algebra A is left (right) nilpotent, or solvable, if the
congruence 1, is.



Thus, ( is left nilpotent if

16,18, [8, [, [8,8] .. ]Il = 0a

(for a sufficiently long expression). As proved in [7], the hypothesis of left nilpotence is weaker
than any other notion of nilpotence. E.g., if A is a finite algebra satisfying [1)*™! =0 (A is
k—step right nilpotent), then A is left nilpotent although possibly of higher nilpotence class.
Sometimes, when we refer just to nilpotence, we shall mean the weakest form: left nilpotence.
We will need some other results and definitions of [7], so we reproduce them here.

Definition 2.4 If A is a finite algebra, § € Con(A), 6 < 0 in Con(A) and N is a (6, 0)-
trace, then the congruence quotient (4,6) is said to be —coherent if the implication

C(8,N?*6) = C(3,0;0)

holds. If every prime quotient of Con(A) is f—coherent for every /3, then A is said to be
coherent.

Note that, as all (4, §)—traces are polynomially isomorphic, if we have C(3, N%;4) for one
trace N, then C(3, N?%;§) holds for all traces N.

Recall that a group is said to act regularly on a set if whenever a group element stabilizes
a point, it acts as the identity map. (Sometimes this concept is called semiregularity.)

Definition 2.5 Assume that A is a finite algebra, § € Con(A), § < 6 in Con(A), N is a
(0, 0)—trace and H is the group of polynomial permutations of A |y which are f-twins of idy.
We say that the congruence quotient (6, 0) is f—regular if typ(d,0) # 1, or typ(d,0) = 1 and
H acts regularly on N modulo 6. When typ(d,0) = 1 this states that (4,0) is f-regular iff
for all p € H the implication

(Vu,z € N) (p(u) 6 u = p(z) § x)
holds.

We record in the following theorem and corollary the facts from [7] that we will need
concerning (J—coherent and (-regular prime quotients.

THEOREM 2.6 Let A be a finite algebra, with 5 € Con(A) and 6 < 6 in Con(A).
Choose U € Mx(6,0) and denote by B and T the body and tail of U respectively. The
following are true.

(1) If [B,B] N0 < 0, then (0,0) is f-regular.

(2) If (6,0) is f-regular, then it is 3—coherent.

(3) Every homomorphic image of A is left nilpotent iff A is left nilpotent and coherent.
(4)

4) If (0,0) is f—regular, then for the conditions listed below (i) = (i1) = (iii) <= (iv)
holds.



(i) C(8,86;9).
(1) [B,0] <o.
(1i1) C(0,5;9).
(i) [0,0] < 9.
If (B)*|y € B2UT? for some k, then all conditions are equivalent. If [3]*|; C B2UT?
for some k and typ(d,0) # 1, then all conditions are equivalent.

PROOF. For the case when typ(d,0) = 1, statement (2) follows from Lemma 4.13 of [7].
In all other cases we always have S—coherence by Lemma 4.2 of [7], and also [-regularity
by the definition (so f-regularity and f—-coherence are only interesting when typ(d,6) =1).
Statement (1) is Theorem 4.20 of [7], (3) is Corollary 4.4 of [7], finally (4) is a combination
of Lemmas 3.1, 3.2, and 4.14 of [7], depending on the type of (4, ). |

COROLLARY 2.7 Any locally finite variety generated by abelian algebras is locally left
nilpotent.

The concept of an E-trace plays an important role in [6] (see Lemma 2.4 or the second
part of Chapter 6). The name E-trace was coined later.

Definition 2.8 Let A be an algebra, e an idempotent unary polynomial, o a congruence,
and a an element of A. We say that a subset S of A is an E-trace of A with respect to e
(or with respect to a, or a/a), if S = e(A) Na/a.

The following notation and easy—to—check observation is from [1], see Sections 5 and 7 of
that paper for a more detailed analysis.

Definition 2.9 Let a < § € Con(A) for some algebra A. Set

Sep(r, 3) = {f € Poli(A) | f(8)  a} .

LEMMA 2.10 Let («, ) be a tame quotient of a finite algebra A. Then for all v € Con(A)
with o < v < 3 we have

(1) Sep(a,v) = Sep(a, B), and
(2) Sep(v, ) = Sep(a, 3).
Next we summarize some basic facts on type 2 minimal sets.

LEMMA 2.11 Let A be a finite algebra, (6,0) a type 2 prime quotient of A and y =
(0 : 8). Choose any (9, 0)—minimal set U. Let B be the body and T the tail of U, and N a
(0,0)—trace in B. Then the following hold.

(1) The induced algebra on N/§ (in the algebra A /d) is polynomially equivalent to a vector
space of dimension one over a finite field K.
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2) The induced algebra A|g is Mal’cev, nilpotent, and is an E-minimal algebra of type 2.

4

(2)
(3) If 3 € Con(A) and 8~ 3 A+, then 8|y C B2UT?
(4) C(6,~;9) holds in A.

(5)

5) We have v = (§ : §?) for every subset S of A contained in a 0—block, and containing
a (0,0)—trace. Such subsets include, in particular, the E-traces of A with respect to 0

that are not contained in 9.

(6) The set B is the intersection of a y—class of A with U, and is therefore an E-trace
of A.

(7) If U is a minimal set for some other tame quotient, then the type of this quotient is 2
and B is the body of U with respect to this quotient.

PROOF. Statement (1) is the definition of a type 2 quotient, (2) follows from Theo-
rem 4.31 and Lemma 4.36 of [6]. Theorem 2.6 shows that (d, ) is y-regular and y—coherent.
By the definition of v we have C(v,0;6), so (4) follows from Theorem 2.6 (4).

To prove (5) let 8 € Con(A). Clearly, C(3, 5% 6) is equivalent to C'(3,6;d) by coherence.
This proves the first statement in (5). Now let S = e(A) N a/f for some idempotent poly-
nomial e of A, and elements a,b € S such that (a,b) ¢ §. Connect a and b by a sequence
of (6,0)-traces N;. Then one of the sets e(XV;) is not contained in a é-block, so it is also a
(0, 0)—trace, which is contained in S. Thus, (5) is proved.

Let N be a (0,0)-trace contained in B. From (1) we get that 6|y covers 0|y. As all
(0, 8)—traces of U are polynomially isomorphic by Lemma 4.20 (5) of [6], we have that 0|z
covers 0|g. Combining this with the fact that modulo é|g, A|p is nilpotent (by applying (2)
to the algebra A/d and the prime quotient (04/s,6/9)), we have that C'(B?,0|p,6). Then
we have C'(B? N?%;6), so B2 C (§ : N?) = 7. On the other hand, ~|y is clearly contained
in the congruence 3 defined in Lemma 4.27 (1) of [6], implying that v|y € B?>U T?. This
proves (6). Also, in view of Lemma 4.27 (4) (ii) of [6], v|y € B?UT? and 3 X 8 A~ implies
that 8|y € B*UT?. This proves (3).

Finally (7) is proved in Section 5 of [10]. 1

We conclude this section by proving one more statement. In the following theorem,
C? denotes the binary centrality relation. Its definition is similar to Definition 2.1, but here
¢ and d must be elements, and not vectors (hence f is a binary polynomial). Clearly, binary
centrality is weaker than centrality.

THEOREM 2.12 Let A be a finite algebra, ¢, o, T, p congruences, and L a binary relation
of A. Suppose that

(1) 090 < o < p, and o can be connected to p by a chain of prime quotients of type 2.
(i) TV p X op.

Then we have
C(r,L;p) & C*(L,7;00) = CO(7,L; 0).



PROOF. Suppose that C(1, L; o) fails. As C(r, L; p) holds, there is a prime quotient
(0,0) of type 2 between o and p such that C(7, L; §) fails, but C(7, L; ) holds. Thus, there
exists a polynomial f, and elements and vectors a 7 b and ¢ L d of A such that

s= f(a,c) o6 t= f(a,d)
u= f(b,c) -0 v=f(bd)

(u 0 v follows from C(7, L;#)). By tame congruence theory, there exists a unary polynomial
h such that (h(u),h(v)) €  — 6, and U = h(A) is a (J,0)-minimal set. Then h(u) and h(v)
are contained in the body B of U. We show that h(s) and h(t) are also in B.

Indeed, we show that the conditions of Lemma 2.11 (3) are satisfied with § = 7 V p.
By our assumptions, 3 &~ p & §. On the other hand, v = (6 : §) > d obviously holds, so
§ < B A+ < S and therefore 3~ 3 A~. Thus Lemma 2.11 (3) implies that 3|y € B2U T2
On the other hand, h(s) # h(u) and h(t) B h(v), since a T b, so we have proved that h(s)
and h(t) are in B.

Now let d be a pseudo-Mal’cev operation on U. Then Lemma 2.9 of [10] shows that
h(s) § h(t) implies h(u) § h(v), and this contradiction proves the theorem. 1

COROLLARY 2.13 Let a and (8 be congruences of a finite algebra A. Suppose that
typ{B,aV 3} ={2}. Then [a,a] < [ implies that (aV (3)/[ is an abelian congruence, hence
laVB,avp] <.

PrRoOF. Apply Theorem 2.12 with 0 =  and p = a V 3. Then (i), (i), and C(7, L; p)
are satisfied for every congruence 7 < o V 3 and for every binary relation L. So for every
congruence oy < (3 we have that

C(L,7;00) = C(7,L; B) .

We apply this observation twice. First let L = 7 = o and o9 = [a,a]. Then C(L,7;00) =
C(a, a; [a, a]) obviously holds, so we get C(a, «; 3). Together with C(3, «; 3) this implies
C(aV B, a; ) by the properties of the centrality relation mentioned at the beginning of this
section. Now apply the above implication again with L = aV 3, 7 = «, and g9 = 3. We get
that C'(co, VvV 3; 3) holds. But C(5,aV 3; 3) also holds, so finally we get C(aV 3,aV 3;3),
as desired. |

3 Coordinatization

Let a be a minimal abelian congruence of a finite algebra A. As shown by tame congruence
theory, the induced algebras on the (0a, a)—traces have a very tight structure. In this section
we show the same for subsets of the form T'= f(N,..., N), where N is a (0a, a)—trace, and
f is a polynomial of A. We call such a set T a (0, a) —multitrace. Similar terminology will be
used when (04, «) is replaced with an arbitrary tame quotient. We shall learn that 7" is an
E—trace of A with respect to o, and A|r is term equivalent (or more precisely, isomorphic to
an algebra which is term equivalent) to a matrix power of A|y (see Theorem 3.10). We shall
say that T is a coordinatizable subset of A (or, more specifically, that T" is coordinatizable
by traces). Thus, before starting our discussion, we have to summarize some facts on non—
indexed products and matrix powers. The two main references are [13] and [20].
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Definition 3.1 Let Aq,..., A, be algebras, and f; an n—ary function on A; for 1 <7 < k.
Define the n—ary function f; X --- x fi on A; x -+ x Ay to act as f; in the i—th component
for 1 <i <k, that is,

filzl, ..., 2%
(flx"'xfk)(xlv"'>xn): )

fk(x,i, )

where x/ € A} x --- x A, for 1 < j < n, thought of as column vectors. We sometimes
call this function the product of fi,..., f,. If f; is the i—th projection for 1 < ¢ < k, then
the resulting product is called the diagonal operation on A; x --- x A,. The non—indexed
product A1 ® - -+ ® Ay is defined to have underlying set A; x - -- x A, and basic operations,
for each non—negative integer n, of the form f; x --- x fi, where f; runs over all n—ary terms
of A, for 1 <i<k.

Definition 3.2 Let A be an algebra and £ > 0 an integer. The k-th matriz power of A,
denoted by Al¥ is defined to have underlying set A*, and basic operations, for each non-
negative integer n, of the form

filzd, oo ak )

fe(zd, oo b, o))

where x/ € A* for 1 < j < n, thought of as column vectors, and f; runs over all nk-ary term
operations of A for 1 <i < k.

The non-indexed product and the matrix power are considered non-indexed algebras,
although we will see in the next theorem how to regard them as indexed algebras. The
difference between the two types of operations is that, although both take as input a matrix
of n columns and k£ rows, the component maps in the case of a matrix power can depend on all
elements of this matrix, while in the case of a non—-indexed product the i—th component map
depends only on the i—th row. To get the clone (all terms) of the direct product Aj x---x Ay
(this makes sense only if these algebras are of the same similarity type), one has to consider
the reduct of A; ® --- ® Ay, consisting of the functions fA1 x --- x fA% where f is a term
in the language of the algebras A;. We shall need one more special type of operation of a
matrix power.

Definition 3.3 Let S be any set. The unary shift operation on S* is defined by

X1 Tn
o) T

S : = T2
Tn-1
Tn Tn-1

The following, easy—to—verify theorem collects some well-known facts concerning the
concepts just defined. Statement (5) explains the name ‘matrix power’.
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THEOREM 3.4 Let A and A4,..., A, be algebras and B = A, ® ---® Ag. Let V be a
variety with similarity type 7. Then the following hold.

(1)

(2)

(3)

Every congruence of B is a product congruence (see [2], Definition 11.4), so Con(B)
is isomorphic to the direct product Con(A;) X - -+ x Con(Ay).

Every congruence of Al¥ is a product congruence of the form 0 x --- x 0, where  is a
congruence of A, so Con(A) is isomorphic to Con(A). This isomorphism preserves
the notions defined in tame congruence theory (like centrality, type labeling, tameness).

If the algebras Aq, ..., Ay are of the same similarity type, 7, then the clone of B is
generated by the clone of Ay X --- x Ay, together with the diagonal operation. Thus
we can regard B as an indexed algebra over the similarity type obtained by expanding
T by a new k-ary operation symbol.

The clone of Al js generated by all the operations in the (k—fold) non-indexed prod-
uct A ® ---® A, together with the shift operation. Thus, if A has similarity type T,
then we may regard A¥ as an indexed algebra over the similarity type 7%, obtained
by expanding T by a new k-ary and a new unary operation symbol.

Let R be an associative ring and M an R-module. Then Ml is term equivalent to
the module M* considered over the n x n matrix ring over R in the usual way.

The collection of all algebras of similarity type ¥ isomorphic to k—th matrix powers of
algebras in V is a variety. It is denoted by V¥ and called the k-th matrix power of V.
Every subvariety of V¥ is of the form U™ for some subvariety U C V. In particular,
V(AM) = (V(A))H.

Now let us see what a coordinatizable subset is.

Definition 3.5 Let A be an algebra, n a positive integer, f an n—ary polynomial of A,
and Si,...,S, non—empty subsets of A. We say that the set T = f(Si,...,S,) can be
coordinatized (with respect to f and Sy x---xS,,), if there exist unary polynomials g1, ..., g,
of A satisfying

gi(f(z1,...,xn)) = 4 (x1 € Sy, xp € Spy 1 <0 < n).

The g; are called the coordinate maps (with respect to f and 7).

First we investigate a weaker form of this condition.

LEMMA 3.6 Let A be a finite algebra, Si,...,S, and T non—empty subsets of A, and

gis- -

. gn € Poli(A), f € Pol,(A) such that

(2) f(Sla~--7Sn)gT;

(17) g;(T) C S; for 1 < i <mn;

12



(27i) f(g1(x),...,gn(x)) =2 forallz € T.
Let G:T — 51 x -+ x S, be defined by

G(.I’) = (gl(x)7 cee ,gn(ﬂf)) )
and let S = G(T). Then the following hold.
(1) The induced algebra (Als, ® --- ® Als,) |s is term equivalent to a reduct of Alr.

(2) If the sets Sy, ..., S, are all equal, then S is the range of an idempotent unary polyno-
mial of the algebra P = (A|g,)!™, and A|r is term equivalent to P|s.

(3) If « is an arbitrary congruence of A, and all the S; are E—traces with respect to «,
then T' is an E—trace with respect to .

PrROOF. Let F'= f|s:S — T. Then F and G are inverse bijections between S and T’
by (iii). For a function t : T — T define G(t) : (S x --+ x S,)* — S by

Similarly, to any h : S¥ — S we can assign F'(h) by composing it with G inside and F outside.
This way we have set up inverse bijections between the set of all finitary functions on 7', and
the set of all finitary functions on S. Let

C={(G)ls | t € Pol(Alr)}.

Clearly, G and F establish an isomorphism between the algebras A|r and (S,C).

To prove (1) let h be a k—ary polynomial of A|g, ® ---® A|g, that can be restricted to S.
Then h = hy|s, X -+ X hyls,, where the h; are k—ary polynomials of A that can be restricted
to S; for 1 < ¢ < n. Define

... xk) = f(ha(gr(z1), - s g1(xk))y - ooy Bn(gn(T1), -« o gnlTr))) -

Then ¢ is a k—ary polynomial of A that can be restricted to T, and an easy calculation shows
that (G(t|r))|s = h|s, proving (1).

To prove (2) assume that S; = --- = S5,. To show that C is the clone of P|s let s
be the unary shift operation of P. Define s'(z) = f(gn(2), 91(x), 92(2), ..., gn-1(x)). It is
easy to check that (G(s'|7))|s = s|s (in particular, the set S is closed under s). Thus, (1)
and Theorem 3.4 (4) show that C O Clo(P|s). For the converse inclusion, assume that
t € Poli(A) can be restricted to 7. Then the definition of h = G(t|r) clearly implies that
its component maps are nk—ary polynomials of A that can be restricted to S;, and that
h preserves S, so indeed h|s € Clo(P|s). Finally, e = G(idy) is clearly an idempotent
polynomial of P with range S. Thus (2) is proved.

To prove (3), let S; = €;(A) Na;/a for some idempotent polynomials e; of A and a; € S;.
Let

h(z) = fle1g1(x), ..., engn(T)),
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and let h* be an idempotent power of h. We prove that T' = h*(A)Na/a for any a € T. First
we show that h(a/a) C T. Indeed, if b € a/a, then e;9;(b) « e;g;(a) € S; by condition (i7),
so €;gi(b) € e;(A) Na;/a = S;, hence h(b) € T by condition (¢). Thus, h(a/a) C T. On the
other hand, h acts on T" as the identity map by condition (7ii), and by the same condition,
T is contained in a single a—block. Hence, h is already idempotent on a/a, with range 7.
Therefore e = h* still has range T on a/a, but e is idempotent on A. If e(c) € a/a, then
e(c) =e(e(c)) € T, so indeed T' = e(A) Na/a as stated. 1

When we have a coordinatizable subset, we get a full matrix power, and not just an
induced algebra on an E-trace.

COROLLARY 3.7 Let A be a finite algebra, f an n—ary polynomial, and S, ..., S, non—
empty subsets of A such that T' = f(Si,...,S,) is coordinatizable with respect to f and
Sy X -+ x S, with coordinate maps ¢, ..., g,. Then the following hold.

(1) If o is an arbitrary congruence of A, then T is an E-trace with respect to « if and
only if all the S; are E—traces with respect to a.

(2) If the sets Sy,...,S, are polynomially isomorphic, then Al|r is term equivalent to the
full matrix power (Alg,)" for all 1 <i < n.

PROOF. First note that coordinatizable subsets satisfy conditions (i)—(iii) of Lemma 3.6
(to verify condition (iii), substitute a general element = f(x1,...,x,) of T, where z; € S;).
In this case, however, we get that S =57 x ... x S,,.

To show (2) let h; : S; — S; be a polynomial isomorphism with polynomial inverse
k; :S1 — S;. Set gi = h; 0 g; and

[ (1, xn) = f(ki(z1), .. ka(xn))

Clearly, T satisfies (i)—(iii) of Lemma 3.6 with respect to f’, ST, and g,. Thus, statement (2)
of this lemma immediately implies (2).

To prove (1) first assume that the sets S; are E—traces of A for 1 < i < n. Then
Lemma 3.6 (3) clearly implies that 7" is an E-trace with respect to «. For the converse
we apply the same lemma, but with a different selection of subsets and polynomials. So
assuming that 7' is an E-trace with respect to «,, we want to show that S; is also an E-trace.
Let ' =1, T =5;, 81 =T, [ = g; and gi(z) = f(e1,...,¢-1,%,Cit1,...,Cn), Where
c; € S; are arbitrary, but fixed elements. It is straightforward to check that the conditions
of Lemma 3.6 (3) are satisfied. Thus, the corollary is proved. 1

LEMMA 3.8 Let A be a finite algebra, S a subset of A, and T' = f(S,...,S5) for some
n—ary polynomial f of A. Suppose that T" has more than one element and

(1) The induced algebra Alg is polynomially equivalent to a vector space over a finite
field K with addition + and zero element 0.

(17) For any two elements a # b € T there exists a unary polynomial g of A that separates
a and b, and maps T into S.

14



Then T is a coordinatizable subset of A with respect to S* and a k-ary polynomial f' for
some integer k < n.

PrRoOOF. Let 0/ = f(0,...,0) € T and
G — {glr | g € Poli(A), g(T) C 5, g(0') =0}

This is a finite dimensional vector space over K under pointwise operations. Let g1, ..., gk
be a basis. Since g; o f can be restricted to S, and maps 0 to 0, we can write

As the mappings g1, ..., gx are linearly independent, so are the rows of the matrix
AL AL
M = : :
Ak

This matrix induces a linear map L : K* — KP*, which is therefore onto. Thus k < n, and
there exists a linear map L' : K¥ — K" satisfying LL'(v) = v for all v € K*. Thus, the
matrix M’ of L' satisfies that MM’ is the k x k identity matrix. Let

R s
M' = : :
B g

and choose k-ary polynomials ¢; € Pol;(A) satisfying

Finally let
fwy, o x) = f(l(xy, .o xk), o (1, )

Then we have
gi(f'(x1, ... ap)) = 2 (1,...,2,€8,1<i<k).

This is a simple calculation based on M M’ being the identity matrix. So to finish the proof
it is sufficient to show that T'= f’(S,...,S).

Clearly, T' DO f'(S,...,S). To prove the converse inclusion, we first show thatifa # b € T,
then there exists an i such that g;(a) # ¢;(b). By condition (2), there is a g € Pol;(A)
with ¢(T) € S and g(a) # g(b). Then g(z) — g(0') still separates a and b, and this new
function is an element of the vector space G. As g¢1,..., g, is a basis for this vector space,
g(x) — g(0’) can be written as a linear combination of the maps g;. Therefore g;(a) = g;(b)
indeed cannot happen for all 7.

Now let @ € T and b = f'(¢g1(a),...,gx(a)). It is sufficient to show that a = b, since
be f'(S,...,95). By the result of the previous paragraph, we have to show that g;(a) = ¢;(b)
for all 1 < i < k. But this is clear, since the g; are coordinate maps for f’. |
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LEMMA 3.9 Let A be a finite algebra, S a subset of A, and T' = f(S,...,S) for some
n—ary polynomial f of A. Suppose that T" has more than one element and

(1) The induced algebra Alg is permutational (that is, it is essentially unary, and every
unary polynomial is either a permutation or constant).

(17) For any two elements a # b € T there exists a unary polynomial g of A that separates
a and b, and maps T into S.

Then T is a coordinatizable subset of A with respect to S* and a k—ary polynomial f' for
some integer k < n.

PRrROOF. If f does not depend on, say, its n—th variable on S, then let f'(xq,...,2, 1) =
f(z1,...,,_1,c), where c is an arbitrary, but fixed element of S. Clearly, T'= f(5,...,5).
Hence, we may assume that f depends on all of its variables on S. We shall prove in this
case that T is coordinatizable with respect to f. (Note that having f depend on several
variables does not contradict condition (¢). Condition (i) only asserts that if h € Poli(A)
has the property that h(S*) C S, then h|s depends on at most one variable.)

To simplify notation, we shall construct the coordinate map g;. As f depends on its first
variable, there exist elements a,b € S and ¢ € S"! such that f(a,c) # f(b,c). Choose,
by condition (i), a unary polynomial ¢g that maps 7" to S and separates f(a,c) and f(b,c).
Hence, the polynomial

gf(xy, ... )

depends on its first variable on S. This polynomial can be restricted to S. As the induced
algebra A|g is permutational, this polynomial does not depend on any other variable on S,
and is a permutation in its first variable on S. Denote by m the order of this permutation,
and let h(z) = gf(x,...,z). Then h(z1) = gf(x1,22,...,z,), hence

hmilgf(xla <. 7$n) = hm(xl) =TI (1’1, oIy € S)

Thus, g1 = h™ ! o g is the required coordinate map. |

THEOREM 3.10 Let o be an abelian congruence on a finite algebra A such that (Oa, «)
is tame and let T' be a (0a,a)—multitrace. Then T is an E-trace with respect to «, it is
coordinatizable by traces, and A|r is term equivalent to (A|x)* where N is a (04, a)trace.

PROOF. Depending on the type of (0, «), apply Lemma 3.8 or Lemma 3.9. Note that
if T'= f(N,...,N) for some n—ary polynomial f, then the resulting number k is at most n,
but it is not necessarily equal to n. |

The conclusion of Theorem 3.10 (that 7" is an E-trace which is coordinatizable with
respect to N¥) is false when « is nonabelian. However, in the type 3 case we still have the
weaker conditions assumed in Lemma 3.6. Recall that an algebra is primal if every finitary
operation on the universe of the algebra is a term operation of the algebra.

LEMMA 3.11 Let A be a finite algebra, S a subset of A, and T = f(S,...,S) for some
n—ary polynomial f of A. Suppose that T" has more than one element and
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(1) The induced algebra A|s is primal.

(17) For any two elements a # b € T there exists a unary polynomial g of A that separates
a and b, and maps T into S.

Then there exist gi,...,9, € Poli(A) satisfying conditions (i)—(iii) of Lemma 3.6 (with

PROOF. By the second hypothesis, we can choose unary polynomials p;(x) of A, where
1 <1 < k for some k, which map T into S and which separate the elements of T'. For every
y € T pick a vector (x7,...,2¥) in S™ such that f(z{,...,2%) =y. For 1 <i < nlet h; be
a k-ary polynomial of A mapping S* to S, and satisfying, for every y € T, that

hi(pr(y), - -, pr(y)) = = .

Why do we have such polynomials? As the mapping that sends every y € T' to the k—tuple
(p1(y), - ., pr(y)) € S* is one to one, there certainly exists a function h; satisfying the above
equation. But A|g is primal, so the desired polynomials indeed exist. Now set

gi(x) = hi(pr (), ..., pi(2))

Then the polynomials g; clearly satisfy the conditions. |

THEOREM 3.12 Let 0 < « be a type 3 minimal congruence on a finite algebra A and
let T be a (0, a)-multitrace. Then T is an E—trace with respect to a and A|r is a primal
algebra.

PROOF. The statement follows from Lemma 3.6 (2) and from Lemma 3.11, since a
matrix power of a primal algebra is clearly primal and the algebra induced on any subset of
a primal algebra is again primal. |

A second proof of the fact that A|r is primal when the type is 3 can be obtained from
Rosenberg’s primal algebra classification. One can arrange things so that 7" is a maximal set
of the form f(N,...,N) where N C T is a (0a, o)—trace. These conditions imply that T is
closed under f and therefore f is an operation of A|r. One can also arrange it so that Al|p
has operations which restrict to give all Boolean operations on /N. These Boolean operations
together with f are incompatible with all Rosenberg—type relations.

It is not true in general that we can get coordinatization in the type 3 case. Indeed,
consider any three—element primal algebra A and any two—element subset N of A. Then
there is a binary polynomial of A satisfying f(IN,N) = A, but A is not coordinatizable,
because its cardinality is not a power of 2.

Multitraces in the type 4 and 5 cases are even less well-behaved. Their behavior with
respect to coordinatization will be discussed in a subsequent paper.
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4 Minimal sets in subdirect powers

In this section, A will be a finite algebra and C will be a finite subdirect power of A. We shall
compare the structure of certain minimal sets in C to minimal sets in A. We fix the following
notation concerning A: a, 3,7 € Con(A), a < 3, typ(a, 5) =2 and f <y < (a: (). I N
is an (o, §)—trace, then A|y/a|y is polynomially equivalent to a 1-dimensional vector space
over a finite field. Let K denote that field. We assume that C is a subdirect subalgebra of A*,
k < w, which satisfies C' C v®*). The condition C' C v¥) means that if (c,...,c;) € C, then
(ciycj) € v for all 1 <4, 5 < k. We fix the following notation for C: o/ = (a¥)|c, 8/ = (6%)]c,
and 7' = (1)]c.

It can happen that the algebra C is very ‘thin’. The results below are empty if o/ = 3.
Let us call a coordinate i (with 1 < i < k) bad, if a 8’ b implies a; a b; for all elements a, b
of C', otherwise i is called a good coordinate. In other words, the good coordinates are those
for which o/ and (' map to different congruences under the i—th projection. We have o < '
if and only if there exists at least one good coordinate. In ‘normal’ subalgebras of A¥, for
example when C' contains the diagonal, we automatically have that every coordinate is good.
Throughout this section, we assume that there is at least one good coordinate.

The minimal sets in C that will concern us correspond to prime quotients which we call
“centralized”. We define (9, 6) to be centralized if

(1) o/ <6<0<p,
(2) typ(0,0) =2, and
(3) C(+/,6;0) holds.

Of course, it is condition (3) which suggests the name “centralized”. We want to describe the
minimal sets corresponding to centralized quotients in C. For this purpose, we let M denote
the collection of all subsets of C' which are minimal with respect to at least one centralized
quotient.

THEOREM 4.1 IfA, o, 3,7, K, k, C, &, #/, ¥ and M are as above, then the following
hold.

(1) There exists a centralized quotient.

(2) If v & 3 in Con(A), then all type 2 prime quotients in the interval I[c/, (3] are
centralized.

(3) Every member U of M is a minimal set with respect to each centralized quotient. The
body and the tail of U are the same with respect to all centralized quotients.

(4) If U € M and f is a unary polynomial of C satistying f(5'|v) € o/, then f(U) € M
and f is a polynomial isomorphism of U onto f(U).

(5) Let U € M, M be the intersection of the body of U with a class of 3/, C =C/d/, and
M the image of M in this factor. Then C|3; is polynomially equivalent to a vector
space over K of dimension at most k. For every n—ary polynomial f of C, the set

f(M,..., M) is a coordinatizable E-trace of C with respect to M’ for some { <n.
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(6) The elements of M are exactly the sets of the form U = C' N (e1(A) X --- x ex(A)),
where (e, ..., ex) is a sequence of simultaneous C—twins and each e; is an idempotent
polynomial of A with e;(A) € Ma(«,3). The body and tail of U are of the form
CN(By x -+ x By) and C N (Ty x --- x T), respectively, where B; and T; are the
(cv, B)—body and tail of e;(A).

The six parts of Theorem 4.1 are proved in Lemmas 4.3, 4.6, 4.8, and 4.10. These lemmas
depend on intermediate results.

We introduce the following notation for certain congruences of C. For 1 <1 < k, let n;
be the i—th projection kernel restricted to C, and

a; =(1a X+ X1Iaxaxlyx---x1a)lc
Bi =(lax--x1laxBx1syx---x1a)lc

pi = (Bx-xfBxaxfx - xBe,
where «, (3, and « occur in the i—th component of «;, ;, and p;, respectively.
LEMMA 4.2 The following are true.
(1) o < B; and typ(oy, 5;) = 2 for all .
(2) a; N = p; for all i.

(3) 7 is a good coordinate if and only if ' £ «; if and only if a; V ' = (; if and only
if p; < (" if and only if 5;/a; and [3'/p; are perspective quotients. If i is bad, then
pi=p"

(4) The intersection of all p; for 1 <1 <k is «'.

ProoFr. (1) follows from the fact that C/n; is isomorphic to A, and (3;/n; corresponds
to # and «;/n; corresponds to « under this isomorphism. We get (2), (3), and (4) as
straightforward consequences of the definitions and of (1). 1

We prove Theorem 4.1 (1) and (2) immediately so that it is clear that the rest of the
results in this section have content.

LEMMA 4.3 Assume the hypotheses of Theorem 4.1.
(1) There exists a centralized quotient. In fact, ifo’ =0 < 6 < (', then (4, 0) is centralized.

(2) If v & 3 in Con(A), then all type 2 prime quotients in the interval I[c/, (3] are
centralized.

ProoF. For part (1), choose (,0) so that o/ = < 0 < 3. The quotient (9, 0) is prime
by choice. Since v < («: ) in A we get

V()< (@ 0) = (5:6)
in C. Hence, C'(v/,6;0). What remains to be shown is that typ(d,6) = 2.
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Choose (a,b) € § — . We have (a,b) € ' — o/, so we have (a;,b;) € # — « for some 1.
For this ¢ we have (a,b) € 3; — ;. Thus, we have

O./Z:Oél\/(5<0[1\/9§51

By Lemma 4.2, a; < [3;, so we conclude that (6,0) and (o, ;) are perspective. Hence,
typ(d,0) = typ(ai, B;) = 2.

To prove (2), first observe that [y, 3] < «a, so [7/, 5] < &'. Now let (§,0) be an arbitrary
type 2 prime quotient in I[o/, 3']. We have

.0 <[, 8] <o <.

Since v ~ 3 in Con(A), we get that v/ & 3’ in Con(C). This means that there is a k
such that [y/]* < 3. But [3,6] < a, so [, 3] < o and therefore [y/]*1 < o/ < §. Now
Theorem 2.6 (4) applies to show that [7/,0] < § (which holds) is equivalent to C(v/,0;9).
Hence (0, 6) is centralized. 1

LEMMA 4.4 For every congruence p of C with o/ < p < 3 and for each good i we have
that

Sep(a’, p) = Sep(a’, #') = Sep(a, B;).

PRrROOF. We first show that Sep(c/, p) = Sep(«/, #’). Let f € Pol;(C). Since Sep(o/, p) C
Sep(«/, '), clearly, we have to show that if f(p) C o/, then f(3') C «'. Assume that
f(p) € o and let the components of f be fi,..., fr. Set

vy ={(z,y) € B ‘ (Vg € Poli(A)) (fig(x) o fig(y))} .

It is easy to see that this is a congruence of A for every i, and o < ¢; < 3. As Cis a
subdirect power of A, for every g € Pol;(A) and any given 1 < ¢ < k there exists a unary
polynomial g of C that acts as g in the i—th component. This implies that if

a=(ay,...,a,) p(by,...,b,) =b,

then a; 1; b; for all i (as f collapses p to /). Now p # o/, so we can choose a, b, and i
so that (a;,b;) ¢ a. Then a; 1; b; implies that 1; # «, so by a < [ we have that ¢; = .
Setting ¢ to be the identity map of A we see that f;(x) « f;(y) holds for all z 3 y, that is, f;
collapses 3 into . Now we use the fact that C' C v®). As the polynomials f; are C-twins,
they are (a : 3)—twins also. If one collapses (3 to «, then so do all the others. Thus, we
indeed have f(3') C o/.

The argument that Sep(a/, 3") C Sep(as, 5;) is not very different from the above. Using
the fact that C is a subdirect power of A one gets that any polynomial f for which f(5;) C a;
has i—th component f; such that f;(3) C a. As argued above, every component of f collapses
B into o and so f(f3') C «'.

Now we argue that Sep(«;, ;) C Sep(«/, #’). Since i is good, Lemma 4.2 (3) proves that
(' /pi is perspective with ;/«;. Hence, Sep(«y, 5;) = Sep(p;, 5'). Since o < p; < (3, we get
Sep(p;i, ') C Sep(a/, #'). These last two sentences give the desired conclusion. |

20



LEMMA 4.5 Let (0,0) be a centralized quotient, choose U € Mcg(6,0) and denote the
body of U by B.

(1) B; < (6 :0) for each i.

(2) The lattice interval between «|g and (#'|g in Con(C|g) is a complemented modular
lattice.

(3) Sep(6,0) = Sep(c/, 3').

PROOF. Since C' C 4*) and 8 < « we get that 3; <+ for all i. Since (8, 6) is centralized,
we get that 3; <+ < (d:6). This proves (1).

Since B is an E-trace with respect to (4 : ), the restriction map is a homomorphism from
the interval 1[0, (¢ : 0)] of Con(C) onto Con(C|p). Since §; < (¢ : 0), by (1), and «o; < 3,
by Lemma 4.2 (1), we get that a;|g = i or a;|p < | s in Con(C|p). The induced algebra
C|p is Mal’cev, so the lattice Con(C|g) is modular. Using Lemma 4.2 and the modularity
of Con(C|p), we get that p;|p = #|5 or pilp < F|p for all i. Since o/ = NE_,p;, then by
restriction to B we find that o/|p is a meet of lower covers of '|g. This is enough to force
the lattice interval I[¢/|g, | g] to be a complemented modular lattice. This proves (2).

By Lemma 4.4, we have Sep(a/, 5’) = Sep(«, ;) for any good i. To prove (3), we will
show that Sep(a;, 5;) = Sep(d,#) for some good i. Since I[d/|g,#|p] is a complemented
modular lattice for which p;|p = 3’| or pilp < (| for each i and o’|p = NF_, p;| 5, then the
prime quotient (4|, #|5) is projective to some prime quotient {(p;|5, 3'|5). Since I[/|g, | 5]
is complemented and modular, we can project in two steps from 6|z/d|5 to 5'|s/pilB:

0l5/dls \ /v /" 35/ pils

for some congruences p, v € Con(C|p). Necessarily ¢ is good, so Lemma 4.2 (3) proves that
B'/pi / Bi/a;. Therefore, we even have that

0ls/ols \ /v /" BilB/ il

Set /i = Cg®(u) and let # be the largest congruence on C for which # < i and |z = v.
Then, since § < 0, a; < 3; and restriction to B is a lattice homomorphism, we get that

0/6 /v /" Bif
in Con(C). This forces
Sep((5, 6) = Sep(ﬁa /l) = Sep(aia ﬁl)
and finishes the proof of (3). 1
Now we prove part (3) of Theorem 4.1.
LEMMA 4.6 Assume the hypotheses of Theorem 4.1.

(3) Every member U of M is a minimal set with respect to each centralized quotient. The
body and the tail of U are the same with respect to all centralized quotients.
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PROOF. We proved in Lemma 4.5 that Sep(d, 8) = Sep(a/, 3’) when (4, 0) is centralized.
It follows that Mc(6,0) = Mc(«/, 3'); therefore, a set is a minimal set for one centralized

quotient if and only if it is a minimal set for all centralized quotients. It follows that
Mc(6,0) = M. The second part of this lemma follows from Lemma 2.11 (7). 1

We are at a point where it is possible to identify exactly which quotients are centralized
and which are not. In the next lemma, let p’ be the congruence on C which is the join of all
congruences p such that o/ < p < 3.

LEMMA 4.7 The following are true of p'.
(1) (o, p') is tame of type 2.
(2) Mc(d/, p') = M.
(3) The {(«/, p')~body of any U € M is the same as the (9,0)—body for any centralized
quotient (4, 0).
4) plv=0|v forallU € M.

5) Every type 2 prime quotient in the interval I[a/, p'| is centralized. Every centralized
Yty p Y
quotient is perspective with one in the interval I[o/, p']. No centralized quotient is
contained in I[p', 3'].

ProoOF. The following observation will be useful in this proof.

Claim 1. For any U € M, the mappings p — p|y and o — Cg€(a/Uo) are inverse bijections
between {p € Con(C) ‘ o < p< '} and {o € Con(C|y) ‘ ANy <o <}

ProOOF OF CLAIM 1. Choose a congruence p such that o/ < p < 3 and a U € M. By
Lemma 4.3 (1), the quotient (¢, p) is centralized. Hence, U € M¢(c/, p) and so o/|y < plu-
This implies that /|y < p|y. Since restriction to U is a lattice homomorphism of I[o/,
onto I[d/|y, #'|v], we must have that distinct covers of o restrict to distinct covers of o/|y.
It is clear that o/ < Cg®(a/ U p|y) < p, so Cg€(a’ U p|y) = p since o/ < p.

To finish, we must show that any cover of /|y in I[e/|y, f'|y] is the restriction of a cover
of o/ in I[a/, 3]. Choose o so that o/|y < o < #'|y. For 7 = Cg%(a’ U o), we clearly have
o <1 < (3. Choose some congruence A with o/ < A < 7. Then

ANy < My < 7ly =0,

since we have shown that covers of o restrict to covers of o'|y. But then \|y = o, since o
covers |y. Claim 1 is proven.

Lemmas 4.4 and 4.5 (3) prove that

Sep(o/, p') = Sep(c’, ") = Sep(4, 0)

for any centralized (d,60). Hence, Mc(</, p') = Mc(0,0) = M, proving (2). It now follows
that any member of Mc(a/, p') is the image of an idempotent polynomial. To prove that
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(a/, p) is tame we must verify that the restriction map from I[c/, p'] to I[e/|y, p'|v] is 0,1—
separating for any U € M.

If restriction was not O—separating, then we would have /| = p|y for some p satisfying
o < p < . Claim 1 shows that this does not happen, so restriction is 0-separating.
Choose o such that o/ < o < p/. From the definition of p’, there is a congruence p such
that & < p < p/ where p £ 0. We get that p/a’ / p'/o. Hence, if o|y = p'|y we also have
o/|y = ply which is false. Thus, o|y # p'|y for any lower cover of p’ in I[o/, p/]. This proves
that restriction is 1-separating. We get that (o, p’) is tame. Since I[¢/, §'] is a solvable
interval containing p’, it must be that typ(a/,p’) € {1,2}. But, we showed in Lemma 4.3
that for any p such that o/ < p < p' we have typ(a/, p) = 2. Hence, 1]/, p/] is not strongly
solvable. We infer that typ(c/, p’) = 2. This proves (1).

Parts (1) and (2) of this lemma combine with part (7) of 2.11 to establish (3).

We now prove (5). Let (4, 6) be an arbitrary centralized quotient, choose U € M and let
B be the body of U. By Lemma 4.5 (2), the interval [/|g, f'| 5] is a complemented modular
lattice. We have 0| < 0|p, since U € Mc(6,0). Hence, there is a congruence o € Con(C|p)
which is a complement to d0|p in I[o/|,0|p]. By Claim 1, o is the restriction to B of some
p € Con(C) with o/ < p < . Tt follows that p/a’ " 0/5. This proves the part of (5) which
asserts that every centralized quotient is perspective with one in the interval I[a/, p]. Tt also
proves that no centralized quotient is contained in I[p’, #']; since no prime quotient in this
interval is perspective with any p/a’ when o/ < p < #'. To finish the proof of (5) we must
explain why every type 2 prime quotient in the interval I[¢/, p'] is centralized.

Theorem 7.7 (4) of [6] shows that I[a/, p']/ X is a modular lattice. Since the atoms of
this lattice join to the top element, then every element of this lattice is a join of atoms.
This implies that every prime quotient in I[o/, p']/ X is perspective with one of the form
(p/ R)/(a!) X) for some p satisfying o’ < p < 3. It then follows from Lemma 6.5 of
[6] that any type 2 prime quotient in the interval I[o/, p/] is perspective with a centralized
quotient of the form (o, p). If (4,0) is a type 2 prime quotient in the interval («/,p’) and
U € Mc(0,0) = M, then as noted earlier the (J, #)~body and tail of U are the same as they
would be for any centralized quotient. It follows from Lemma 2.11 (6) that 7|y € B2 U T?
for this body and tail and so to prove that C'(v/,6;0) it suffices, by Lemma 2.6, to observe
that

7,60 < LB < ol <6

This finishes the proof of (5).

Claim 2. Whenever o/ < § < 0 < [ and 0|y < 0|y for some U € M, then (4,0) is
centralized.

PrROOF OF CLAIM 2. To see this, we argue first that U € M¢(6,6). Since |y < 0|y,
it is clear that U contains a (d,#)—minimal set. (In more detail, if e € E(C) is such that
e(C) = U, then e(0) € 0, so U = e(C) contains a (J, §)—minimal set.) However, if V' C U
is a (d, #)~minimal set properly contained in U and f € E(C) is such that f(C') =V, then
f & Sep(d/, p') = Sep(a/, #'). Hence f & Sep(d,#). But this is impossible since f(f]v) < 6.
We conclude that U € Mg (6,6). Since U is already known to be minimal with respect to
some centralized quotient, it follows that typ(d,0) = 2 and that the (4, 0)-body and tail is
the same as it would be for any centralized quotient. Hence, +'|;y € B* U T? for this body
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and tail. The proof that C'(v/,6;0) holds is the same as in the paragraph preceding the
statement of Claim 2.

Now (4) follows from Claim 2 and the part of (5) which states that no centralized quotient
is contained in I[p, #’]. This finishes the proof of the lemma. 1

Parts (4) and (5) of Theorem 4.1 are now easy to prove.

LEMMA 4.8 Assume the hypotheses of Theorem 4.1.

(4) If U € M and f is a unary polynomial of C satisfying f(5'|y) € o/, then f(U) € M,
and f is a polynomial isomorphism of U onto f(U).

(5) Let U € M, M be the intersection of the body of U with a class of 3/, C = C/d/,
and M the image of M in this factor. Then Clg; is polynomially equivalent to a
vector space over K of dimension at most k. For every n—ary polynomial f of C, the
set f(M,..., M) is a coordinatizable E-trace of C with respect to M’ for some ¢ < n.

PROOF. By Lemma 4.7, B'|y = p'|y; so (4) is simply a restatement of Theorem 2.8 (3)
of [6] for the tame quotient (a/, p').

Now we prove (5). Since |y = p'|y, the set M is simply an (o, p’)—trace of U. Clearly,
C|5z is isomorphic to (C|ar)/(/|ar) which is polynomially equivalent to a vector space since
(o, p') is tame of type 2. The dimension of this vector space is the same as the height of
the lattice I[a/|ar, p'|m]) = L[/ |ar, B'|ar]. But the latter lattice is a homomorphic image of
Id/|, f'|] by Lemma 2.4 of [6]. We proved in Lemma 4.5 that I[¢/|g, #'|p] is a comple-
mented modular lattice where o/|p = NF_,p;|p. Since each p;|p is either equal to F|p or a
coatom in I[c!|g, f'| 5], we get that o/|p is a meet of at most k coatoms in I[/|g, f'|5]. This
proves that the height of I[d/|g, 3| 5] (and therefore of I[a/|nr, '|a]) is at most k.

Let K’ denote the field over which (C|y)/(c/|y) is a vector space. If ¢ is good, then
pils < B'|B = p'|g. Since M is an (o, p/)—trace, and all traces are polynomially isomorphic,
pilar < Pl in Con(Clys). Let M’ denote the (;]p—class containing M and let e be an
idempotent polynomial of C with range U. Clearly, M’/«; is an E-trace of C/q; with
respect to (5;/c;) and e(x)/a;, since M’ is an E-trace of C with respect to §; (> «;) and
e(r). Since 3; <+, we get fBily € B>UT?, and so M’ C B. The fact that C|p is Mal’cev
implies that

Blpoals =01V als=(8Va)ls = bis,

so M C M’ and each element of M’ is a;—related to an element of M. We conclude that
M/a; = M'/a;. In particular, M/a; is an E-trace of C/«; with respect to (3;/a;) and
e(x)/a;.

Now, (Clay)/(/|m) is a K'—space and p;|pr = iy is a maximal congruence of C|y
above o[, and so it follows that the algebra (C|ys)/(a;|ar) is polynomially equivalent to a 1—
dimensional K'—space. At the same time M /q; is an E-trace with respect to (5;/c;) in C/ay
which forces it to be a (0¢/a,, (8i/a;))-trace. But C/o; = A/a and (3;/c;) corresponds
to (B/a) under this isomorphism. The field associated with any (o, 5)-trace is K, so we
have K’ = K.

The coordinatizability of sets of the form f(M, ..., M) follows directly from Lemma 3.8.
This finishes the proof of (5). 1
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Centralized quotients will play almost no role in the rest of this section, so now seems a
good time to present an example to justify the amount of attention we have paid them.

The structure of minimal sets of type 2 in subdirect powers would be easier to describe
if all type 2 prime quotients in the interval I[a/, 5'] were centralized. Unfortunately, as the
next example witnesses, that is not always the case (however, recall Lemma 4.3 (2)).

Example. (Some quotients may not be centralized.) Our example has universe {0, 1,2}
and a single basic operation, which is binary, and has the table

of0]1]2]

0j01]1
111]0(0
21102

A is the algebra ({0,1,2};0). The only congruences of A are a = 05, # = Cg(0,1), and
v = 1a. It is not hard to check by hand or computer that C(v, 3; «) holds. Furthermore,
typ(c, ) = 2 and the unique member of M (v, 3) is the set N = {0,1}. We choose C to
equal A2, In this example, o = O¢c, 8’ = B3x B and v = 1¢. C has twenty four congruences,
so we will not try to display them all. What interests us are the ten congruences in the
interval [/, f']. Their relative positions are shown in Figure 3. All prime quotients shown
in this picture are of type 2. In Figure 3, p' =6 <0 < 3.

ﬁ/

Oé,

FIGURE 3: I/, 7]

From Lemma 4.7 (5) we see that neither (d,60) nor (0, 3’) is centralized even though they
both are prime quotients of type 2 which lie between o and 3’. To see that the minimal

sets corresponding to non—centralized quotients must be handled in a different way, we note
that Mg (o, p') = M = {N x N}, Mc(0,0) = {N x A}, and Mc(0,0') = {A x N}.

Now we resume the main line of our argument. Fix an element U € M and let B and
T be the (o, p')-body and tail, respectively. B is an E-trace of C and C|p is Mal’cev
and E-minimal. Choose an idempotent polynomial e of C such that e(C') = U, denote the
components of e by ey, ..., e, and let U; = ¢;(A). Clearly, (e1,...,ex) is a sequence of simul-
taneous C—twins where each component is an idempotent polynomial of A. Furthermore,
the idempotence of each e; implies that

U=Cn(U x- xUp.
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Denote by B; and T; the image of B and T under the i—th projection. Since C|g/n;|p is
isomorphic to A|p,, it follows that A|p, is Mal’cev and E-minimal.

LEMMA 4.9 We have U; € Ma(a, 3) for all i. The body and tail of U; are B; and Tj;,
respectively.

PROOF. Since e € Sep(c/, '), we get that e; € Sep(a, 3) for at least one i. This implies
that e; € Sep(a, 3) for all 4, since the e; are simultaneous C—twins, C' C 4v* and v < (a : 3).
From this it follows that each U; = e;(A) contains an («, f)—minimal set. Assume that,
say, Uy properly contains the (o, )—minimal set V. Choose an idempotent polynomial f;
of A such that f1(A) = V. Since C is a subdirect power of A, it is possible to choose a
polynomial f of C which has f; as its first component. Now ef(x) is a unary polynomial
of C whose first component is e; f;(z) = fi(z) € Sep(a, #). It follows that all components
of ef belong to Sep(«, 3), since they are simultaneous C—twins. Choose a good i and then
pick (a,b) € 3 — «;. Since (a;,b;) € f—« and e;f;(3) € «, there exists a unary polynomial
g; of A such that (e;f;g:(a;), e;figi(b;)) € B —a. We can lift g;(x) to a unary polynomial g(z)
of C whose i-th component is g;, since C < A* is subdirect. For this ¢ we have

(efg(a),efg(b)) € Blv —a; Cplly — o =plp— o

It follows that efg(C) contains an (o, p’)—minimal set. But efg(C) is properly contained
in the minimal set e(C') = U, since e f19:(A) C V C U;. This contradicts the minimality
of ¢(C') = U. The conclusion is that each U; is a member of Ma (a, 3).

We now prove that a;|p < ;s for each coordinate i. Select a coordinate j at random.
Since U; € Ma(w,3), it follows from the definition of U; that there exist c¢,d € U such
that (c;,d;) € Bly; — . This means that (c,d) € 3;|y — «;. In particular, it means that
ajly < Bjlu and so U contains an (a;, 3;)-minimal set. We claim that U € Mc¢(ay, 3;). To
see this, choose an idempotent unary polynomial f such that

f(C)=ef(C)=V CU

and V € Mc(aj, ;). Since f = ef € Sep(a;,;), we must have e;f; € Sep(c,3). This
implies that all coordinates of ef are in Sep(c, ). Thus, each e;f;(A) contains an («a, 3)—
minimal set and is at the same time contained in U;. We conclude that f;(A) = e; fi(A) =
U; = e;(A) for all i. Hence,

U=e(C)=Cn(er(A) x - x en(A)) = CN (fi(A) x - x fulA)) = F(C) = V.

This proves that U € Mc¢(«;j, ;). By Lemma 4.2 (1), the quotient (o, ;) is of type 2.
From Lemma 2.11 (7) we get that the («;, 5;)~body and tail of U are B and T', respectively;
which implies that o;|p < G| 5.

We now show that B; and T; are the body and tail of U;, respectively. If c is in the body
of U;, then there is some element d also in the body with (¢,d) € § — a. Since U; is the
projection of U onto its i—th component, there are elements a and b € U with a; = ¢ and
b; = d. Then (a,b) € |y — a;|v and so both of these elements lie in B, the body of U.
This shows that a; = ¢ is in B;.
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For the converse, suppose that ¢ is a member of B;. Then there is some a in B with
a; = c¢. Being a member of B means that there is some b also in B with (a,b) € 8; — «;.
Then b; belongs to U; and (a;, b;) € 5 — a. This shows that a; = ¢ is a member of the body
of U;.

We have shown that the body of U; equals B;. To prove that the tail of U; is T;, it will
suffice to show that {B;, T;} is a partition of U;. The fact that U; = B; UT; follows from the
way B; and T; were defined. Assume that B; NT; # . Then we can find b€ Bandt € T
such that b; = t;. This implies that (b,t) € B x T and that

(b,t) € milu <o < (6:0)|y

where (6,0) is an arbitrarily chosen centralized quotient. But U € My (0, 0), therefore (by
Lemma 2.11 (6)) B is a (4 : §)|y—class. Now the last displayed line implies that b € B <
t € B. Thus, we cannot have (b,t) € B x T, after all. This completes the proof. |

One consequence of Lemma 4.9 is that B = CN(By X+ -x By) and T = CN (T} x - - - x Ty).
To see this, notice that C'N (B X -+ x Bg) and C'N (T} x - - - x T}) are disjoint, in the range
of e, and that the first set contains B while the second contains 7.

Now we prove the last part of Theorem 4.1.

LEMMA 4.10 Assume the hypotheses of Theorem 4.1.

(6) The elements of M are exactly the sets of the form U = C' N (e1(A) X --- x ex(A)),
where (eq, ..., ex) is a sequence of simultaneous C—twins and each e; is an idempotent
polynomial of A with e;(A) € Ma(«a,3). The body and tail of U are of the form
CN(By x -+ x By) and C N (Ty x --- x Ty), respectively, where B; and T; are the
(av, B)—body and tail of e;(A).

PrROOF. The element U € M which we fixed prior to Lemma 4.9 has the prescribed
structure. Since U was chosen arbitrarily, all elements of M are of this form. Furthermore,
as we remarked just before this lemma, the body and tail of U are as claimed. What is left

to show is that if (e1,...,e) is a sequence of simultancous C—twins and e;(A) € Ma(«, 5)
for each i, then C'N (e1(A) X -+ x ex(A)) € M.
The function e(z) is a unary polynomial of C, since (ey,...,e;) is a sequence of si-

multaneous C—twins. Furthermore, each e; belongs to Sep(«, 3). This is enough to force
e € Sep(/, B'). To see this, choose (a,b) € ' — /. Assume that, say, (a;,b;) € f—«. There
is a unary polynomial g; such that (e;g;(a;), e;g:(b;)) € B — .. Let g be a unary polynomial
of C which has g; as its i-th component. Then (c,d) = (eg(a),eg(b)) € 3 — . Since
(e(c),e(d)) = (c,d), we get e € Sep(/, 3').

Let U be a member of M which is contained in e(C'). Let f be an idempotent unary
polynomial of C for which f(C) = U. By the first part of this proof, f;(4) € Ma(«, )
for all i. But f;(A) C e;(A) = U; € Ma(w, 3) for all 4, since f(x) = ef(z). We must have
fi(A) = e;(A) = U; for all 7. Hence,

U=f(C)=Cn(U x---xU)=¢(C)
which proves that e(C) € Mc(c/, o). 1
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To conclude we summarize the results from this section in the case we are dealing with
a finite simple abelian algebra. In this case, we obtain a precise description of all type 2
minimal sets in subpowers of A.

COROLLARY 4.11 Let A be a finite simple abelian algebra and let C be a finite subdirect
power of A. Let M be the collection of all subsets of C' which are minimal with respect to
at least one prime quotient of C of type 2. Let K denote the finite field such that A induces
a 1-dimensional K-vector space structure on each of its minimal sets. The following hold:

(1) M is nonempty and every member of M is minimal with respect to every prime
quotient of C of type 2.

(2) Each U in M has an empty tail with respect to every type 2 prime quotient and Cly
is polynomially equivalent to a vector space over K.

(3) IfU € M and f is a unary polynomial of C which is nonconstant on U, then f(U) € M
and f is a polynomial isomorphism of U onto f(U). If f is an n-ary polynomial of C
then f(U,...,U) is a coordinatizable E-trace of C with respect to U' for some | < n.

(4) The elements of M are exactly the sets of the form U = C N (e1(A) X -++ X ex(A)),
where (eq, ..., ex) is a sequence of simultaneous C—twins and each e; is an idempotent
polynomial of A with e;(A) a minimal set of A.

(5) If p’ is the join of all of the atoms in Con C then the interval I[0¢, p'] is tame of type
2 and the interval I[p’, 1] is strongly solvable.

5 Minimal locally solvable varieties

A variety is called minimal (or equationally complete) if it is nontrivial, but its only proper
subvariety is trivial. Every nontrivial variety contains a nontrivial simple algebra, so every
minimal variety is generated by a simple algebra. A minimal locally finite variety is generated
by a strictly simple algebra. We recommend [18] to the reader interested in a survey of strictly
simple algebras and minimal locally finite varieties.

If a strictly simple generator of a minimal variety is nonabelian, then every member of
the variety is nonabelian; in fact, nonsolvable. If the generator is abelian, every member of
the variety is guaranteed to be locally solvable. Thus, minimal locally finite varieties are
either locally solvable or they contain no solvable algebras. In this section we describe all
minimal, locally finite, locally solvable varieties. Here is our result.

THEOREM 5.1 Let V be a locally finite, locally solvable variety. Then V is minimal if
and only if one of the following possibilities holds.

(1) V is term equivalent to a matrix power of the variety of sets with no operations, or to
the variety of sets with one constant operation. In this case V is strongly abelian.

(2) V is affine (in particular, it is congruence permutable), and is generated by a finite,
simple algebra that is polynomially equivalent to a module over a finite ring, and has
a l—-element subalgebra.
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The structure of the varieties described in (2) is well-known (see Freese-McKenzie [3],
Theorem 12.4), and it is proved there that such varieties are indeed minimal (all subdirectly
irreducible algebras are isomorphic to the generator). In view of Theorem 3.4 (6), the
varieties given in (1) are also minimal, since the variety of sets and the variety of pointed
sets are obviously minimal. By the same theorem, the statement in (1) is equivalent to saying
that V is generated by a finite simple algebra that is term equivalent to a matrix power of
the 2—element set or of the 2—element pointed set.

As promised in the Introduction, we give three different proofs of case (2) in this paper
(and one proof of case (1)). Still more proofs of Theorem 5.1 are known. For instance,
Agnes Szendrei discovered a different proof independently and at about the same time that
we discovered ours. Her results appear in [19] and [16] for the type 1 and type 2 cases,
respectively. Three years later, Szendrei and the first author discovered two more proofs of
this theorem. (One proof and the outline of the second can be found in [9].) The reader
will find one proof of the type 2 case in the next section, two in this one. The difference
between the two arguments here is that one uses the theory of minimal sets in subdirect
powers, the other one does not. This difference occurs only in the proof of the following key
lemma (which also applies in the type 1 case, but we only have one proof of that).

LEMMA 5.2 Let A be a finite, simple, abelian algebra generating a minimal variety ).
Then for each nonconstant, idempotent polynomial e of A there exists a binary polynomial
s(x,y) of A and a trace N C T = e(A) of A satisfying the following conditions.

(i) s(A,A) CT.
(it) s(N,T)=T.
(13i) |s(t,T)| < |T| for a suitable (that is, all) t € T..

PROOF. First we explain statement (7iz) of the lemma. Suppose that |s(¢,T")| < |T'| for
a suitable ¢t € T'. Then the mapping x — s(t, z) is not a bijection on T', so we have s(t,t;) =
s(t,ty) for some t1,ty € T. As A satisfies the term condition, we have s(t',t;) = s(t/,t5) for
every t' € T. As T is finite, this indeed implies |s(t',T)| < |T'|.

Our first argument works only for the case when typ{A} = {2 }. We shall use the theory
of minimal sets in subdirect powers. Consider a listing t = (¢1,...,tx) of the elements of T
and let C be the subalgebra of A¥ generated by the diagonal and the element t. As A is
simple and abelian, Corollary 4.11 applies for A and C. From Corollary 4.11 (5) we know
that if p’ is the join of all of the atoms in Con C then the interval I[p’, 1] is strongly solvable
and the interval 7]0., p] is tame of type 2. It follows that C/p’ is strongly solvable. But the
locally strongly solvable algebras of V form a subvariety VW by Corollary 7.6 of [6]. A is not
in W, since its type is 2, and so W must be trivial. Therefore C/p’ is the trivial algebra and
we must have p' = 1¢. We conclude that the algebra C is tame of type 2. In particular, any
two elements of C are connected by a chain of minimal sets. The collection of these minimal
sets is called M in Section 4 and their structure is described in Corollary 4.11 (4).

For ¢ € A, let ¢ denote the element (c,...,c) of C. Fix some element ¢ from 7. Since
IT| > 1, t and ¢ are two different elements. Connect t to # with a chain of members of M.
Let é denote the (idempotent) unary polynomial of C that acts as e in every component.
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Apply é to the elements of this chain. Since every element of the chain is a minimal set of
the tame algebra C, then on any given element of the chain, e is either constant or it maps
that element onto another member of M. We get another chain of elements of M running
entirely in 7% which connects é(t) = t to é(f) = £. In particular, there exists a V' € M such
that t € V C T*.

Since V' is a minimal set, we obtain that there exists an idempotent unary polynomial f
of C satisfying f(C') = V. Since C is generated by the diagonal and the element t, we may
express f as

f(.fE) = gc(ajataél? - '7ém)

for some term g and elements ¢; from A. Let s(z,y) = eg®(z,y,c1,...,¢n). Clearly, s is a
binary polynomial of A. The construction of s ensures that for every x € C' we have

fz(iﬁ'z) = S(QJi,ti) )

where f; is the —th component function of f. As f is idempotent and C contains the
diagonal, we have s(s(z,t;),t;) = s(z,t;) for each € A. From the abelian property of A we
get that s(s(x,t;),z) = s(z, 2) holds for all z,¢; € T.

Corollary 4.11 (4) states that we have é(C') 2V = CN(Ny x ... x N) for some minimal
sets V; C e(A) = T of A. We show that s satisfies the conditions of the lemma with N = N;.
Condition (7) holds, since g is prefixed by e in the definition of s. From f(C) =V andt € V
we see that t; € NV; = s(A, t;). By the equality above,

s(N1,t5) = s(s(A, 1), t;) = s(A ;) = N;

for every 1 <i,7 < k. In particular, s(N;,T) = T, implying (ii). To prove (iii) assume that
s(t,T) =T for some t € T. Then

Ny =s(Ny,t1) Cs(T,ty) = s(s(t,T),t1) = {s(t, t1)},

which is our final contradiction.

This was the proof of the lemma for the type 2 case using the theory of minimal sets in
subdirect powers. We included this argument to demonstrate the usefulness of this theory.
Now we present our “elementary” proof. Note that in the above argument we used only that
the locally strongly solvable subvariety of V is trivial. Here we shall use the minimality of V
in a different way. We do not distinguish between type 1 and type 2 until the end of the
argument.

First note that 7" = e(A) contains a trace NV of A. Indeed, e is not constant, and therefore
its range contains a minimal set, that is, a trace.

Let N = p(A), where p(x) = rA(z,ds,...,d) is an idempotent polynomial and 7 is a
term of A. Then A does not satisfy the identity r(x, z1,...,2¢) = r(y, 21, ..., 2¢), since we
can choose x,y € N to be different, and z; = d;. Hence, the subvariety of V defined by
this identity is trivial. Now, assume that C' € V is any finite algebra, having a congruence
0 # 1¢c, and elements sy, ..., s, such that 7€(x,sy,...,50) 0 rC(y,s1,...,8,) for all z,y € C.
Taking a maximal congruence ¢ of C containing 6, the simple algebra S = C/1) is abelian
and satisfies

‘v’x,y(rs(x, S1y...,80) = rs(y,El, oy 80)).
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Using the term condition we get that S is a nontrivial algebra satisfying the equation

r(x,z1,...,20) = 1r(y,21,-..,2¢). This is impossible, since this equation together with the
equations of V define the trivial variety. We conclude that there is no finite C' € V having a
congruence 6 # 1c, and elements s1,. .., s, such that rC(z,s1,...,80) 0 rC(y,s1,...,s.) for
all z,y € C.

Again let t = (¢1,...,%;) be a listing of the elements of T, and C the subalgebra of A*
generated by the diagonal and the element t. Let U = N* N C, and denote by 6 the
smallest congruence of C collapsing U. Since p(z) = r2(z,ds,...,ds) and p(A) = N, then
we have r€(x, di, ... ,Cig) 0 rC(y, di, ..., czg) for all 2,y € C. By the remarks in the previous
paragraph, the minimality of V implies that § = 1. Thus, the images of U under the unary
polynomials of C connect the elements of C'.

Notice that we had a similar statement in the previous proof. We now have it for type 1
as well. The next few steps of the proof are the same as above, but we now know less about
the polynomial images of U (in particular, we do not know if they can be obtained as the
range of an idempotent polynomial), so we have to do more calculations.

Connect the element t to ¢ = (¢,...,t), where ¢ is some fixed element of 7', with a chain
of polynomial images of U. These are two different elements, since |T'| > 1. Let é denote
the (idempotent) unary polynomial of C that acts as e in every component. Apply é to the
elements of this chain. We get another chain of polynomial images of U contained entirely
in T%. In particular, there exists a unary polynomial f of C such that V = f(U) has at least
two elements and satisfies t € V C TF.

Since C is generated by the diagonal and the element t we may express f as

f(il?) = gc(xatadlv I 7dm)

for some term g and elements a; from A. Let s(x,y) = eg®(z,y,a1,...,a,). Clearly, s is a
binary polynomial of A. The construction of s ensures that for every x € C' we have

filzs) = s(wi, ti),

where f; is the i—th component function of f.

We have an element u € U such that f(u) = t, that is, s(u;,t;) = t; for every 1 <i < k.
Since u; € N, this implies that ¢ € s(N,t) for every t € T, hence s(N,T) 2 T. On the other
hand, ¢ is prefixed by e in the definition of s, so we have s(A, A) C T. Thus s satisfies (7)
and (7).

Now we have to split the proof into two cases according to the type of A. First suppose
that this typeis 1. As f is not constant on U, there exist elements ny,ny € N and € T such
that s(ny,z) # s(ng,z). But A is strongly abelian, so this implies that s(ny,z) # s(ns,y)
for every y € T. That is, s(ny,T) is contained in 7" — s(ng,T'), and therefore we have
condition (#ii) with ¢ = na.

In the type 2 case we transform s in three steps to get a new binary polynomial that
still satisfies conditions (¢) and (ii), but satisfies (iii) as well. As f is not constant on U,
there exist elements ny,ny € N and 0 € T such that s(ny,0) # s(ng,0). Hence, M = s(N,0)
is a trace of A, which contains 0 (since ¢t € s(V,t) for every t € T'). Let ¢ be a polynomial
inverse of s(z,0) mapping M to N and satisfying q(A) = (M) = N. Set

31(I7y) = S(q(l‘),y) .
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Then s;(z,0) = x for all z € M, so s1(M,0) = s1(A,0) = M. We also have t € s1(M,1)
for every t € T. Thus, s; satisfies conditions (i) and (ii) with respect to M instead of N.
Thus, if s1(0,y) is not a permutation of 7', then we are done because (7i7) will be satisfied
with t = 0. Otherwise, consider a power h(y) of this permutation, which is its inverse on the
set T'. Set

s2(,y) = si1(x, h(y))

By the definition of h we have s5(0,y) =y for all y € T. As h is a permutation of 7', it maps
T onto T, s0 so(M,T) = s1(M,h(T)) = s1(M,T) =T. From 0 € M we get that s;(0,0) =0,
so the element 0 is a fixed point of s1(0,y), hence h(0) = 0. Therefore so(x,0) = = holds for
all z € M, and we have s9(A,0) = so(M,0) = M.

Let + denote the (polynomial) addition on M with zero element 0. We show that for each
x,y € M we have sy(x,y) = x + y. (This follows easily from the fact that A is quasi—affine,
but the following argument is simpler and more elementary.) We apply the term condition.
From

53(0+0,y) =y = 52(0 +y,0)

we obtain, by changing the first zero to x, that
s2(x4+0,y) = sa(z +y,0) =z +y,

since z +y € M.
Finally, let eg(z) = so(x,0), this is an idempotent polynomial of A with range M. Set

s3(z,y) = sa(eo(r) — eo(y),y) -

We show that s3 satisfies all three conditions. Obviously, s3(A4,A) C T. If t € T, then
t = so(m,t') for some m € M and t' € T. Let m’ = ey(t') + m, then s3(m/,t') = sa(eo(t') +
m — eo(t'),t') = sa(m,t') = t, so we have s3(M,T) = T. Finally if z,y € M, then we have
s3(x,y) = s2(x —y,y) = (v — y) + y = z, showing that s3(0, M) = {0}. Therefore s3(0,x) is
not a permutation of 7" and so s3(0,7") # T, as T is finite. Thus, all proofs of Lemma 5.2
are complete. |

LEMMA 5.3 Let A be a finite, simple, abelian algebra generating a minimal variety V.
Then A is coordinatizable by traces.

Proor. Let T be minimal among all E-traces of A that are not coordinatizable by
traces, and let T' = e(A) for an idempotent polynomial e of A. Consider the trace N and
binary polynomial s provided by Lemma 5.2 for this 7. Iterate s in its second variable so
that it becomes idempotent. If this happens in m steps, then let

g(x1, . T, y) = s(xy, s(xe, ... s(Tm,y) .. 1)),

and h(z,y) = g(z,...,z,y). Pick t € T arbitrarily. Then f(z) = h(t,z) is an idempotent
polynomial of A. Let R = f(A). As s(A,A) C T we have R C T. As s(t,T) is a proper
subset of T', by the properties of s, the definitions of g and h show that R is a proper subset
of T. On the other hand, s(N,T) = T implies that g(N,...,N,T)=T.
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We show that g(N,...,N,R) =T. Indeed, from h(z, h(z,y)) = h(z,y) we get that

g(x7“'7x7g(x7"'7x7y)) :g('r7"'7‘r7y>7

so by applying the term condition we obtain that

g(x1, .ty gz, 2y y) = g(xy, . T, Y)

Thus g(N,...,N,T) =g(N,...,N,h(t,T)) as stated.

By the minimality of T" we know that R is coordinatizable by traces. This means that
R = p(M,..., M) for some polynomial p and trace M of A. As M and N are polyno-
mially isomorphic, we may assume that M = N (by changing p appropriately). Hence
T = g(N,...,N,p(N,...,N)), so by Lemmas 3.8 and 3.9, the set T" is coordinatizable by
traces. This contradiction proves the lemma. |

Finally we show that Theorem 5.1 follows from this lemma.

PRrOOF of Theorem 5.1:

Let V be a locally finite, locally solvable, minimal variety. Then V is generated by a finite
simple solvable (and hence abelian) algebra A. If we put together Lemma 5.3 and Theorem
3.7 (2) we find that A|, is term equivalent to (U|y)! where U is either a finite simple vector
space or a finite simple algebra whose basic operations are all unary and permutations of U
and k is some natural number. Thus, we can assume that A is polynomially equivalent
to Ul¥l. This means that the universe of A will be assumed to be U* and it further entails
that the clone of A is contained in the clone of (Ul ).

In the case where U is a vector space we have that A is an abelian algebra which has a
Mal’cev polynomial. This says that A is polynomially equivalent to an affine algebra. But
an algebra polynomially equivalent to an affine algebra is affine itself as we now explain. Let
p(z,y, z) be a polynomial of A that interprets as z—y+z. If p(z,y, 2) = t*(z,y, 2, a1, . .., a)
for some term ¢, then in fact

p(z,y,2) = (@, (Y U U Yy oo Y)y 20 Yy Y-

That is, the term t(x, t(y,y,y,y,..-,Y),2,Y,...,y) interprets as z — y + z. One can see this
most easily by first representing t(z, y, z, %) as a module polynomial for which tA(z,y, z,a) =
x — y + 2z and then showing that the operation t2(z,t*(y,y,y,u), 2, %) is independent of .
Now that we see that A is affine we can then rely on Theorem 12.4 of [3] to obtain part (2)
of our theorem.

In the case where U is unary it follows from the definition of the matrix power of an
algebra that all term operations of U (and hence of A) depend on at most k variables.
This implies that any polynomial of A which depends on exactly k variables must in fact
be a term operation of A. In particular, since the clone of Ul can be generated by k-ary
operations which depend on all of their variables it follows that the clone of A contains the
clone of Ul (Here it is essential that the basic operations of U are permutations.)

If the unary term operations of U act transitively on U, then the unary term operations
of U will act transitively on U*. In this case, the clone of (U|y)¥! covers the clone of Ul
in the lattice of clones on U*. The clone A must equal one or the other of these clones
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since it contains one clone and is contained in the other. Thus, when the terms of U act
transitively, then A is term equivalent to either Ul or to (U]y)™".

The algebras U and Uly do not generate minimal varieties when the unary term oper-
ations of U act transitively on U (the subvariety defined by the equations #(x) ~ x for all
nonconstant unary terms ¢ is nontrivial); hence their matrix powers cannot either. Thus, in
this case, A can’t generate a minimal variety since term equivalence preserves this property.

We are reduced to considering the case where U is a 2-element algebra with no basic op-
erations and the clone of A contains the clone of U¥ but is contained in the clone of (Ul ).
However, there are only four clones on the set U* which contain the clone of U and are
contained in the clone of (U|y)¥. If we let U = {0,1}, then the four clones are the clones of

o ({0,1}10)H,

o ({0,1};0)H,

e ({0,1}; D) and
e ({0,1};0, 1)

(It takes a small calculation to see that there are no other clones in this interval.) A is term
equivalent to one of these four algebras. The second and third are term equivalent to each
other. The fourth algebra on the list does not generate a minimal variety (since the equation
0 ~ 1 defines a nontrivial proper subvariety). Hence, A must be term equivalent to either
({0,130} or ({0, 1}; 0)".

To summarize, we have shown that the algebra A must either generate an affine variety
or must be term equivalent to a matrix power of a 2—element set or to a matrix power of a
2—element set with a single constant operation. |

To conclude this section, we give a more detailed description of the minimal locally finite
varieties of type 2. We have shown that a minimal locally finite variety of type 2 is affine
and has a 1-element subalgebra. This is already a good description of minimal varieties of
type 2, but it is not as good a description as the one we have given for minimal varieties
of type 1. In particular, Theorem 5.1 does not tell us what the clone of a minimal type 2
variety is.

Let A be a strictly simple algebra which generates a minimal variety of type 2. Let S
denote the set of trivial subalgebras of A and choose some 0 € S. If we expand A by adding
in all polynomials which preserve 0 as new basic operations, we obtain an affine algebra with
exactly one trivial subalgebra. Such an algebra is term equivalent to a finite simple module,
B, with the same universe as A. The endomorphism ring End(B) is a finite field which we
denote by F. If V is the universe of B, then V is a finite-dimensional F—space and B is
isomorphic to the R-module structure on V' where R = Endg(V'). The algebras A and B
are polynomially equivalent, so the following theorem serves to describe the clone of A. The
proof of this theorem can be derived from Propositions 2.6 and 2.10 from [17].

THEOREM 5.4 Let V be a finite-dimensional vector space over the field F and let B
equal V' considered as an R-module where R = Endg(V'). Let A be any reduct of B which
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is polynomially equivalent to B. Let S be the set of trivial subalgebras of A. The following
are true.

(1) S is a subspace of V.

(2) The clone of A consists precisely of those linear operations on V' which preserve the
members of S.

(3) There is a left ideal J of R such that the clone of A consists precisely of those linear
operations on V', my(z1) + - - - + m,(z,), which satisfy

mi+---+m, = 1 (mod J).
(Here 1 denotes the identity element of R.)

By a reduct of an algebra C we mean any algebra with universe C' whose clone of term
operations is a subset of the clone of term operations of C. In the following corollary an
affine module is an idempotent reduct of a module.

COROLLARY 5.5 A minimal, locally finite affine variety is categorically equivalent to a
variety of vector spaces or a variety of affine modules.

PROOF. A unary term o(z) for the variety V is said to be invertible in V if there
exists some n > 0, an n—ary term p(z) and n unary terms ¢, ..., q, such that V satisfies
plo(qi(x)),...,0(qgn(x))) = x. If o is an idempotent term of V, then for A € V we write
A(o) for the algebra with universe o(A) and whose basic operations are the operations
of the form o o f|s4) where f is a term of A. We write V(o) for the variety of algebras
{A(0) ‘ A € V}. Tt is shown in [12] that if ¢ is an idempotent term which is invertible in V,
then V is categorically equivalent to V(o).

If V is a minimal, locally finite affine variety, then using Theorem 5.4 it is fairly easy to
show that any nonconstant idempotent term is invertible. (Just follow these steps:

(1) Let A be a strictly simple generator of V and choose ¢, ..., ¢, € Clo;(A) such that
{oq1,...,0qn} separates the points of A.

(7i) Show that the left ideal of R generated by {oq,...,0q¢y} is R. In this step use the
fact, which we established in the proof of Theorem 5.4, that left ideals of R are just
the annihilators of subspaces of V.

(23i) If 1 = ¥m,oq;, then p(z) = Ym;(x;) € Clo,(A) by Theorem 5.4 (3) and so p and
¢, - - -, qm are terms which witness that o is invertible.)

Now if A, the strictly simple generator of V, has more than one trivial subalgebra, then
the description of the clone of A given in Theorem 5.4 implies that A has a nonconstant
idempotent term whose range is the space of trivial subalgebras. If ¢ is such a term, then
V(o) is an idempotent affine variety. That is, it is term equivalent to a variety of affine
modules. Since term equivalence is a categorical equivalence, we get that V is categorically
equivalent to a variety of affine modules in this case. In the other case A has exactly one
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trivial subalgebra. We choose o to be any idempotent, invertible term whose range has
vector space dimension 1. The term operations of A (o) contain the vector space operations
and are all linear with respect to these operations. Hence, A(c) is term equivalent to a
I-dimensional vector space. But A(c) generates V(o), so the latter is term equivalent to a
variety of vector spaces. This finishes the argument. |

Since the matrix power construction viewed as a functor V — V¥ is a categorical equiva-
lence, the results of this section show that any minimal, locally finite, locally solvable variety
is categorically equivalent to one of the following varieties:

e the variety of sets,

e the variety of pointed sets,

e a variety of vector spaces or

e a variety of affine modules over a finite simple ring.

No two varieties on the list are categorically equivalent to each other; they can be categor-
ically distinguished by comparing the endomorphism monoids of A? where A is the unique
simple algebra in each variety.

We would like to point out that from the results from this section it is not hard to
see that every locally finite minimal abelian variety is w-categorical. A class of algebras is
w-categorical if up to isomorphism there is a single countably infinite algebra in the class.
What is perhaps more interesting is that our results can be used to provide another proof
of the classification of w-categorical varieties [4, 5, 8, 14, 15], since it is not difficult to show
that such a variety must be locally finite, abelian and minimal (see Theorem 4.1 of [8]).

6 'TSSS varieties

We will call a locally finite variety with trivial locally strongly solvable subvariety a T'SSS
variety. Examples of TSSS varieties include all locally finite varieties which satisfy a non-
trivial special Mal’cev condition as well as all minimal locally finite varieties which are not
of type 1. We are going to analyze the commutator properties of algebras in T'SSS varieties.
We give a short argument which establishes that a TSSS variety generated by an abelian
algebra is congruence permutable. This is a quick proof of the fact that a minimal variety of
type 2 is affine. We further show that a TSSS variety generated by a left nilpotent algebra
is congruence permutable.

LEMMA 6.1 Let V be a locally finite variety. The following conditions are equivalent.
(i) V is a TSSS variety.
(13) 'V contains no finite simple algebra of type 1.

(14i) Whenever A €V is finite, « < [ in Con(A) and typ(«, 3) = 1, then =C(1, 5; ).
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PrOOF. We shall prove that —(i) = —(ii) = —(iti) = —(i). If V is not a TSSS
variety, then it has a nontrivial locally strongly solvable subvariety which contains a finite
simple algebra of type 1. Hence, —(i) = —(i7). Next, if } contains a finite simple algebra
S of type 1, then by choosing A = S and setting @ = 0 and § = 1 we get that C(1, ;)
since S is abelian. Hence, —(ii) = —(i4i). To finish we need to show that if V contains a
finite algebra A with congruences o < 3 in Con(A) such that typ(«, 5) =1 and C(1, 5; «),
then V contains a nontrivial strongly solvable algebra. Without loss of generality we may
assume that a = 0.

Let 3 be the congruence 3 x (3 restricted to the subalgebra A(3) of A x A (as in
Definition 2.2). Clearly, 3 is strongly Abelian, so we have 3 < 0. It is easy to check that
BV A;z=1. Hence

1 - B\/ ALB f\s’ 0 \% AL@ - Alﬂ'

Therefore, B = A(3)/A; 3 is a strongly solvable member of V. To finish our proof that V
is not a TSSS variety, we will show that B is not a 1-element algebra. (This will show that
V contains a nontrivial strongly solvable member.) To see this, note that our hypothesis
C(1,;0) is equivalent to [1,5] = 0 which in turn is equivalent to the condition that the
diagonal of A(f3) is a union of A z—classes. But not every element of A(/3) is on the diagonal
since > 0. It follows that A; g has at least one class contained in the diagonal of A(3) and
at least one class disjoint from the diagonal of A(3). Hence, B = A(3)/A; 3 has at least 2
elements. 1

THEOREM 6.2 IfV is a TSSS variety generated by an abelian algebra, then V is affine.

PROOF. Since V is generated by an abelian algebra then we know from [6] that V
is locally solvable, or equivalently, that typ{V} C {1,2}. Corollary 2.7 tells us that in
fact every finite member of V is left nilpotent. Now, if 1 € typ{V}, then V contains a
finite subdirectly irreducible algebra A with monolith p where typ(0, ) = 1. As A is left
nilpotent, [1, ] = 0, that is, C'(1,;0). But now the equivalence (i) <= (iii) of Lemma
6.1 proves that V is not TSSS. Hence 1 ¢ typ{V}. The conclusion is that typ{V} = {2}
and therefore that V is congruence permutable by Theorem 7.11 (3) of [6]. Any congruence
permutable variety generated by an abelian algebra is affine and so the theorem is proved. Il

COROLLARY 6.3 Every minimal variety of type 2 is affine.

The following lemma generalizes the result, found in [7], that every homomorphic image
of a finite abelian algebra is left nilpotent. (To see that it generalizes the result in [7], take
a=1and f=0.)

LEMMA 6.4 If A is a finite algebra with congruences «, (3, then
la,a] < = C(aV 3,0;6)

whenever < <60 <aV}g.
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PROOF. If the statement of the lemma is false for A, then it is false for A/[a, a], so we
need only to prove the lemma in the case where [, a] = 0. Assume throughout the proof
that [o,a) =0 and § < § <0 < aV (. We will argue that C'(a V 3,0;9).

Since 3 < d < aV 3, we get @V =aV . Hence, we need to show that C(a V 4,0;9).
But

C(aV0,0;0) <= C(a,0;9) & C(6,0;0).

Since C'(9, 8; 0) holds for any two congruences 6 and 6, we can establish the lemma by showing
that C'(a, 6;0). We will use the fact that (4, 6) is a-regular which follows from Theorem 2.6
(1). Theorem 2.6 (4) applies since [a,a] = 0 < 6 and (9, 0) is a—regular. This guarantees
that the conditions C'(«; 6;0), C(6; a;0), [0, a] < § and [«, 0] < § are equivalent, so it suffices
to establish any one of these conditions.

Case 1. aNf <.
In this case, [a,0] < aANf <6, so C(a,d;0) and we are done.

Case 2. aNf L 6.
Let A = a A d and choose v such that A < v < a A 6. The prime quotients (\,v) and
(0,0) are perspective prime quotients which are both a-regular (since [a, a] = 0). Now,

[V’a] < [Oéaa} :OS)\,

so C(v,a; A) by Theorem 2.6 (4). But A = a A J, so C(v,a; ) implies C(v, «; §). Together
with C(0, a;9) we get C(d V v,a;0). But § Vv =0, so we have C(0, ;). By Theorem 2.6
(4), we have C'(a, 0;6). This finishes the proof of Case 2 and therefore it finishes the proof
of the lemma. |

LEMMA 6.5 Assume that A is a finite algebra and that Con(A) has congruences «, 3 such
that [o, ] < B and oV = 1. Then for the conditions listed below, (i) = (ii) = (i1).

(i) V(A) is a T'SSS variety.
(i) typ{B,1} = {2}.
(24i) C(1,1; ) holds.
PrOOF. The implication (i) = (iii) clearly follows from Corollary 2.13. So assume
that (¢) holds. From the previous lemma we know that C(1,6;d) whenever § < < 60 < 1.
This tells us two things. First, the interval ]3, 1] is solvable, so typ{3,1} C {1,2 }. Second,

referring to Lemma 6.1 (i) <= (iii), we find that 1 ¢ typ{3, 1} since we are in a TSSS
variety. Hence, typ{/,1} = {2} and (7i) holds. |

LEMMA 6.6 Assume that A belongs to a TSSS variety and A has a congruence « such
that [1,a] = 0. Then B = A(«a)/A;, generates an affine variety. If o > 0, then B is
nontrivial.

38



PrOOF. Since C(1,a;0) in Con(A) we get C(1,@;n;), i = 1,2, in Con(A(a)) and
therefore C'(1,@;0) as well. Thus, [1,a] = 0 and so [@,@] = 0 < A;,. We also have
aV Ay, =1 Lemma 6.5 proves that C'(1,1; A;,) holds, so, by Theorem 6.2, B generates
an affine variety.

If @ > 0, then the universe of A(a) properly contains the diagonal, but the diagonal is a
union of A; ,—classes. Hence, there are at least two distinct A, ,—classes. It follows that B
contains at least two elements. |

LEMMA 6.7 Assume that A is an algebra with a congruence « such that [1,a] = 0. If
d(z,y, z) Is a term which interprets as a Mal’cev operation on A /a and on A(«)/A ,, then
a term M (z,y,z) which interprets as a Mal’cev operation on A may be constructed by
composition from d(z,y, z).

Proor. Write A for A, ,. The statement that d(z,y, z) interprets as a Mal'cev oper-
ation on each of A/a and A(«)/A is equivalent to the statement that for all u,v € A and
(a,b),(c,e), (f,g9) € a we have that

d* (u, u,v) a v o d®(v,u, u)

and that (1§ ) & () impies
() () E) G2 () )

Claim 1. For any a € A the polynomials d*(z,a,a),d*(a,a,z) and d?(z,x,z) are one—
to-one functions. Furthermore, if (a,b) € «, then d*(z,a,a) = d*(z,b,b) and d*(a,a,z) =
dA (b, b, 7).

PrROOF OF CLAIM 1. Assume that for u,v € A we have that d*(u,a,a) = w =
dA(v,a,a). Since d*(x,a,a) a x, then

w o d®(u,a,a) = d*v,a,a) av

hence (u,v) € a. But now, (u,v),(a,a) € o and ( Z ) A ( Z ) . Hence, from above we

see that <Z>:dA<a><<Z><Z><Z>>A<Z>

Since the diagonal of A(«) is a union of A—classes then we conclude that v = v and hence
that d*(z,a,a) is one-to-one. A similar proof works for d*(a, a, ).

) 3 (2t

Now, assume that (a,b) € a and that r € A. Since < b

<

() e (C) ()= (i)
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Again using the fact that the diagonal of A(«) is a union of A—classes we see that d*(r, a,a) =
dA(r,b,b). A similar proof shows that d*(a,a,z) = d*(b,b,z) for all x € A.

Finally we must show that d®(z,z, ) is one-to—one. Assume that d*(u,u,u) = w =
dA (v, v,v) for some u,v € A. Since d is Mal’cev on A/a we get that d®(x,z,2) a x, so we
must have (u,w), (w,v) € a. From what we have already proved, d*(z,u,u) = d*(x,v,v),
so d*(u,v,v) = d?(u,u,u) = w. Since d*(x,v,v) is one-to-one and d*(u,v,v) = w =
dA(v,v,v) we get u = v. Claim 1 is proved.

Claim 2. For 7; equal to the i—th projection kernel of A(«a) we have 7; A A = 04.

PrOOF OF CrLAIM 2. We prove the claim for 7; only. Assume that < Z ) mAA ( CCZ )

Necessarily we have (a, b), (a,c) € a. Using Claim 1 we get the first equality in

dA(c,c,c) \ [ d*(a,a,c) \ JA@) a a c A€

d2(b,b,b) |\ dA(b,c,c) ) b c c c )
Hence d?(b,b,b) = d*(c, c,c). By Claim 1 we have that b = c¢. This completes the argument
for Claim 2.

We define a first approximation to a Mal’cev term on A:
p(z,y,2) =d(d(z, z,x),d(d(z,z, 2),2,y), 2).

Claim 3. The algebras A/a and A(a)/A satisfy the equation d(x,y, z) = p(x,y, z). Fur-
thermore, A satisfies the equation p(z,x, z) = 2.

PrROOF OF CLAIM 3. The fact that A/a and A(«)/A satisfy the equation d(z,y, 2) =
p(z,y, z) follows from the definition of p and the fact that d interprets as a Mal’cev operation
on these algebras.

We must show that A satisfies the equation p(z,x,z) = z which may be written as
d(d(z,z,z),d(d(x,x,z),z,x),z) = z. To show that this holds, choose a,b € A arbitrarily.
We will show that d*(d*(b,b,a),d*(d*(a,a,b),b,a),b) = b. Set u = d*(d*(a,a,b),b,a).

A
Since d®(a, a,b) a b, we get that u o d*(b,b,a) o a. Hence the pairs ( d (bl’bb’ a) ), Z >

and < Z ) belong to A(«) and the latter two are A-related. This means that

dA(dA(b7 b7 CL), u, b) — dA(a) dA(ba b? CL) u b A dA(b7 b7 (l) )
d® (u,u, b) u u b u
We can modify the left side of this displayed line by noticing that d*(d*(b,b,a),u,b) =
p(a,a,b) and that (since u o a) d*(u,u,b) = d*(a,a,b). Hence the left side equals
A
( ’ZA EZ’ Z’ 2% ) . We can modify the right side by replacing u with d*(d*(a, a,b), b, a). Start-
ing with this and continuing yields:

( dA(dCf(g’ab,’;)), b,a) ) = (( dA(a[?a, b) ) ( 2 ) < ; )) A ( dA(al?a,b) ) :
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Putting the left and right modifications together we get that
A
p*(a,a,b) b
( d?(a,a,b) ) CHE ( d?(a,a,b) |-

From Claim 2 we deduce that p*(a, a,b) = b as desired. This completes the proof of Claim 3.

Our Mal’cev operation M must be constructed from p in a different way than p was
constructed from d. The definition of M is

M(z,y,z) = p(p(z,p(x, 2, 2),2), p(y, py, 2, 2), Y), 2).

Claim 4. The algebras A/a and A(a)/A satisfy the equation p(z,y,z) = M(z,y,2).
Furthermore, M4 (x,y, 2) is a Mal’cev operation.

Proor ofF CraiM 4. The first part of Claim 4 is handled just like the first part of
Claim 3. From the definition of M and the fact that A |= p(z,z,2) = z we get that
A = M(x,z,z) = z. We must prove that for any a,b € A we have

a = M*"(a,b,b)
= p™(p*(a,p*(a,b,b),a), p™ (b, p*(b,b,b),b),b)
= p™*(p*(a, p*(a,b,b),a),b,b).

In the upcoming calculations, when moving from the first line to the second, we will use the
fact that p®(a, p®(a,b,b),p*(a,b,b)) = p*(a,a,a) = a, which follows from p*(a,b,b) a a
and Claim 1.

JA@ (( pA(a,pA(acub, b), a) ) ( Z ) < lg )) A (pA(a,pAEIa, b,b),a) )
= (o) CAesn ) Cmann )2 Comcann )

Replacing the first expression in the above sequence with an equal value yields:

M*A(a,b,b) a
( pA(CL,b, b) > A A < pA(a767 b) > '
From Claim 2 we deduce that M*“(a,b,b) = a. This finishes the proof of Claim 4 and
therefore of the theorem. |

There is a simpler proof of the previous lemma if one assumes that A is finite. After
proving Claim 1 one knows that for all @ € A the polynomials d?(z, a,a) and d*(a,a, z) are
one-to—one. When A is finite this implies that these polynomials are permutations. From
this one can construct a Mal’cev term from d by iteration. Unlike the argument given above,
in this argument the complexity of the term M constructed depends on |A|.

THEOREM 6.8 If V is a TSSS variety generated by a left nilpotent algebra, then V is
congruence permutable.

41



PrOOF. We may assume that V is generated by a finite, left nilpotent algebra. For
if V is a TSSS variety generated by a left nilpotent algebra, then Fy(2) is a finite, left
nilpotent algebra. If the theorem holds for finitely generated varieties, then V' = V(F(2))
is congruence permutable. But V' = V(F,,(2)) is congruence permutable iff V is congruence
permutable. (The reason for this is that any Mal’cev term for V' is also a Mal’cev term for V
since the defining equations for a Mal’cev term involve only two variables.) Thus, we only
need to prove the theorem in the case when V is generated by a finite, left nilpotent algebra.

Let A denote the class of finite, left nilpotent algebras that generate TSSS varieties. We
will use induction on the nilpotence class to prove that for any A € A the variety V(A) is
congruence permutable. As we explained in the last paragraph, this will finish the proof.

If A € Ais abelian, then Theorem 6.2 proves that V(A) is affine and therefore congruence
permutable. The base case for our inductive proof has been established. For the inductive
step of our argument, choose A € A of nilpotence class k > 1 and assume that the theorem
is true for all A’ € A of smaller nilpotence class. Since A is of nilpotence class k, we
have (1]**! = 0 < (1]*. Let a = (1]*; Note that A/a has nilpotence class k — 1. Let
A=A, € Con(A(w)). We have [1,a] = 0, so by Lemma 6.6 we have that A(a)/A is
affine. Let § =aAA in Con(A(«)). Notice that A(a)/@ = A/« is of nilpotence class k — 1
and A(«)/A is abelian since it is affine. B = A(a)/f is of nilpotence class < k—1 since it is
a subdirect product of algebras of nilpotence class < k—1. Since B € V(A) we get that V(B)
is TSSS. This means that B € A and, from our inductive hypothesis, V(B) is congruence
permutable. Let d(x,y, z) be a term which interprets as a Mal'cev operation on B. Then
d(x,y, z) interprets as a Mal’cev operation on both A(«)/a = A/a and on A(a)/A. Hence,
by Lemma 6.7, there is a term M (x,y, z) constructible from d(z,y, z) which interprets as a
Mal’cev operation on A. This proves that V(A) is congruence permutable and the argument
for the inductive step is complete. |

COROLLARY 6.9 IfV is a TSSS variety, then )V has a congruence permutable subvariety
containing all left nilpotent members of V.

Proor. We need to prove that if V is a TSSS variety, then there is a term which
interprets as a Mal’cev operation on every left nilpotent algebra in V. For then the equations
which state that this term is a Mal’cev operation define a congruence permutable subvariety
of V containing all the left nilpotent members of V.

Let {t1(x,y,2),...,tu(x,y,2)} be a set of representatives of the V—inequivalent ternary
terms. If, for each i, there is a left nilpotent A; € V such that ¢; does not interpret as a
Mal’cev operation on A;, then no ternary term interprets as a Mal’cev operation on the left
nilpotent algebra II;<,,A;. We proved this to be impossible in Theorem 6.8. The conclusion
is that some t; interprets as a Mal’cev operation on every left nilpotent member of V. |

Example. (We cannot replace left nilpotence with solvability) To see that the nilpotence
hypothesis in Theorem 6.8 cannot be weakened to solvability, we exhibit a TSSS variety
which is generated by a finite solvable algebra but is not congruence permutable.

Let V be the variety with one binary operation, denoted by juxtaposition, and one nullary
operation, 1, which is defined by the equations V = ler =zl =2. If A€ Vanda € A—{1},
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then (a, 1) is a 1-snag of A. Hence there does not exist a nontrivial, finite, strongly solvable
algebra in V. It follows that every locally finite subvariety of V is a T'SSS variety. So let A
be the member of V presented by

(a,b’a2:b2:ab:ba:1>.

A = {1,a,b} and Con A is a 3—element chain with & = Cg(a, b) the unique nontrivial, proper
congruence. It is easy to see that typ(0,«) = 1 and typ(a,1) = 2, so A is solvable and
V(A) is a TSSS variety, but V(A) is not congruence permutable.

We pointed out in Section 5 that an abelian algebra with a Mal’cev polynomial has a
Mal’cev term. This can be taken as the basis step in a proof by induction, modeled on the
proof of Theorem 6.8, of the following result (which becomes false if the word “nilpotent” is
replaced by “solvable”).

THEOREM 6.10 Any nilpotent algebra with a Mal’cev polynomial has a Mal’cev term.

In this section we have focused on left nilpotent algebras in TSSS varieties. The results
extend to other types of nilpotent algebras in T'SSS varieties since [7] proves that the hy-
pothesis of left nilpotence is weaker than any other notion of nilpotence. E. g., if A is a finite
algebra satisfying [1, 1)1 = 0 (A is k-step right nilpotent), then A is left nilpotent although
possibly of higher nilpotence class. Similarly, if a mixed expression like [1,[[1,[1,1]],1]] =0
holds, then A is left nilpotent. We know very little about which non—nilpotent algebras
generate T'SSS varieties except that some of the arguments in this section may be localized.

We conclude this section with a peculiar application of Theorem 6.8.

COROLLARY 6.11 Let V be an idempotent variety generated by nilpotent algebras. If
F\(2) has odd cardinality, then V is congruence permutable.

PROOF. As we pointed out in the proof of Theorem 6.8, to show that ) is congruence
permutable it suffices to prove that the subvariety V' = V(F,(2)) is congruence permutable.
We shall prove this with the aid of Theorem 6.8. If Fy,(2) has odd cardinality, then V' is
generated by the finite, left nilpotent algebra Fy,(2). We need only to prove that the locally
strongly solvable subvariety of V' is trivial to complete the argument.

Let a be the automorphism of F\(2) determined by switching the generators. This
automorphism has order two and, since |Fy(2)| is odd, this implies that there is an ele-
ment w € Fy(2) such that a(w) = w. If w(x,y) is any binary term representing w, then
w(z,y) = w(y, ) is an equation of V'.

If V' has a nontrivial locally strongly solvable subvariety, then it has a strongly abelian,
minimal subvariety, M. The strictly simple generator of M is term equivalent to a matrix
power of a 2—element set or a 2—element pointed set as we have proved. But since we are
working with idempotent algebras, M must in fact be equivalent to the variety of sets. The
term w(x,y) must interpret as a projection in M; either w(z,y) = = or w(z,y) = y is
an equation of M. But now we have a contradiction: M satisfies w(x,y) = w(y,x) and
either w(x,y) = = or w(z,y) = y, but it does not satisfy = = y. This is clearly impossible.
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The conclusion is that V' is T'SSS and so is congruence permutable. It follows that V is
congruence permutable as well. |

We called this corollary ‘peculiar’ because the odd cardinality hypothesis results in such

a strong conclusion. If, for example, we start with a finite nilpotent group G and take the
reduct (G; z"y'~") for some r, then we get a nilpotent algebra which generates an idempotent
variety. The cardinality |F)(2)| can turn out to be either odd or even. Often, but only when
|F,(2)| is even, this type of variety is not congruence permutable.
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