A Simple Moving Mesh Method for
Blow-up Problems
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Moving Mesh Methods: Introduction

* Are one of the most powerful methods to numerically solve
time dependent partial differential equations (PDE) with some
kind of singularity (shock waves & blow-up problems).

* Fixed number of mesh points
« Moves mesh adaptively so errors are distributed uniformly.
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Moving Mesh Methods: Existing Work

* Winslow (1967), Thompson (1985), and others proposed various
elliptic equations and variational methods for defining adaptive

mapping.

« Budd, Huang, and Russel (2009) in their paper Adaptivity with
Moving Grids summarize traditional hp-refinement methods in
which mesh is added/deleted based on estimates about the
solution error.

« They conclude r-adaptive methods, which initially use uniform
mesh which later becomes concentrated where the solution has
interesting behaviour, have enormous potential, although they
are currently in their early stages of development.
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Moving Mesh Methods: Past Work

* Ceniceros and Hou (2001):

—-developed a simple yet efficient dynamically adaptive mesh
generator for time-dependent problems.

-Mesh is generated directly from the physical domain, so the
mesh equations become quite simple.
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Moving Mesh Methods: Past Work

* Ceniceros and Hou:

—-developed a simple yet efficient dynamically adaptive mesh
generator for time-dependent problems.

-Mesh is generated directly from the physical domain, so the
mesh equations become quite simple.

« We focus on blow-up problems, and simplify and
improve Ceniceros and Hou s results by adding an
additional term to make the mesh more orthogonal.
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Moving the Mesh
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Minimizing Diagonal Lengths

In two dimensional cases, a cell has four vertices:

A (Xi,j ’ yi,j) ) B(Xi+1,j ’ yi+1,j) ) C (Xi+1,j+1’ yi+1,j+1)’ D (Xi,j+1’ yi,j+1)

The two diagonal lengths are:

\/(Xi,j B Xi+1,j+1)2 + (yi,j o yi+1,j+1)2

\/(Xi+1,j - Xi,j+1)2 + (yi+1,j - yi,j+1)2
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Minimizing Diagonal Lengths

The mesh can be generated by minimizing the following problem:

n-1
2 2
I[X1 y] = Z «/le j+1 +M| i 2 B jn _Xi,j T &i+l,j+1 B yi,j —

i) j=1

2 >
+ Mi,jﬂ + M, ]((i,j+1 Xy T ((i,j+1 —Yiaj . _

2
where M is the monitor function M(U) = \/U4 + Cl‘VU‘ + C2
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Minimizing Diagonal Lengths
Minimizing this problem is equivalent to solving the following linear algebra system:

Lol _ oy

Eﬁx—., i MG (X%

Xi,j) + (Mi,j + Mi—l,j—l)(xi,j - Xi—l,j—l)

I+1, j+1

+ (Mi,j +Mi+1,j—1)(xi,j - Xi+1,j—1) R (Mi—l,j+l T Mi,j )(Xi—l,j+1 o Xi,j)

=0

(2)

CAPE RRETON
UNIVERSITY




Minimizing Diagonal Lengths

and
1 ol
A — _(Mi+1,j+1 +Mi,j )(yi+1,j+1 B yi,j) + (Mi,j + Mi—l,j—l)(yi,j — yi—l,j—l)
2 aij
+ (M + Mo )= Vi) = Mg MDY= i)

=0

where 1<1, j<n.

(3)
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Minimizing Diagonal Lengths

Note: When minimizing equations, if the coefficient is large, then
the variable will be small, and vice versa.
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Minimizing Diagonal Lengths

Note: When minimizing equations, if the coefficient is large, then
the variable will be small, and vice versa.

For example:

large small

1 ol
an— = _(Mi+1,j+1 +Mi,j)(yi+1,j+1 > yi,j) + (Mi,j +Mi—1,j—1)(yi,j - yi—l,j—l)
i]

+ (Mi,j +Mi+1,j—1)(yi,j - yi+1,j—1) - (Mi—l,j+1 +M, ; )(yi—l,j+1 - yi,j)
=0
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Minimizing Diagonal Lengths

Note: When minimizing equations, if the coefficient is large, then
the variable will be small, and vice versa.

For example:

small large

1 ol
an— = _(Mi+1,j+1 +Mi,j)(yi+1,j+1 - yi,j)+ (Mi,j +Mi—1,j—1)(yi,j - yi—l,j—l)
i]

+ (Mi,j +Mi+1,j—1)(yi,j - yi+1,j—1) - (Mi—l,j+1 +M, ; )(yi—l,j+1 - yi,j)
=0
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Minimizing Diagonal Lengths

Let’s see a simple example:

Minimize f(X,Y,2)=ax®+by’ +cz® where X,y,z20, x+y+z=1,
and a:C:l’bZB.
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Minimizing Diagonal Lengths

Minimize f(X,Y,z)=ax’+by’+cz® where X, y,2>0, x+y+z=1,
and a:C:l’bzg.

f(x,y,z)=a(l—-y—2)° +by’ +cz°

f'(y)=—2a(l-y—z)+2by f'(z)=—2a(l-y—2z)+2cz

—2a+2ay+2az+2by=0 =—-2a+2ay+2az+2cz=0
—a+ay+az+by=0 ,_a-ay
a+c
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Minimizing Diagonal Lengths

Minimize f(X,Y,z)=ax’+by’+cz® where X, y,2>0, x+y+z=1,
and a:C:l’bZB.
X=1-y—z

a—ay
a+c

/ =

f'(y)=—a+ay+az+by=0
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Minimizing Diagonal Lengths

Minimize f(X,Y,z)=ax’+by’+cz® where X, y,2>0, x+y+z=1,
and a:C:l’bZB.
X=1-y—z

a—ay
a+c

/ =

f'(y)=—a+ay+az+by=0

—a+ay+aCt—yipy=0
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Minimizing Diagonal Lengths

Minimize f(X,Y,z)=ax’+by’+cz® where X, y,2>0, x+y+z=1,
and a:C:l’bzg.

X=1-y—z
Z:a_ay —1+y+(1;)+3y:O
a+c 1+1
1ray+=-Y_o
f'(y)=—a+ay+az+by=0 TRy TS TS T
_ ! 1
—a+ay+a(al ay)+by=0 —Y==
a-—+c 2 2
1
=7
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Minimizing Diagonal Lengths

Minimize f(X,Y,z)=ax’+by’+cz® where X, y,2>0, x+y+z=1,
and a:C:l’bZB.

e
=7
1_1 6
,_a-ay ~ 7 _7_6_3
a+c 1+1 2 14 7
X=1— y—z—1—1—§=§
7 7 7
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Minimizing Diagonal Lengths

Minimize f(X,Y,2)=ax®+by’ +cz° where X,y,2>0, x+y+z=1,
and a:C:l’bzg.

_E
"B
1_1 6
,_a-ay ~ 7 _7_6_3
a+c 1+1 2 14 7
X=1— y—z—1—1—§=§
7 7 7
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Minimizing Diagonal Lengths

In order to make the mesh more smooth and orthogonal, we add higher order
difference terms:

2 2
1[x, y] = Z %MI+1J+1+MIJ/ i jer — Ky T ((i+1,j+1_ij/_

I, j=1

> >
T Mi,j+l + M ; ]((i,j+1 — Ky Tt ((i,j+1 ~Yiaj

n—-1
+Cc > I‘e]’li,j[(xiﬂj —2X%; i+ X )7 (K 1 — 2%+ X 5)°

i, j=2

+(yi+1,j _Zyi,j + Xi—l,j)2 +(yi,j+1 _2yi,j + Xi,j—l)z] j
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Minimizing Diagonal Lengths

We can use the following semi-discretized differential equations to replace (2) & (3):

ax

- (M|+1 j+ + MI J)(X|+1 j+L ,j ) - (Mi,j + Mi_l,j—l)(xi,j B Xi_l’j_l)

o (Mi,j + Mi+1,j—1)(xi,j o Xi+1,j—1) + (Mi—l,j+1 + Mi,j )(Xi—l,j+1 o Xi,j)

8t

(4)

* And similarly for y.* CAPE RRETON
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Minimizing Diagonal Lengths

We can use the following semi-discretized differential equations to replace (2) & (3):

ax

8t

- (M|+1 j+ + MI J)(X|+1 j+L ,j ) - (Mi,j + Mi_l,j—l)(xi,j B Xi_l’j_l)

- (M e\ 1)(X',j - Xi+1,j—1) + (Mi—l,j+1 + M, )(Xi—l,j+1 - Xi,j)

~
—cM,; €A%+ Xy F X Xt X
\
\
—I—CN[I+2 J (I+2 J —2XI+1J X; J/ 2" Order Difference
\
\
+CMi,j+1 (i,j+2 _2Xi,j+1+xi,j .

* And similarly for y.* CAPE RRETON
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Why Solving (4) is Better than Solving (2)-(3):

Disadvantages of (2)-(3):
1. Dependent on initial values.
2. The convergence rate is very slow, so takes a long time to compute.

3. When uis large it may be unstable (small oscillation).

Advantages of (4):
1. Always has a solution and is smooth.

2. Easier to control the movement of mesh.
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Lol _ oy

Eﬁx—., i MG (X%
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and
1 ol
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Numerical Examples for Partial Differential Equations

Consider the heat equation:

U, =Au+ f(u)
{u],,=0
u(x,y,0)=¢(x,y)

where QQ=[a,b]x][a,b].
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

u(s,7m,t) =ulx(s,7.1), y(5,7,1),1]
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Numerical Examples for Partial Differential Equations

In the computational domain we have:
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_ d
ut‘ fixed 95’77 dt (5 17, t)‘ fixeds,n
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

u(s,7m,t) =ulx(s,7.1), y(5,7,1),1]

d

Ut‘ fixed 5’,7 dt (5 17, t)‘ fixeds,n Chain Rule

=UX +U,Y, +U

t| fixed x,y
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

u(s,7m,t) =ulx(s,7.1), y(5,7,1),1]

— UXX _I_ uyyéf Chain Rule

g

CAPE RRETON
UNIVERSITY




Numerical Examples for Partial Differential Equations
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Numerical Examples for Partial Differential Equations
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Numerical Examples for Partial Differential Equations
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Numerical Examples for Partial Differential Equations
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Numerical Examples for Partial Differential Equations
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Numerical Examples for Partial Differential Equations

Let J = X:Y, = Y: X177

[ux]_l[ U.y, —U,Y: ]
uy J —ngn +U,7x5

1 e
U, :_ cfyn —U, Y

=3 ¢HX§ _ugxn 3
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

Ut fixea .y = U TUy Y TU

t| fixed x,y
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

ut‘fixedf,ry =UX Uy Y +U

t| fixed x,y

1 N
=7 hyn—unyg}ﬁ o X: —U:X yt FAUS f(u)

u u,

X

where J = X:Y, =YX,
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

=7 kyﬂ—u y§}t+¢nx§—u yt AU+ f(u)

o°u 0% Second
+ : Derivative
Ox° oy
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

=7 kyﬂ—u y§}t+¢nx§—u yt FAU+ f(u)
o°u o°u
_|_
[

o‘u 0 (adu a'1¢ S
P - ] Yy —UyYe

OX*  OX

OX OX

X
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

=7 kyﬂ—u y§}t+¢nx§—u yt FAU+ f(u)
o°u o°u
_|_
[

@—8(8”)—8_1¢y—17y:
ox ) ox|J— Tt ntes

OX*  OX

u

X
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Numerical Examples for Partial Differential Equations

In the computational domain we have:

=7 kyﬂ—u y§}t+¢nx§—u yt FAU+ f(u)
o°u o°u
_|_
[

@—8(8”)—8_1¢y—17y:
Ox°>  Ox\ ox J—r, e~

OX

Let w=1U,

CAPE RRETON
UNIVERSITY



Numerical Examples for Partial Differential Equations

In the computational domain we have:

, Found using

o°u - = matrix method

a_ — (W) = Wg y77 — WT7 yg like last time.
X | —

Sub 1 1 _ 1 _
= @ ; @yn—unvglvn—[g @ynunyglygj
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Numerical Examples for Partial Differential Equations

So

y:j 3 gyn_unyf 9gyn_ j ffyﬂ_uﬂyf nyf

and similarly

ou H ¢ x ijx {—1¢x uxjy]
g Ve E g M

aj' 7 n i o 7 . 7
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Heat Equation

U, = Au+ f(u)

Ul =

u(x,y,0)=4(x,y)

where QQ=[a,b]x[a,b].

N

Let

f(u)=u’

#(X,y) =10sin(z x)sin(z y)

where Q=[0,1]x[0,1].
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Monitor Function

M(X, Y, U) = \/u4 + cl\Vu\z +C,
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(b) Solution u(x, y) in Physical Space
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Heat Equation

U, = Au+ f(u)

Ul =

u(x,y,0)=4(x,y)

where QQ=[a,b]x[a,b].

N

Let

f(u)=4v1+u’

B(X, y) = 20sin* (27 X)sin*(z y)

where Q=[0,1]x[0,1].
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Conclusion

* The simple moving mesh method is very good at
solving parabolic equations with blowup properties.

« Numerical computations show that this method is
much faster than traditional methods. (It takes only
half a day to compute on a normal PC.)
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Further Work

« We will select more efficient monitor functions to
improve current results.

« We will try to apply this method to other real problems.

* In particular, we will apply our method to a nonlinear
damped p-system with an unbounded domain.
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