MATH 1ZC3/1B03 Day Class: (Final Exam - Version 1
Instructors: Bays, Buzano, Lozinski, McLean
Date: April 24,12013
Duration: 3 hours
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Name:
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Instructions:

This test paper contains 38 multiple choice questions printed on both sides of the page.
The questions are on pages 2 through 21. Pages 22 to 26 are available for rough work.
YOU ARE RESPONSIBLE FOR ENSURING THAT YOUR COPY OF THE PAPER
IS COMPLETE. BRING ANY DISCREPANCIES TO THE ATTENTION OF THE IN-
VIGILATOR.

Select the one correct answer to each question and ENTER THAT ANSWER INTO
THE SCAN CARD PROVIDED USING AN HB PENCIL. Room for rough work has
been provided in this question booklet. You are required to submit this booklet along
with your answer sheet. HOWEVER, NO MARKS WILL BE GIVEN FOR THE WORK
IN THIS BOOKLET. Only the answers on the scan card count for credit. Each question
is worth 1 mark. The test is graded out of 38. There is no penalty for incorrect answers.
NO CALCULATORS are to be used in this exam.

Computer Card Instructions:

IT IS YOUR RESPONSIBILITY TO ENSURE THAT THE ANSWER SHEET
IS PROPERLY COMPLETED. YOUR TEST RESULTS DEPEND UPON
PROPER ATTENTION TO THESE INSTRUCTIONS.

The scanner that will read the answer sheets senses areas by their non-reflection of light.
A heavy mark must be made, completely filling the circular bubble, with an HB pen-
cil. Marks made with a pen or felt-tip marker will NOT be sensed. Erasures must be
thorough or the scanner may still sense a mark. Do NOT use correction fluid.

e Print your name, student number, course name, and the date in the space provided
at the top of Side 1 (red side) of the form. Then the sheet MUST be signed in
the space marked SIGNATURE.

e Mark your student number in the space provided on the sheet on Side 1 and fill
the corresponding bubbles underneath.

e Mark only ONE choice (A, B, C, D, E) for each question.

e Begin answering questions using the first set of bubbles, marked “1”.
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2: For what value of k is the matrix A not invertible, where
k010
2. 2
A_l:ﬂ 2 2 g]
0111
o \m
A fgs ;\:‘i\; A) 2 B) -1 O -3 D) 4 E) -5
L’/'j X n 0 b 1 0
&)(A X %Llf\--&\]?\\\s
V1A v
)
as) _ %5) - ax Lu-8) il
:\L'}‘\\\ (}\L-“\ \ \\ =
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3. A and B are invertible 3x3 matrices. det(B)=6 and

det(2AB™Y) = detI = \ .

What is det(A42)?

A) 1 B) 3 © 9/16 D) 36 E) -9

Y [ AR .
= dev (AF)= A Qe () A

2 W %
&HP\"\? L (AN = 2 M = 3y % 5\/(0 -

Continued on page 4
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4. Find the eigenvalue of A where
5 1
a5 ja)
The eigenvalue is:

® 4 B) 2 C) 3 D) 1 E) 5

\5"’) \ \: (5-a) (7-2) ¥\ = \5-8A +A' 4L
= 31

= g Ml (a - AN\ =T A M

5. Which of the following is not equivalent to the others for an nxn matrix A?

A) Az = 0 has infinitely many solutions
B) 0 is an eigenvalue of A
C) dim(null A) >0
There is at least one 0 on the main diagonal of A X

E) det(A) =0 . ‘]&

\ 3 )
eﬂ P\:SJ\Q \I\LU; AQS'(‘P\

b hyeo Vs My SIS
\)\A\( ok £ N M é‘%\'

Continued on page 5
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6. The 2x2 matrix A has eigenvalues 1 and -1, with corresponding eigenvectors (4, 1)
and (2,1). Which of the following could be the matrix A3?

oid eEE of I
A 2 TR O R )
= V‘\’A‘ | NG _op?” Y_\ \\g ;}X‘ 33\

7:sl ) & __XX\A -,\fa\b'l“":ﬁ“-%

1. Find a basis for the eigenspace associated with the eigenvalue A = 2 for the matrix
3 -2 -3
=|-3 8 9 Ax=3X
2 ot A Q\ aﬂ)( 0.

0
2
1

oABE) o) o
o[} =

g A \ -3 -‘JJ“ O
| Z‘ :)1 L o| Tlara ¥y o | 02/0°%A
= N « ‘o ~ 0 \-3 1_:\-_5 —'}\T\ O 0 0 { 0

™
X .,_’3\\3 33 - A MY

Y:% N a5
> = S\ \ _2: A 0 9 Continued on page 6
0 \ ]
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0‘5 Y- et .
8. Which of the following statements are true? -\ "‘ vy
i) If a matrix is invertible, it must be diagonalizable *
ii) If a matrix is diagonalizable, it must be invertible X Of\\-j 0('0— QR(}MW.
iii) Every nxn matrix with n different eigenvalues is diagonalizable /
e _%_7
A) i) only © iii) only C) ii) and iii)
Adaﬁﬁm—-%\)\q D) i) and iii) E) All of these are true

e A \‘\\\ﬂ'\'

9. A is a 3x3 matrix of rank 2. The system of equations
Az =35 7"

has infinitely many solutions, including z = [1 2 3]7 and z = [4 4 4]T.
A basis for the null space of A is:

A) {(1,1,1),(2,3,5)} B) {(1,2,3),(3,5,7)} QO (.21}
D) {(3,57)} E) {(2,3,4)}

\\ M\\ Q “\f\ i X‘B
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10. For what value of k£ are the following polynomials linearly dependent?

1+ 323 z — 213 5+ 2z + kz®

A) 7 B) 1 ) 12 D) 0 ®© n

Q Hx\@ o x-0)€ (gsrwrm) G >

\ xSt«}% [ ta 13X ~ (361 -Ha H@ x =0 \
b

\& % mm\'- PRI
__ il ¥ S0

Conmdcr the 3 vectors in Mo, = \L -\ =021 \'L \
33 o 1 2 0
S I I
Which of the following statements is correct?

A) The matrices are not linearly independent, and form a basis for My, X
B) The matrices are linearly independent, and form a basis for My, X

C) The matrices are not linearly independent, and do not form a basis for Mao
Q The matrices are linearly independent, and do not form a basis for My, /~

pv ¥y N K/\S
DAREEE

 +1

_ \ 0o -
Rl S\’}x—%-o ':55 l \ % <3)5V3—‘“' 00 0 \"\ : 0
1 =0 n V0 T qudrahy \m.,u—:\wo
-4 :

%¥xPLL’°

Q0
-\{ S\L‘lj & \“)\ GR\\'} Continued on page 8 nal: =0-
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12. In R3, consider the following vectors
vi=(h,1,0), va=(4,1,h), v3=(1,-1,-3),

where h € R. For which values of h does the equation v; x vy = v3 hold?

A)h=0 B) h=2 Or=1
D) h=—2 E) all h

u,‘ wi
\\ “\ 5\ o »\\ %\L\U\\
TR U\—x\\\i
= (W Ah kR U\\ = (- \\-3)
3 W=\

13. Let v = (1,1,0) and u = (0,3, 1) be two vectors in R®. Find two vectors w; and
wy such that u = w, + wy, where wy is parallel to v and w; is orthogonal to v.

R

A A) wi = 1(3,3,2) and wz = £(-3,3,0) ©) w: = 1(3,3,0) and wp = £(-3,3,2)
' a C) wy = 1(3,3,0) and w; = (=3,3,2) D) w; = (3 3,0) and wy = 1(—
§;§ . _‘v E) wi = (3,3,0) and w, = (—3,3,2)
%\n \
- WV 0_*Ddxb 2 (e (R

i (/O‘ v U\—'— YV ©
W=V i Q\ s
R
W2 [0\5\\\‘ [»3\\11\\(“ P K/E‘\ 3

L W\ \“\

W- Ty

Continued on page 9
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3 : : e
14. In R®, what is the area of the triangle with vertices (1, 1, 1), (0,0,0) and (0,0,1)?
A8 ¢
cy A)3 @i C) V3 D) 1 E)\/—5
b % :
kC Z ﬁ " — : 3 4
= \) W RexREE o
(N ﬁ: L’\\"‘\\' \ <\ =k ©
— A=\ 0) . ,
ot = L= = oY - ) x ¢ (o)

)\\ﬁ)xﬁ\\: 5 m = (=) _\\ 0).-
b o e
:I\HQ\\FS\‘ JA e

15. Let u= (1,1,1) and v = (0,1,0) be two vectors in R®. What are all the vectors
w € R3 that lie in the same plane as u and v, are orthogonal to v and have unit norm?

@ 2(1,0,1) and %(~1,0,-1) only B) (0,0,0) only
C) There are no such vectors D) 1(1,0,1) and 3(—1,0,—1) only

E) %(1,2}1) only

N N ¥ . \\ b o S K 5 L’\\b\\\-
WV | :\ (\} - \\:‘0\ " )\B\U\W\o\\ gy
U \
- X 23,50 NS I v e .

W\ - ey = [\ \\\\\_

W\ ( \\0\\\\\: Sl W

\ y\ Continued on page 10
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16. Let A be a 3 x 3 matrix with only one eigenvalue A with algebraic multiplicity
3. Which of the following statements is true? P te] AW A

0@ net.
i) A is always diagonalizable. X et
ii) A is diagonalizable if and only if the eigenspace corresponding to A has dimension 3. v/~
iii) A can never be diagonalizable.X

A) i) and iii) only B) ii) and iii) only C) 1i) only
D) i), ii) and iii) © i) only
: Let A be an m x n matrix. Which of the following statements is true? -\
<o TON
i) The column space of A is a subspace of R™. X ~ Wl

ii) If m = n, then the row space and the column space of A are both R" if and only if
A is invertible. v/
iii) The dimensions of the row space and of the column space are always the same. ib

(“Geon 20

A) i), ii) and iii) B) ii) only C) 1) and iii) only
D) i) only © ii) and iii) only

Continued on page 11
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18. Which of the following statements are always true:
sz : Kiyione: W
l)i*:—’t‘/ ®-':'""‘.. g
i / i - \ \ \/
S AT Y =\ : -0 = - o).
ii) arg(z) = egg»rg(j)w © 2- e® 3. . S oy13)
ili) cos(f) = —= A
T8 X
A) i) is true, ii) and iii) are not B) ii) and iii) are true, i) is not
@ i) and ii) are true, iii) is not D) None of the statements are true
E) All three are true .
19 _ Q‘:’e $ips0 > #ond -AD Y IO
<
. pCos0 ¥ WD — = N
= weog (-8) xRN 8\
* il ~ THEND - o oapiend yeend, y
-
19.  Let 5 X b "
16287 % B~ ¥
A=1]1 0 2 1 7(V1eN 0 A0 0 T&Sy-
1 3 2 4 7] vatey-t, 0
What is the dimension of the row space of A7

0 2 B) 4 C) 1 D)5

AW \ Lhi ]
o =€~ -5 0 LY 0 0
0 0 0 0 () V\,&"—\*-Y-L'

Continued on page 12
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20. Let W be the set of all vectors (z1, T2, T3, z4) € R? such that 1 + x4 = 0. If we
are considering the usual addition and scalar multiplication of R*, which of the following
statements is true?

@ W is closed under addition and scalar multiplication, therefore it is a subspace. \/
B) W does not contain the vector (1,0,0, 1), therefore it cannot be a subspace.
C) W is not closed under addition, therefore it is not a subspace.
D) W is not closed under scalar multiplication, therefore it is not a subspace.
E) W contains the zero vector, therefore it is not a subspace.

= ka0 & Mybaged.
W+ SL%J'\RV‘\X\W':D—& ex Yy WA XX =0 Yty
(x\ 2]l @f\*"’)“* LXQW\: WW\;D'/
0 \U

3(3\,\3‘- X149t

);?)(‘5 =
\k -~ keb: 0.V
AR ix) = ¥
KX 2 k\ KXy Y¥xy = \)\(‘{:
x4

A student is given a complex number, and asked to ﬁnd the fourth roots. If one

of the roots is given by: o

which of the following must also be a root?
[ \ A
L > 3 7

A —1-+3i ©-v3-i C) -1 D) —2 + 3i E) 1+ 3

/\“\
-3 a4 WhwmA 3] 2= (M- \Fs\ e

Mo oo MUrGY e QVW}’ S\Q&u?
L adt Fom edh e

(o7 %

We owd

Mo, Yoy Mugy b Y Sme  adwg
s,

. - \ & * .
-'\.ur. =N ,3\ t *
Uy . ' Continued on page 13
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22. Suppose A and B are skew-symmetric invertible square matrices. Which of the
following statements must hold? .
(Recall that a matrix M is skew-symmetric if and only if MT = —M). J\: - P\ e

(i) A7 is skew-symmetric v/ @ LA"YT » U\"'\ -3 Q. A\ -

(i) A~! is symmetric X

)
)
(iii; If AB = BA, then AB is skew-symmetric X %\'{ - %" P\1 a t(b\(— A\= %)‘\ = AB

(iv) If AB = BA, then AB is symmetric v
2 5 KD Syt

A) (i) only B) (ii) and (iv) only C) (ii) and (iii) only
D) (ii) only 0 (i) and (iv) only
23.  Divide: xa £3-5) _ A AL i -\ <\ ey
2+ 393 Y x\ 5 5
A)—%—&i B) —2 - 3i C) 5 — 3 @—%—gi E) —1—Ti

Continued on page 14
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24. Gordon cats his lunch at any one of 3 different restaurants: Al's Chinese,
BurgerBoom, or Chicken Mountain. On day t, the probability that he eats at each is
given by a;, by, and ¢; respectively. He never eats at the same place two fimes in a LQW

After he eats at Al’s, he is equally likely to eat at BurgerBoom or Chicken Mot
the next time. Likewise after he eats at BurgerBoom, he is equally-likely to eat at A] s

or Chicken Mountain the next time. If a dynamical system for (a,b;, c;) has a steady
state vector of (6/15,4/15,5/ 15))2 what is the probability that after he eats at Chicken

Mountain, he eats at Albthe next time? Lo
ab ¢ M
2 A) 2/3 B) 1/3 ) 12 O 4/5 E) 1/10
W\ .
Qi1 =05 0 % w9 %
e "2“% St Y= 09 = 55 Mx > a ?L’) 4
R\ O g;\_L _0 @41 =65 Qa1 =0 1, /[5
Q;‘S
Wy Py _ (%, v 3 ,“;f
O 1?5 i X 30 \ g
‘5 W ¥ N\K-X] T * 'd(j
5 | ) s,
25.  What point on the lineQ ; : =l % e ifﬁ Wy = 5{5
T 0 = ; S
R LH ] St v b %
is closest to the point (2, 2, 2)? ﬂ ?\'\ = Y &3 = \} = '-{/_
. " ¥ \$ 3 .
\ﬁ_\ g X ) (C1/3L1) B [l O (1/5,1,13/5)
T\ 7 - 0w, D) (1/2,1,7/2) E) (1,1,5) .
0 A Vb
0 104
- V\EA. 2
Q [- ;S k ‘(\“‘R\_D
for (1D, N\
-7 =il \ % {20 R \
— (\o) = (\\0\3 5Y"% 3
NN 9\{("' &’x (\ > o (te) :
(l\b\-ﬂ A &h' (’ 1)\ O\}s\
T =g = S

Continued on page 15
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26. Suppose V' is a vector space of dimension 3, and vi, v, v3, vy are elements of
V. Suppose span(vi, v, V3, v4) =V, and vi + vo — vz = 0 . Which of the following are

. il
bases of V1 e Y ) Argg W & g
* Soi={vi,va,va,va} X s s o T M Mt <)
* Sy = (Ve Vel v Vv =¥ =0 T RhVawsy VA ZPARR ai .
o Sy = {vy,v3,vs} v Y = '
s Ui vy QARG T SIS et
o Sy:={vy,Vva,v3} X . S| mél.“‘\“\d_b\wjb = 4N ‘&\lh\]-{\vq\i. V
S\l Sl vy € Qi) A K v, 13 ;
‘)(IN“’L“ \\d:‘;% A) 51,8,, 83,54 only B) S; only C) S3,853,5s only = 5%4-”\\%\"'5\\/“17},-
Wk @ S1, S2,S3 only E) Sy only

) grdvnyeV- 7

27. - What is the dimension of the following subspace of the vector space My of 2x2

real matrices:
N 11 1 2] [2 3 o
\A'-‘Spa“ 1 1|'(3 4|’ |4 5|[)°
: e, A L

V\ Vi vy

A)3 @ 2 )1 D) It has infinite dimension. E) 4
Vikvo=Vy 3] S ey st funvad =W

v 8Vt UA- T‘W\ brp \IlOiY LR&r \0\5 \Ch MM\JWLQ.
Yt

Continued on page 16
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W R
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28. Let B = (22 + o+ 1,2% + 2 — 1,2 — z + 1), which is an ordered basis of the

vector space P, of polynomials of degree at most 2. What is the co-ordinate vector with
respect to B of the quadratic polynomial (z + 1) 7

0
B) [1/2] C) 1/2

=3/ —3/2
—1/2 3/2
D) [ 0 } @{ 0 ] &f\\
3/2 15

Kyvy Y€z 4¥ys = |

¥ 3/2
(XN A) [1/2]
6 i N 0

T x| |
<l @\ ‘\’Y.‘l,'\x“%}( Y ( ¥ -¥§x e § LK\\ ¥ '\'Y’) X© 4 . o \{_L:D\

S\ | = 118 M .
= ‘é\*h*% -1 \\ \ \ . d V?,Er"-"\-\ 00 0 0 _’_.]%*5' L

\é\‘(‘h/h' bosb G LTy =" i’

-Ky ¥ 2 A D \U:\_’K‘L ;5
R K
29. Let Moy be the set of 2x2 invertible matrices, with the usual scalar multiplication -

and a new vector addition operation given by the following:

Ifu=A, v=Bin My, thenu+v=AB.

The fourth axiom of real vector spaces states that there must exist a unique element,
0, such that u+ 0 = u for all u in our set. What is this 0 for our given system?

A) No such matrix B) B 8] QI
D) A-! E) [_01 ‘ﬂ
w= A
0 B
w® 0 =
=1 M= A

Continued on page 17
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30. Let A be the matrix

111
11 0],
a1
Find A~ . I
0 1 1 1 -1 0 1 0 -1
A)[-1 1 -1 B)|1 0 -1 O |-1 1 1
1 -1 0 -1 1 1 1 -1 0
-1 0 1 1 -1 0
D)1 -11 Ej[1 1 [
0 -11 -1 0 -1
A i o =l -\ \o-)
\0\"3“\ \Oﬁ’-_\\\1 = P\’-\\\
0\0‘1‘\\\ e {\—\0 -\0-
AR ALITN, oo\,
OOAL E 200 T B —

P ﬂ\—*” 11100 \\ 0§
Y-t 9% 411 0 \0\-\\\
K ST p\\ 2 OoL? K%oi R LT 0“ o
- \ r ]

\ oV V51T, T
e
31. What value appears in row 1, column 2 of the matrix obtained by the product
AB where e e
3 + 3 13 = 3 == 1
A‘[ 0 1-7@] S B‘[ 0o | 3 }
A) 33 B)2—2% Os5+7i D) 4+ 10: E) 3 —i

s |~\\} Y A™KD 4D )
. AEER S i Sl [+ 3
p\(?)" 0 \-q: K_O 3

- y. 54N
I Y L

Continued on page 18
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32. Given the vectors:
u; = (“la 21 0)
Uy = (7, —9, —1)
g = (10, 0, 2)

The Gram-Schmidt process is used on this basis of R® to produce an Wbasis.
The first two vectors are:

Vi = (_1:\210)
ve = (2,1,-1)

What is the third vector in the new basis?

AY (+2:1,8) B) (10/15,0,2/15) Q) (-3,1,1)
© @1,5) E) (6,3,0) 4
A= -0 \
i —_— 1\.\\'\) = w— (,"' \1\b
Vn= Ua- G - 8w = (00 =y Y

A0 = O - Lg\'ﬁ\— Aty
TR T JESCT AR = (1000 - (o) & (A

« L 1 B):

V\ 1.
ey T vy
33.  Let W be the subspace of R* spanned by the orthogonal vectors: {(0,1,1,1),(1,1,0,—1)}
Compute the orthogonal projection of the vector u = (2,1,2,0) onto this subspace.

A) (3,6,3,0) ® (1.2,1,0 C) (2,0,1,-1)
D) (—1,-5,-1,0) E) (3,5,—2,1)

> 3 A
| . N ¥ 2 0o

= (04 \\\\\ '\'((\1\0\-—\\ R ATE X\H 0\.

\

Continued on page 19
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34. Which of the following IS an orthogonal set of vectors, but is NOT orthonormal?
|
" 4.\’ 3 V\ -\"'L, = O

r'—-———-—\ ('_— =] A — \
g« N 2] orw

@%,_(010 1), \/_(0,1,0 1),\/_(2020)}} V\ oo
B) ¢5(0,v3,0,1), (0,1,0,\/'),_ (2,0,2,0) L

1 1 e s \\Ub\ &J\ *&\
Q) {5(0,3,4,0),5(4 0,0,3), ( 3,0,0,4)}

x 2 L8 r
D) {( ,0,0,0), }(0110) \/_(00,1,1)} 5 m % EI’B\H V3
E) {é(omo) (4,0,0,3,1(3,0,0,4)} (ﬁ\fj O woX Vechh

35. Given the complex number

2= —2+2i ZZ‘- “%- .

write its complex conjugate in polar form.

A) 2+/2¢~im/4 @ 24/2¢e%m/4 Q) 2v/2e~%/4

D) __28——1:17{4 E) _261'17/4 %1

1

X . - 3
=% AR ‘5‘1‘\/@‘\ %=
5%
i = ‘g\\g'—} e .

Continued on page 20
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36. Which of the following commands used directly in the MatLab workspace
produces a function that corresponds to:

2 il 0i)
f(x)_{l—x <2

f= @(x) (x>2)*x"2+(x<=2)*(1-x)
B) £ = {x"2 1-x x=2 }
C) f:= (x)-> case[(>2) (x72) (<=2)(1-x)
D) f= @(x) (x>2)=x"2 (x<=2)=(1-x)
E) f:= (x)->if (x>2) x"2 else(1-x)

37. Let V be a vector space and let W; and Ws be two subspaces. Which of the
following statements is always true?

i) The subset W; N W, of all vectors v € V such that v € Wi and v € W, is a subspace. /
ii) The subset W; U W; of all vectors v € V such that v € W) or v € Wa (or both) is a
subspace. A
iii) Wy N W, defined as in i) is never empty. \/
A) ii) only © i) and iii) only C) i), i) and iii)
D) ii) and iii) only E) i) only

@ Wit = il_\Ie\l\ veWia \H\&}‘:E. Ve Vank WRW. “Ten

PURVRTV ORI Aoy wx w3\

\\ Q\A\ ¥
¥ STN\N\'-)\ WWeW, & e W ) \@Q\Q\(\\n\i‘\/

\\*_\‘\_\e \,Q\[\\!\\'L.-

® \_[\_ \J(S\'\\\)\"}'L ¥ WEWRWWL N

WA W Yo-
oo IF VW, wr RAN R SIS g - olh Quedy My
= Ao “3@\1 VN Wil WL g \Tx\m& C\;iuoh WNE o

VAW

Doy & 0t Ve vedd Sulons (F \ 3 o eWude,
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<
38. Suppose A is a 3x3 matrix and \ﬂ\\ &’\ue\‘ ﬁﬁw\
OV ot o
1 0 ) NS SN
al1|=]o 8T g
. ' Loty S
~1| o \“’\" g

Which of the following statements must hold?
(i) For some b, Ax = b has no solution for x.

D WG 4o “XA

(iii) For all b, either Ax = b has no solution for x or it has infinitely many solutions for

Ay Yes brp 5@ 3 N hos & 00 X T 4 TR Qg Al

(ii) For all b, Ax = b has no solution for x. A ?‘r \

0 SO XBTT v
A) (i) and (ii) only B) (i), (ii), and (iii) C) (iii) only
D) (i) only @ (i) and (iii) only

END OF TEST QUESTIONS

Continued on page 22
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Name: ’D@:U o

(Last Name) (First Name)

Student Number: Tutorial Number:

This exam consists of 40 multiple choice questions worth 1 mark each (no part marks), and 1
question worth 1 mark (no part marks) on proper computer card filling. All questions must be
answered on the COMPUTER CARD with an HB PENCIL. Marks will not be deducted for
wrong answers (i.e., there is no penalty for guessing). You are responsible for ensuring that your ]
copy of the test is complete. Bring any discrepancy to the attention of the invigilator.
Calculators are NOT allowed.

1. Let p = 2 — z + x°. Find the coordinates of p with respect to the following basis of P,
{1+ 2z,1+2%z+2%}.
(a) (1}_1:2) (0,2)—1) (C) (O! 2}2) (d)(?,—-l,D) (e) (—1- 113)
° . (See Pa@er\

2. Let V be a vector space with dimension n. Consider the following statements.
(i) Every independent set in V' is a basis for V' ~=1 M&9 aUx S, X
(ii) Every set in V that spans V must be independent = only aeed A 4o :f;pw\ Ve orym U0 €an s5pan,
(iif) Every set in V with less than n vectors must be independent. by Wl X be inpfed. X
Which of the above statements is always true? VY MY Tk A vedis Yk e o MR
(a) (ii) and (iii) only  (b) (iii) only (¢) (ii) only @none of them (e) (i) only & cac oMer. X

3. Find the dimension of the following vector spaces. @ axd Sew -Syreteic Matiocey ol
(i) The set of all 2 x 2 skew-symmetric matrices have ¥ Form Az -AT t E\S_ L\, - X
(ii) The set of all polynomials a + bz + cz® where a = b + c. .
@1and2 (b)2and3 (c)land3 (d)3and3 (e)4and2 3] az-a Tazp Nazo

@ 3 a=-8 27 as=0 =10

= : 1
n IJ"‘C. 5\0\ L\“s\d‘\ bac‘ns\ %—{0 03\%
4. 1f Aisad x 4 matrix and the columns of A are linearly dependent then,

a vector b in R? is in the column space of A At A
(a) every vector i € n sp A: Vi V3 V3 Vu §.X. {}"U.\v-;\v-s\vq] 9

(b) no vector b is in the column space of 4 i @
(¢) The column vectors of A form a basis for R* . Krow -
defo) ser of vecturs: we a bass ¢

N fthe ab &
@ one o € above Qq M\@*‘ u?{km Rq 3 w_ :f\ 6*@\‘\‘- X @ \;J( M we M aj‘_ [eﬂﬁ'l{
WY Vedes o M RE X B) vie co A owe AE: V. X
5. Letu=(1,-2,1,6) inR%, and let W = span{(1,1,-1,0),(1,1,0,0) . Compute projy u.
@ (-3,0,1,3) ® (1,530 @ 5-LL0) Fyp wrad $Tnd an oognal
@ (_%1_%:1:0) (e) (%?‘_1:_%30) b()tg %
T hr SpmME Vvl
Wiz (o). ; ' R 5N ‘3\%
Sl LRI - ! LY
U™ V- Pagive s (l\\\f’\ﬁ\ h %U\\\“I\ﬂ: (73 3“/3“01' W ?PM%L{})\\"\;?\ ;

NO\A 'Wur\ wWe \m\ue on UH’ om\ bag‘k\ . - > y » U«_‘_"{l W-u
. -3 : Ltﬂ \ ?ZJW\A @%“‘u MEA Sl ™ ¥ W}

W
g’ b b B N 3 ] Ul
= 3 (hhlat a2 (5:%92%9:0) = (7%07%5,%0) + (55090 = (5 N ).

3.



atly - ¢ 830

- . - 4
6. Find a basis of the following subspace of R*. ERYIET S |

W = all vectors of the form (a, b, c,d) wherea + b — ¢+ d = 0.
@{(1!0?03"1)! (011101“_1)’(0:011:1)} L g O o s =

(b) {(1,0,0, 1), (0,1,0,—1)}

(©) {(1,0,0, 1), (0,1,0, ) (0,0,1,—1), (0,1, —1,0)} _1\ @j\*\ T Cond W
(d) {(1,0,0,—]), (0, 1,0, (0 1, -1 O)} kb

© {(1,0,-1,0), (0,1,0, - ) (0,0,1,-1)} .

\ 0 Alg 3= ~a-%W¥c. o=f, b8 c=T.
(8162 (2} (g Scomban 1o @1
7. Find the dimension of the subspace of R? spanned by the following set of vectors.
{(1,5,6),(2,6,8),(3,7,-1), (4,8,12)]
@1 B2 @3 @4 ©0 ($ee Pager)

8. Decode the message AOJX given that it is a Hill cipher with enciphering matrix

[4 1] (I dony HWaR youwre
& @ Tespn0e. Sor Crptography
() MATE (b)HILL (c)HELP (d)GOOD () MATH  4"e3%iens).

9. Consider the following statements.
(i) Suppose that W = span{u,us, ..., u;} and that Au; = b for each i. If the vector u is in
Withen Au=b. uegw = W= Kiup 4 ook Kpag For Kie@®® ST An = AK My 44 AK vk :
(ii) Let W be the set of all vectors x in R™ that are solutions to the equation Ax =0. Wisa ¢ Kb te—4 Kb
subspace of R™.#\0% x\‘jtw =1 AX= 09 Ay=0. Alxy \ > Axx A\j 00 =D X b. X
Which of the above statements is always true? =7 Xiy ¢\ “| (\6ed  waRr “4. i
@ ()only @ (i) only (c) (i)and (ii) (d)neither « A (peyy = O Ax= Ae0=D =1 &X ew = C‘“"é- |

» A%0zp = ponewpt) \/f\/

X 9 T W 84 ~Hle
1 2 -1 4}y S 1, 532
10. Find a basis for the null spaceof A. A= | 0 1 =2 3[if e
-1 0 -3 2 TIER 4TS ] r\brl -3
(@ {(1,0,-1),(2,1,0)} (b) {(0,2,-3,1),(1,2,=3,0)} 7 0 0 0, gz A%~
©{(1,2,-1,4),(0,1,-2,3)} @ {(-1,2,0,3),(2,1,0,-3)} 0 | -3 ‘;:9 X =-3% raw
-3 ("]

©1(2,-3,0,1),(-3,2,1,0)} G\t ,f s is fe el ) w;

Jc
\ a z
St 1 %&\ \1 b“i‘} ir M\ﬁhe.
11. Let A be a matrix with 4 rows and 7 columns. Then the column space of A

@ is a subspace of R* Columi)
(b) has dimension 4 =Y EJ“‘,\% Tpace
(¢) is equal to the column space of AT sam

(d)noneof theabove @ o  poumhs & A 0«{, uUxt vedory ‘/LV' VWiV, ”H.S
Wwoa $ e P“({ ﬁsl-' Ru OHUWQ\IW 1\\\;1\\13\ \}.‘. /'W\.tj
Ay ﬂ\&j ﬂ{)\( b, \\'e(ll'\j ‘f\&p@\é_{l" &0 e Aok ¥~'\M \;J\M‘-\f J(\{. C&'\“Mf‘ﬂf\ |‘]‘ X

O™ b e & AT Cf(,uw\? Yo we pae F Al Wk T A Sabipae
F R\ o b aic eqpal. X



12,

13.

- (M), - (TG - Ceat)) W, v/ X = (Alma) (= ab® - (&N o 1F &

14,

15.

16.

For Questions 12-14, determine which of the following answers is correct for the given
subset W of R>.

(a) W is a subspace

(b) W is closed under addition, but not closed under scalar multiplication

(¢) W is closed under scalar multiplication, but not closed under addition

(d) W is not closed under scalar multiplication, and not closed under addition

a ) e\»\)
W = all vectors of the form (a, 3b, ¢) wherea = ¢ + 1. W= i(,kgt Wj\ ““CH-S- et Xy
@ M © @ = x-= \%\é\a B;Q;S Tob st Abvede e & Ao, d=FAl

X*Y= G‘;ifﬁ 3 adz @V Tal = catd ¥ afl. X XX: Q‘,&J\ __E‘(Lﬂ] 4 ba = &0
W = all vectors of the form (2a, —b%, —¢) ek X e x = Laﬁ\-‘:‘\'c\\ &c o ¢ = ek 2
@ @ © @ ¢92(A3 - F) T sk awmcdeeFeR, X3z (Alay) X &edl-X
V- (o™ eet) (“Cesf)

'S Mgakive, Moy contt

Let b be a nonzero vector in R* and let Abea 4 x 4matrix. W/ al 08 o $quae. X
Let W = all vectors x in R? that are solutions to the equation Ax = b.” ;

@ ) € @y xyeWN Ax=b ¢ Ayz b Tor som Tixed b. Axyy), -Ax*Aj
= b’rbﬂ\:*"'z\mx\-_ b Ax = &by lo. X

Suppose that W is a subspace of a vector space V. Consider the following statements.

(i) If u is in W and au — bv is in W (where b # 0) then vis in W. &W = -y =7 V= -3 n (5ne 0\
(i) fuisin W and visin W thenau —bvisin W. J1V G B weln ag o ew (0. OF Vecho's:
Som W VeW.v W eW 31 My 1w Combo: 6F WAV 360 38 ) ) (an-be W,

Which of the above statements are always true?

(a) (i) only
(b) (i) only
@ (i) and (i)
(d) neither of them
Wiy Vg, W3
Let W = span{(1,1,1,1), (3,1,3,1), (6,2,4,0)}. Find an orthonormal basis of W using
the Grlani-Slch{mdtlproiesls. L V= LR
© (13,1 DG -bh D Ghb DL e s ) - g (W)
M {3305 2, 0:—5, 1, —2), (J5: 0 g —yplh Va= "7 TN T TR
© {3, 3,3, 1,0, 25, -35,0,(3,00,-25)) 7 Ll
X=1 0107k 19 { 31 =1 1. .. §
(d){(2>21 2:2)3(7: 2;(}:0):(0;017‘2‘; 7})} Us-_ “3- %‘SV ny - ?"0' w3 = L(D\_a\q 0\
1 11 i 1 1 1 1 \ vy \
(e) {(5!5?5}5)}(_“7}101%10):(07510'_75)}

- (o 3, - (1\_1\1\-\\%
" “0\)\‘-‘\6\-. [3\5\3‘3\-‘(3"\-1\:\\’1\ = (‘\l\"l\"“.
Sov L gy 38 an orfwgnal bag,
Wl =3T23 Wl = 0=, WYl U
L ko X =
SON {( li\b&\\'&\l'a\\ (‘/A\ /a\_ t&\ &]\ (l,a\La\ La\ lé)} ;5 ai O%OW\

bags of W.



17. Consider the following set of orthogonal vectors,
Y= (1} _1}2: _1)1 Va2 = (_2:21 3: 2)1 V3 = (1}21 [}: _l)a Vi = (1 03 [}& ]-)

Letu = (3,1,—2,4). Find ¢ such that u = av; + bvy + cv3 + dvy
(a) 2 L @) @} @32
6 @ 6 3 2 3 (See Pﬂg\

18. If A and B are both n x n invertible matrices, which of the following matrices is the inverse
of (A71B)T?
@ (B1AT ) (AB DT @ BT(AT) (@ (A7) BT (@) (BTAT)”

o T = TR (0O 0 <)) @ )' f@)

(i) If u and v are orthogonal in R? then [Ju + v|| = [lu — vl (O wa "\ - [T ().

19. Consider the followmg statements
(i) [Ju))® + [[vI* = [ju+v|* + ju — v||* forallu,vin R?. = m . m\f_\ ‘)
Which of the above statements is always true? |\w -vi\=
y |\ O {u\uﬁ 5““'\“}3 -voy dyeV T suq*w
wa/

(a) neither @ () only (¢) (i) only (d) (i) and (ii) -
) )
® g (jowll eyl Vz % (s 2wy 39-0) 195 (wew=3 wey 19:9)= 5l ) knmm\/\/
20. Recall that B is similar to A if there is an invertible matrix I such that B = P 1AP,
Suppose that B is similar to A. Consider the following statements. @'B VAP 2 ded O\ = Ak (P° Aﬂ

(i) A and B have the same determinant -
(i) B! is similar to A~ @) %=07'A? ;Q‘% @_gj:?f‘\ 'b“; U:. Ep-‘fﬁ*m (;Qﬂp‘:'?t\et(/ﬂ setA). v
AT,

Which of the above statements are always true?
(a) (i) only

(b) (ii) only

© (i) and (ii)

(d) neither of them

21. A matrix P is called orthogonal if PPT = I. Consider the following statements.
(i) If P is an orthogonal matrix then 2P is also orthogonal. @ P ot thog. ) pp7=%. @JP\ (19\
(ii) If P is an orthogonal matrix thendet P = + 1 -
- yP¥ e YT xxT. X
Which of the above statements is always true?

(a) () ony (B (i) only (c) (i) and (ii) (d)neither (i}) det(? P) = det (T) 37 det(f) AeﬂP‘)'-l
2 M@ =1 @ar ()|

00 a 5 &t (M) = 21, v
22, Let A= lO b 0] . Find the characteristic polynomial p(\) of A.
a 0 0
@ (A +b)(\+a)? b)) (A=b)(A+a © (A =b)(A —a)?

@ O-b(\—-a)r+a) (e) ()\+b()\—a)()\+a)

"?fﬂ=\""o\- -1 \ (b- (K- 4%) = (3N (A%A (2-4) = (A-0) (4 (Al
-

0
O



23. Consider the following statements.
@ {(1, 1, 2 3}, (2, ,1), (1, 8, —13,—12)} is an independent set.
(ii) {(1 2,—1), (-1, 1 2) (=5, —1,8)} spans R%.
Which of the above statements is true?

(a) () only (b) (ii) only (¢) (i) and (ii) (@) neither (See 'Pa&f\

24. Consider the triangle with vertices P, @, and R. Which of the following is a right-angled

triangle?

(a) P(1,1,0),Q(1,0,1), R(1,-1,2)  (b) P(1,1,0),Q(1,0,1), R(1,2,2)
(¢) P(1,1,0),Q(1,0,1), R(1,0,2) (d) P(1,1,0),Q(1,0,1), R(1,1,3)
@ P(1,1,0),Q(1,0,1), R(1,3,2)

(See fafer)

25. Find the shortest distance from the point P(0, 1, —1) to the line
(z,y,2) = (1,1,0) + (1, -1, -2).

@1V66 ®iVE ©F @§V62 (V6L (5 Quger)

26. Find the equation of the plane containing the point P(3,0, —1) and the line
(z,9,2) = (2,1,3) + (3, -1, -2).
(a)2x—6y+2z=4 @:r:+5y—z=.4 ©z+6y—2=4 {S\QE Pd@l‘\
(d)3z—17Ty+52=4 (e)loy—4z=4

27. Consider the following matrix (where only the first row is given): A = [i "_*2} D\ Ja o A

5 ! ; “lisan eigenvector of A, what is the corresponding eigenvalue? AX v
@2-2 02— @1+2% @1-i (&3+i \S\‘g *3 Al Fl’r“v H\
2 . Koaean . IOMED | ciniadd a}u, k \
-1 A0 T e C Ta - -

28. Consider the line through P(1,2,3) that is parallel tov = (1,0,1). Which of the following
planes does the line lie in?
@z+2y+22+1=0 @3z +2y— 3z+2—0 () 2y—2z+1=0
@3z—y+z+2=0 (@2r+2y+2-3=0 (‘SQQ’\MQQT\

29, If A and B are n x n symmetric matrices, which of the following matrices are always

ymmeclel  pa D sywene A AN 2 BT QO (A4 = AT- o = A-B = Ab
(i) ATB - BTA *=A- O K wA' - ‘GT' @TMT_ TA-A'BYATO- oA X

@ (i) only (b) (ii) only (¢) (i) and (ii) (d) neither



10 o 13
E e I TieT2 L" 0

30. Consider the following matrices. \ D‘B
S kT A i_

A=l e m=(d ]m AW b L)

B can be obtained from A by the following sequence of row operationson A: = | b
1. Switch row 1 and row 2

2. Replace row 2 by (row 2 — 2 x row 1)

Using the above sequence of row operations (in the above order), find an invertible matrix U
such that UA = B.

o[ 2 e[t ] et 2] @[3 2] of7 3]

1 a -—1]
31. Given that detl3 —b 1 | =3, solve the following system of equations for the variable
3 C 4 X '3\ \ 3
_ “1 i e
Y. 16\\‘315:73%"&\5
5 C. bz & T_ Cn COun Cy 3 -~ 2 0 Q ]
ady(A) = |En M2 tg e Ot oen r+ay—z=2 ‘5 ¢ ™
Cu Cuy Loy
¢ ty Cy W 3t—by+2z=5
il 3z +cy+4z=0
: z+cy =
- 6 l
@y=% (b)y=§ @©y=5 dy=a-b+c (e)y da +2¢ = ‘EEALW"-;)*SY_UW;E}
‘ = -_B. ¥ - ﬂ-
3
32. Compute the determinant of the following matrix.
\

0. i..~1 1B ‘DO"‘S <106
30 0 2 kia? Bt oalae 3
@l 20 @ 2 N g o N
5 0 07Vl Ciily 3.9

@0 )5 @33 @-17 @8 :-3{+\{ 3 m}] -1,

q .
33, Let A be a2 x 2 mateix, with det A = 2. Evaluate det(2adj(4)). de% (2 ad() =2 ded (adya)

@2 M4 @8 @16 (32 _ MY raat) =gt L.
ek (A K] = Hdex ( e 3

34. A square matrix P is called idempotent if P> = P. Let A and B be n x n idempotent
matrices. Which of the following matrices are always idempotent? We ¥aow p M & ‘\3 =%.

()A-B 1 i
s O B-9\" = (-0)(A-9) = A™ AB-BA AR = A - PO “BAXR x p8. X

(a) (i) only (b) (ii) only (c) (i) and (ii) @neither

@ @)= ADAD X 8. X



35. In a dynamical system for inheritance, suppose that the transition matrix has eigenvectors
x1 = (1,2,1), xo = (1,0,—1), and x3=(1,-2,1), with corresonding eigenvalues
M=1L = %, and \; = 0, respectively. If the initial state vector vy can be written as
Vo = 1x1 — 3x5 + Zx3, find the constant b so that the state vector after 5 generations can be
written as v = ax; + bxXy + ¢X3.

@-mr ®-% ©OF @~ Oz  (See o)

36. Let z be a complex number. Which of the following statements is correct? et 27 atb: .
@ % + 2, (Z — 2)i, Zz are all real numbe F - = (b -A) = A= Ab. VI N
(b) Z+ z, (Z— 2)i, Zzallhavemodulus 1 Z 4= &-9 xaybh z3a. v - 5 @-b:\[aﬁbﬂ Z & yob
(¢) Z + z and Zz are real numbers, but (Z — z)i is not a real number. -ab th-
(d) If z is a complex number and |z| = 1,thenz =1orz = -1 zatyp
(e) none of the above

37. Find all complex numbers z so that z* = —8i.

@) /341,344 -2% MV2—i—-v2-42 ©v/3—i,—/3+i,-2i
@V2Z+i,—V2+i,2% @V3—i,—V/3—4,2 (5% Pur)

s %
38. Find a matrix P which diagonalizes \‘_“ :‘?\\ (= -y = 13-
> = ,K'L _-"a/k..'b = (?\-")\[ﬁlﬁ

1 -2
A_[-2 1} anzy A=)
) A=) —1'-‘0;3
@ | ;] o[} 4] o[F 1] @[p 1] @ [0 3] b3 3t
B'- 'J\‘l',IO\S 20 . Xz -9 3 vy ot 4 Jf 8 B '.O\Sg_y:‘an:jtﬁh't-
O R T Ly 91'-%5 4= []s neme. ?:i' '3- -3 310) 4=t
oA
39. Let A be an 77 x n matfix. Suppose that there exists an invertible matrix P such that Y"St 39;3%‘5‘%!2.
_ P7'AP = D, where D is a diagonal matrix. Consider the following statements.
(i) A2 = P2D?(P1)20We Yao A = POP'=7 AL =00 0997 = ® 00 % ot (et X
(ii) A2 = P"1D?P I

Which of the above statements is always true?
(a) (i) only (b) (ii) only (¢) (i) and (ii) @ neither

[STEe

40. The arrival of a bus at a particular stop can be classified as either an early arrival or a late
arrival. If it is early on one day, then there is a 60% chance that it will be early the next day.
Ifit is late on one day, then there is a 90% chance that it will be late the next day. In the long

B v b Sytlom moves T

run, what proportion of times is the bus late? {8 R\
@} @ ©F @F ©F o e,
0] e L7 St b st i
Tolf=rdl 2 84 B T3 L?: b-q ‘
= 0.\ 3 ’
a:lLo 8 -0 0.1'0 . & )
3 < ' -t-}t«!
Pp:(E 0= o s TR0 Sl ~Ei¢ 0-y ~0: 1 2 )Tikrity ) { Jc:l—ht‘-%
/‘.‘ .

P:1aL) z0-q Vech (267 A= | Cgowveshr)

§4=\ 4.y +0
o-d 0910 0

T
6 b 0\\ L'{I‘OX'- 10Y :?)(- at ‘;5 Sy
o 010 yoy K\,‘q{ S veder. sude.



41. Correctly fill out the bubbles corresponding to your student number and the version number

of your test in the correct places on the computer card. (Use the below computer card for

this sample test.)

P = SN 18
| Lt .;.I_rL|r|_ MAMIE: oo, Fri TR Pl I AR R R R SR e -
STUDENT NUMBER [eemarna) {aionn Humes| n H E
n . T ]
_ University s E
AR SHEET ¢ oF SIGNATURE ____ . e O, o 3
| Garta {in penj g
| : EXAMINATION E]
i o . S S < INSTRUCTOR'SNAME | .. ... ... .....c00envninnns i3
b 7T e e ek L 740 SRR SR ANSWER SHEET m
STUDENT NUMBER __| £
i NUMBER pow MARKING DIRECTIONS H
] [ 1 _ I h [ EXAMPLES E
|
= M - - + Use HB black lead penclt only. WRONG m
o 082 {8 (o (6} o) {0} O OO &
1 1y, Vil « Do not use Ink or batlpaint pens. WRONG w
13 1) 7 (@) (1) 1R Es

L S < i * Make heavy black marks tha! fill the circla m

3 e @ LA completety, WHONG |

P 4] iz (&) 4 (4 Jaial g

x (Rl ) 5 (8 + Ergse cleanly any angwer you wish 1o changs, RIGHT |

& OO e AE @

M « & 5 q « Make no stray marks on the answer sheel 3 “
& . v (@) 2 (& -
m EGRONC 2 ® _ :
= [ TR Woe WA We WA W e e We Won el Wal e W e W W W e §
m .o O= O« D« Q@ O O O« 0« O O« O« Qv G« O O« 3
w We VR OVR VR URON VN UR LA YN QR O™ B O O m

[SRCH- 30 i ERE- SR ROUR U RO SUN RCHRBEA- ROUN- SOV NCUN- BUTS.-SEAN- SO B “
¥ - HiE - R S SO A SO S S S-S SO HESE ST ST S S wm m
w 2 5 8 4 %5 =% % % 5 ¥ % 3 %2 2 5 %5 = 3 ;8
a mm :
] WM el e E...._J Wi wie We weoe Woe we Woe W Wi W e W e W e e e Wiw wie wie wis ...m m
v @ B Gl o@ e am o o= A O+ OO O«0xavy0«avyorasaeoaearar £y g
Al Qim0 UiR Le LE O LR Ve Ois DE LR OE QR Om OE O OP VN O UM LW OE Qs Bir ww =
Woe @ @in min @iN B B Bn BN D Me @n BN BN ONONON B B O 0N BN G B @ mm 5
[SRCTIE SCINE S cHN S SE To S ST SETRNP TP S S S SRR S-Sl SEie ST S SO St ST Sl S S A
[ | - M A m G W B 2 Tgoe W ogr m oW b o® s e on %8 8 |




ma’f“\ %2 La S‘M\f’\e Exam

L] @ B-x gy L laxy x® xpie],

_-S\"-‘\ we ted to TWd an SUNAR gk
allex) 4 bl L4t + o xaad] = 3-x4pt

T avax th thal+ (X perts Aok g4
N (a4t (a4 V) + (bt = A-x 4
A abhsA F ate=-l ¥ bac=|

| § 6233 \]D“?\ 1 0 If =1
LD 1 i-I 0 -1 173 01 1.~)
| : ¢ LfAl, .
Oysh Liio 1 Vidr.r, i e b T3 E0y4T 9'3."‘:1._-:3\_-,
x=-3-1= \21:0 (abd)= (03,
| xj-.."?;_}l “=\ 4y = QA
CRE GRS
T We wat to Know e womm fugkyr o vechs we
Cin fegd h owr st gt fle geb 3 et
r- .
[f b 107 15630 | bk g
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