MATHEMATICS 2C03 PRACTICE FINAL EXAM

DAY SECTIONS 01, 02
DURATION of FINAL EXAM: 3 HOURS
McMASTER UNIVERSITY

THIS EXAMINATION INCLUDES 20 PAGES AND 20 QUESTIONS. IT IS POSSIBLE TO OBTAIN A
TOTAL OF 102 MARKS. YOU ARE RESPONSIBLE FOR ENSURING THAT YOUR COPY OF THE
PAPER IS COMPLETE. BRING ANY DISCREPANCY TO THE ATTENTION OF THE INVIGILA-
TOR. A Table of Laplace Transforms is provided on the top of page 3.

SPECIAL INSTRUCTIONS:

Page 20 is to be used for continuation of a problem if you run out of space. Ask the invigilators for
SCRAP paper if required. NO NOTES OR AIDS OR PIECES OF PAPER OF ANY KIND
(other than that distributed by the invigilator) ARE PERMITTED.

You are NOT permitted to have any ELECTRONIC DEVICES of any kind, including calculators
and cell phones.

PART 1 is made up of 14 Multiple choice questions. MARK YOUR ANSWERS ON THE
OMR EXAMINATION SHEET with HB pencil ONLY. For this part, only the OMR Examination
sheet will be marked. Each multiple choice question is worth 3 marks. There is no penalty for an
incorrect answer.

PART II is made up of 5 Complete Answer Questions. Each question is of equal value.

You must print your name and ID number at the top of each complete answer page in the space
provided as well as on this page below. You MUST hand in both the OMR EXAMINATION
SHEET and this examination paper.

¥ SowXiony K

NAME:
1D +#: Tutorial #:
| Questions | Mark Out of |
15 12
16 12
17 12
18 12
19 12
TOTAL 60 |
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o Z{t"f(t)} = (-1)"L£F(s),n=1,2,...
o Z{fxg}=2{f()}Z{9(t)} = F(s)G(s)

o Z{6(t—tg)} =e 5, for tg > 0

PART I: MULTIPLE CHOICE

There are 14 multiple choice questions. All questions have the same value. A correct
answer scores 3 and an incorrect answer scores zero. Record your answer on the OMR
Examination Answer Sheet provided. Follow the instructions on page 2 carefully. Use
HB pencil only. Ask the invigilators for scrap paper if required.

1. The differential equation (2zy + 2%+ 2%)dz + (1 + 2%)dy =0, is:

N
(A) homogeneous and exact. X . Nox -
(B) separable and homogeneous.X il komﬁ\iﬁ\t\f& N("t Xd::)\
(C) separable and exact. = I‘H} KX 1 % N (K\j\] "

(D) linear and homogeneous. X

@ linear and exact. a %ﬂ . Y S
7 X X Z] exack.

\
()Y = Ay N s

ALY vaxyz xtoxt 21 e,

v ot Seoable.. Mo woy to gt {he "\j“ awk 57 M.
o k.

continued ...
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2. An integrating factor of the form u(z) for  (2z* + y)dz + E:_(_a:y —1dy=0 is:

2 M ~N
(A) =z
2 M _\ W
O - 37 5%z axy-L.
(D) €° S
(E) =ze” djl_;__. o [ ng_‘_\ - aq?‘xé
X'y ~% ) ?@"5-\\
. = ~4 (-HXj) Y
Emi\éyﬁr (y s Ry =0 X(xgl) ~ X
dxXy o R ; e
L/%'__J Q’ L M\ = Q‘J\ X : -E}R/\X: X_?,
XN W

T

3. If y(z) is the solution of the initial value problem,
%y’ —3zy' +4y =0, y(1)=0,%(1) =2, then y(e) equals:

@ 2¢? Cawhj_ E“\{r
(B) e*+1

Eg; dej——;el) XK [ K(R-) -3 K+ L.'] =D
(E) e? + 2 K‘L...,L‘K_\_L!

Yu)=0=7 0= <. (K=3) 31 €= dode ot

B‘ln:& R ch *C =Cq. é: X +@/\x\ )(TCL i

. = T -

.8 3' ax /Q/\X \lj F&C\X-\’CLX ;"ICQ/\X\XCL,
SU\ j[@) = ’&ej’. continued ...
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4. If y(x) is the solution of the initial value problem,
y+2 \= :E%gi, y(1) =2, then y(2) equals:

A}
(A) -3 r3 ”B“-no,\\l‘g eq/‘ﬂ wl Aze.
@ '% -V il
© - W= =
(D) © ol t Aey
(E) 2 é,!\—’ 3 A_n
8 aX d X
1"_ _:?" \ -‘ — 1“\ - \- g
A -u*’{(u E J L \\ $o Y71
w' W ), ‘/’3..)( ¥CX\ &
S‘O\ﬁ'tlr \’\ﬂ\/){\,lc
lA\"’ 1/><Ul = Vo 0 WU ﬂ;&f\-t b hel
e Ty SN\
9 - :
% ax = 9% S oty
}.

W= e,mJéQ’\éxﬂc\,x > -X Sx =% 1% Yu‘ﬂ.

5. Find the general solution of the fourth-order homogeneous linear differential equation

(4) + 18 b 81 = 0. I"'I F
@ y(z) = (c1 + caz) cos(3z) + (c3 + c4z) sin(3).

g E
(B) y(z) = c1 cos(3) + ezsin(3). (m™ 4\
(C) y(@) = c1 + cox + c3cos(3x) + ¢y sin(3z). g wm="] G
(D) y(z) = c1€% + cyzed® + c3cos(3z) + c45in(3z). 51 W30 dde
(E) y(z) = (a1x + cez?) cos(3z) + (e3z + caz?) sin(3z). ks
X z0, 92 3

S Yo € CosX) + ¢ 53k )

Te3X st 4 ey & pon ).

continued ...
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6. Find the Laplace transform of (t2 + 3)u(t — 2), where u(f) is the unit step

function.
® ~@+3+y S ER UG 3\3 e 410 *33
(B) Ve =(a+ g+ ) 5&\
(Chy %G+ 5 +2) )
D) e®(F+3z+3) - QN\{E\J’L{"L-\"’H: -\'rl:g
(B) e (F+3) & AR S Y
I3 % vk

t J
7. Let F(s) denote the Laplace transform of  f(t) = / e”" cos(T) dr.
0
Then, F(2) is equal to:

(4) % (€ cos k) % \
® Foy = & ¥y - 1 {e‘tcOst*F}

(€)
. 1 -t
D A D % oo

(o) ’
=\ - ..3__ - 3
S (o) +\7 FQ) = TR

o= e

s
8. The i Laplace transfi L
e inverse Laplace transform {32 T 11}

(A)  cos(v2(t — 3)) — £sin(v2(t — 3)) $33-3 j
@ e~3(cos(v/2t) — 73=sin(\/§t)) 15 { 5\
S+ %
(C) tcos(vV2t)u(t —v2) ( 3\ a ¢t §9%3

(D) St(cos(\/—t) — sin( \/_i)) < ? \%COS (ds-q_k) —3-]: 3 3t
(E) e %cos(v/2t) J/.‘/a\ < S"‘f\(‘,‘i“t)

continued ...
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s s?
T (s+1)(s244)"

(A) e ' +sin(2t) $‘~ A 3 s£3-C
(B) (e + 3cos(2t) — 3sin(2t)) i

T
-
(C) (et +2cos(2t) + 3sin(2t)) 9) SU4) 7 s sy

O et +aoos2) - 25n) 51 8%= (Yl A L (gow o) (s3)
(E) e "+ 2cos(2t) — 2sin(2t)

9. Find the inverse Laplace transform £~}{F(s)}, if F(s)

- AL ) h
® (ehe Jr”yS Cog(a-t\ 3>5 ﬁf\(&ﬂ,

10. The recursive formula for the coefficients a,, of the power series solution about zg = 0
of the differential equation ¢” —2y =0, is given by:

(A)  apyo= %, n.2 1 54 n-i P nt
= 2NN -~ 2 G X
(B)  any2= 2“‘%"1‘, n 2L 0...‘“; N ] X N0
an+2:%, n > 1. Y\-_-_ n_a\ K:h';'\
(D) an42 = %; n 2 I3 o2 \(
— On-1 - P X,
() ni2 =ty n2 1 \%:OC kez (K32 (14)) x - ‘L\Qk—\ X
R
- 3‘C“L + Ké‘:__‘ EK‘\Q{ K"’a\ [R-H) e CE_TSXK
7 G S 5 ¥
CA ()

continued ...
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11. Which one of the functions listed below is a power series solution about the ordinary
point zg = 0, of the form y(z) = )., apz™, with radius of convergence R = oo,
for the differential equation (1 + 2z2)y” + A(z)y’ + B(x)y =0, given only that
A(z) and B(zx) are analytic functions, the coefficients ag and a, are arbitrary, and
the recurrence formula is:

T _(21(_”5_)(5_ 2 Gn-2, N 22 St
a, = ° ("\\('—3} = -3/ Qp -
3z + 23 ~ PN
(B) 2+%~$3 s ¢ T 90
(C) 3z + iz®+ 2ab o= L) % }"*‘1\/3 L.
(D) 1+ a2 3y b q
®) ERDSm ay * -V | >aztp)
4 (3) _ =3
ChoSR =0 ¢ Qn’% E X 'b)qo
R ‘/363))(3 Lo+ T0%- ac = 0. w al o&a Zoro oM
<N on -
3 —-—
¥ 5k - e 45-—‘9_\%:%\_4
65 84S

12. The best one can say, without actually solving the differential equation,

(2% + 6z + 8)y" + 6(z — 3)y’ + 4y = 0, is that the radius of convergence of the
power series solution about, zg =3, is at least:

B Pz () L kD 5 xeaw x

(B) 6

: (Ylexyg)  (R)  nouer gt
(D) 4 .y \ |
e Sl Ts}:i\ il Clotesy $ngalol™ W %23

b =0

N 4
3 (‘ﬂ o N Tad\ oF CUI\V?[:.!MCQ Ny 5,

continued ...
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13. A complete list of the reqular singular points of the differential equation

s+ 2%z -5 (- D% +(z-5>%(z+3) (-1 + (- 1) (z+2y=0

(j”;bj Y= (L (e _:_ (3

(B) 0,1 " (x4 3" (K—S\‘l{x-\\q X(z{'n\itxa\\

(?) g 1 5—2,5 2 X=-& medulor -

(E) 0,1,-2, -3,5 e XAV ! i )
% e Ge-Rped X () (XS)ted

7T VA sngulo f?{;p ne Xz0 45

14. The roots of the indicial equation for the point o = 0 of the differential equation
22" +xy' + (22— 1)y =0 are:

B) -1,1 X YT 30 e

(©) ‘%v%z A h

® -1 sl - A (N D boz o g
(E) 0,% )(-L X \ ~0 K__jbx (Y\

("
“wo x | = -\

continued ...
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PART II: COMPLETE ANSWER QUESTIONS

Questions 15-19 Each question is of equal value.

You will be graded on the clarity and presentation of the solution, not just upon
whether or not you obtain the correct answer. Scrap paper will NOT be graded.
There are sheets at the end of this examnation for continuing solutions. If you need
to use them, indicate that your are continuing the problem, and then indicate which
problem you are continuing one the pagfes at the end of this paper.

15. [12 marks] Find an explicit solution to the following differential equation:

T T ZT —
l(1-{—.9 Y+ ze y)dw +l(_:ce +2)dy = 0.

M. Kiye Xack i ! wx J

LX ¥ . ek ﬁ_ :M 4 ﬁ > N. Szt e éy
M, DX > i

WX

X -
W, own 5o 1reyaxdy ax = x> e *3[)(6‘3\%6A
X
C: X*?/%\Jye_?)g+ 3{:,)1 X'\”Xe‘j*{’)kﬁ\'

D (& 199 x4 a g dady = WyEe

X
= X X Xej-l—av.\.c_
Y -—
B taled go\vAﬂDI\ X xXey )faé_c_

L]
*

o, A s el Souul.
y 3(Kev+a)=c-\(ﬂ‘j- m}\ NGU SR AN 50

continued ...



12

M2C03 Final Examination Name: Student ID:

16. [12 marks| Note that there is a Table of Laplace Transforms on page 3.

The motion of a spring-mass system that is given a sharp blow at time { = 7 is
described by the initial-value problem:

y"(t) + 24/ (¢) + 10y(t) = K6&(t — ), y(0) = 0,7'(0) = 3.

For what value of K will the system become motionless, i.e., y(t) = 0 for all ¢ > .

Walt Yo SR WE TR & ab MR oad set o1 |
ho o Zp & S\ W K,

“&13\\8%3\&&33* 10 &5@3 K iig& ,ﬂﬂ
2\ A 5.919)- \3_.@ 3 [shn- jm}f o 13)= R -y

0 3 i
31 sthe) -3 5 aghs) ofe) = Ke
._5’r
2 Vi) L3 s +\3 ¥ 3 N g
3) V[S‘\: KQ. -\« d ‘] ‘3{\ i ig;\\"—\ﬁ\ {(5‘41] -}‘1
@-\\\1'+”\
't‘
H»\ KM e ﬂi {(smbf il sf\ﬁ'b‘ﬂ
e e el
Sof 5 - 5
217 s o ¢ () T i) YIS Y ke
- -t \ - - — :
q o 93{\[_”)\ [_\% e:f _"\ 20 :—I K_. 36 ) continued ...
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17.  [12 marks]
(a) [6 marks] If the Annihilator Approach is used to solve the differential equation:
" —y" + 4y — 4y = 5¢° — 22e¥ sin(3x),

then what annihilator should be used? (DO NOT SOLVE.)

(b) [6 marks] Fiind the general solution of the following differential equation using
the Annihilator Approach:

Y +y — 2y =8 — 40cos(2z).
@ L"\)*\\ bW - SQ_X -
X
(D7 -MD + 1), e 503X\,

1
Conte (D340 % (F4H) ann, Cxx@,“ml%x\"‘mqﬁ\\

(D*\\L‘Di-qb*r\’ﬂl PR Tl T e rmre

Q 3“ "\'\5 _3‘\3'3'0 (S) ( (D—l“‘\ L‘l\ AT g . "I'DCUS(,B-){\ '

5! -2.=20

(™ *1\\,(\\,\\ r\) (\) M‘n (\) \

e N peo ey oWzt L

i 7 X M = & T4 W= .
\A ¢” C\e v Cve.
9= O § ey cos(aN) ¥ Cy B,
‘3?\ : ~ Ay danax) & Ay (o (ax)
\3?\\ - »L\CB COS{}Y\ - L\ C\.\ 5‘\‘/\(3)(\‘
\ continued ...
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Continuation of solution to problem 17.

\ CoslaX
5 ~Uey costay) M ewsmax) Spsmiay) AR ()

(.34
¢\ ~ Ay fug\)x\ "’)‘CLHJMW\-:. R - B cogC \

3

-dc, X SPR[EX\Y\"\‘\CL{ -—163-)@;3

A Covl 3)‘\{ ‘L‘CJ —l'a(q “E‘C}_B - 3—- 40(09(3)(\

) ooap! T
Gyt & —3 G -boy = 0 & -lbeg LAy T %D
-a Ca = (ng PR R | s
3 -:__)\ - —51:"\ -w \&L‘, *’(3‘6\{ = -\)p =] Cq:"a ¥ C'S:b-

§q° M oak cos (3x) =3 9a0X).

. e opea\ SOWTAN T3+

X X
4o Yk 3o Q€ ACee Uk beg(an-ASnGA,

continued ...
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[12 marks] Consider the following differential equation:

y' —y +4zy = 0.

18.

Find the first 3 nonzero terms for each of two linearly independent solutions in the

form of power series about g = 0.
Xx0 & N OFQW AL, IMnee ’?Ix\‘-f\ & Qua= ko \"’)'l\
Mma\ghp  ar Xo=0.
A
\5: % Cp, X
nzd y . . i
\ 4 2 caX

N~T
% C.AL\\\U\—\\)( - 4 QN X ¥ \>®

\! \ _
:%-‘j’r“lxa'é:}/_, Ly_\‘:\ y -*\
\L:‘\-} K‘l‘\"\ K"“
X

X > 4 ¢
Qe (KA X ¥ "f\i\ ¢4 X

i =
Co (VRV (W) X~ 2

N

o
X f__‘ | Cuy L0 (43D ¢y (1) *’*CKj\B X®

C‘L"'\ (K'H\ N L\CK-\

— = C\ -
=] Ce -\ Cyae B
(K*a\(\i*\\
-—Ll—c-.‘?. Bz 35y “Llc‘t C\-Mco ~ ¢,
b i = T A
L].3 \1
2 I ol L0 SR W
1nd P -l
\ACT
> =y €Y
Go\W\‘m' TR v 8 \HII;CO
t. Cw-\b C\MO?Q % continued
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19. [12 marks] Note that there is a Table of Laplace Transforms on page 3.

(a) [4 marks] Given that L{f(t)} = F'(s) exists for s > a > 0, usmg the definition of
the Laplace transform, prove that if b > 0, then L{f(bt)} = —F ( ) , §> ab.

(b)  [4 marks] Derive an expression for £{t f f(t—v)g(v) dv}.
0

(¢) [4 marks] Find E{tft (t —v)2cos(v) dv }. (Hint: Use (b))
0

5 70
@ wis g&éﬁ b <2 31 %0 soay.
L} w= bt
3 Tl 3 st du= b3t
3= Sam bk
& _g(% Tw) OB 0
=3, o FW) du . muﬁ ‘E,a,b
B 2
:‘g (A T FLR) T Laa 8 8T

LAl - LF (R Tor 7%,

B f {4 ) Te-Wgug ERTLE 3 35
T

\ \
= “%5 T 60) = - TG - YA GI(s).

5)
D 34§ (ol oradid) ol T  fesds T

cos ¥k & < NE (g“f\\ - S‘L&e\ ..__’_‘_iL
- T g
Sakir: 2. s = A8, S }5:\

G'(N: ~6s™ &{4:& (£-v) Cow&\% = - (V0)606) ¥ Fo\oay)
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Continuation of solution to problem 19.
T 5
g i (A YOI SRR )
e ____-‘L oy L35, '—1— * ‘-""'q — '5 a5 o B 3( 51-"‘\1
N\ 33 52 AW £2(s™y)Y 8

continued ...



