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Abstract

We prove a statement towards the main conjecture of Iwasawa
theory for the self-dual twist of the Galois representation attached
to a Hida family. A key part of our argument is an application, for
the first time, of the Euler system theory for Galois representations
on modules over rings not assumed to be regular. Assuming some
conjectures, we show that certain Selmer groups are torsion modules,
and describe their associated divisors in terms of a suitable p-adic L-
function, up to an error supported at an explicit finite set of height 1
primes.

1 Introduction

1.1. This paper studies the Iwasawa theory of certain Galois representations
ρ : Gal(Q/Q) → Aut(T ), where T is a rank-2 free module over a ring H finite
and flat over Zp[[T ]] arising from the ordinary p-adic Hecke algebras constructed
by Hida. The representations ρ are self-dual twists of the representations at-
tached to p-adic families of ordinary newforms as considered in Hida [6] and
Wiles [21]. One motivation for studying these self-dual representations is that
the corresponding p-adic L-function interpolates central values of the associ-
ated classical L-functions for the modular forms appearing in the Hida family,
cf. 2.16.

1.2. We study “main conjectures” for the representations ρ. Such a conjecture
equates the divisorial support of a Selmer group attached to ρ (as defined in 2.9)
with the divisor associated to a p-adic L-function interpolating special values
of classical L-functions of modular forms. In the “sign −1” case, the Selmer
group is not a torsion module, and we show that it has rank 1. (We hope in a
future paper to identify its torsion submodule; cf. 4.13.) The p-adic L-function
we consider here is that constructed by Kitagawa [10], and can be related to
the Euler system of Kato by work of Ochiai [12]. What we show below is
how these main conjectures follow from various non-vanishing conjectures. See
Theorem 2.21 for a precise statement of the main result.
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1.3. Many of the results presented here are similar to those in [14], the main
difference being that we do not assume our Hecke algebras are power series
rings. In fact, a major goal of this paper is to serve as a kind of case study
in extending the theory of Euler systems to normal rings. Our method can
be viewed as an extension of the method developed in [13] for power series
rings. We have chosen to focus on the 1-variable context provided by self-dual
twists in part out of a desire to simplify this Euler system argument and in part
to minimize the overlap with [14]. As we will discuss in a future paper, the
methods we present here apply to quite general situations, including a direct
generalization of the 2-variable results which are the focus of [14].

1.4. The basic idea of our method is as follows. Assuming the Euler system is
non-trivial, almost all specializations of the Hida family should have finite strict
Selmer group (equivalently, finite Shafarevich-Tate group) whose order can be
bounded by the standard Euler system machinery in terms of (generically non-
zero) special values of the p-adic L-function. Fixing a prime p in the support
of the Selmer group of the family, we show how the asymptotic behavior of
the size of the Selmer groups associated to nearby specializations determines
the p-length of the Selmer group of the family. The key results which make
this argument work are control theorems with a uniform bound on the error,
cf. §3. In order to bound the size of the Selmer group from below in terms of
the p-adic L-function, we appeal a bound from the 2-variable main conjecture,
of which a proof in some cases has been announced by Skinner-Urban (cf. [20]),
and descend to the self-dual line.

1.5. The main drawback of our approach is that we must exclude a finite set
of primes. These primes are:

(1.5.1) the prime of H over (p), i.e., we do not study the “µ-invariant”,

(1.5.2) primes of H not dividing the largest ideal c ⊆ Λ such that Im ρ contains
SL2(Λ) ∩ (1 + c ·M2(Λ)),

(1.5.3) primes of H which are ramified over Λ ⊆ H, and

(1.5.4) primes in the support of H2(Ω/Q, T ⊕ T ∗)H-tors, Ω = Q(µp∞ , T ).

As our method involves passing to the associated rigid analytic space (albeit in
an ad-hoc manner, and not explicitly), no information about the µ-invariant is
preserved. We impose below the assumption that H corresponds to a non-CM
family, so the existence of the ideal c in (1.5.2) is a theorem of Hida, see [8,
Thm. I]. If p ≥ 7 and Im ρ contains SL2(Fp), then c = 1. The primes (1.5.4)
must be excluded in order to avoid the error terms in the Euler system bound.
Denoting by ρ the residual representation on T/mT , where m ⊆ H is the max-
imal ideal, this restriction can be ignored, e.g., as we show, in the case that ρ
contains SL2(Fp). The ramified primes (1.5.3), on the other hand, only cause
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a problem in one step of the argument: 3.14. It might be possible to circum-
vent this problem through sufficiently clever analysis of the intervening Galois
cohomology.

2 Notations

2.1. In this section, we give definitions and notation, as well as results of Ochiai
and others and related conjectures which we need to apply our method. The
statement of our main theorem is given in 2.21.

We denote by Q the algebraic closure of Q in C and choose isomorphisms
C ∼= Cp for every prime p (note that this determines embeddings Q ↪→ Qp).
In §3, we define the term rational prime, by which we do not mean a prime
element of Z. Non-zero prime elements of Z are referred to as prime numbers.

In order to make our notation consistent with the papers of Ochiai, [12,
13, 14], for a prime number `, we denote by Frob` ∈ GQ a geometric Frobe-
nius element and normalize our Galois representations accordingly (i.e., our
representations attached to modular forms are dual to those considered by au-
thors for whom Frob` denotes an arithmetic Frobenius element). We denote by
ω : GQ → Z×p , resp. χcyc : GQ → Z×p , the Teichmüller, resp. p-adic cyclotomic,
character giving the action of GQ on the pth, resp. p-power, roots of unity.

If R is a (commutative) ring, M is a finitely-generated R-module, R′ is a
flat extension of R, and p ⊆ R′ is a prime ideal, we define the p-length lgthpM
of M as the length of (M ⊗R R′)p as an R′p-module, i.e.,

lgthpM = lgthR′
p
(M ⊗R R′)p.

Note that if pR′′ is prime for R′′ a flat extension of R′, then lgthpM =
lgthpR′′ M , so we may abuse notation and use lgthpM to denote both lengths.

2.2. Choose an integerN , a prime p > 2 not dividingN , and a finite extension F
of Qp. Let f ∈ Sk(N,ψf ;OF ) be a normalized cuspidal newform on Γ1(N) of
even weight k ≥ 2, character ψf , and with Fourier coefficients in the integer
ring OF of F . We assume moreover that f is p-ordinary in the sense that the
pth Fourier coefficient ap(f) of f is a unit in OF . By work of Deligne [2], to any
such f is associated a continuous Galois representation ρf : GQ → GL2(OF )
unramified outside Np which satisfies

trace ρf (Frob`) = a`(f), det ρf (Frob`) = ψf (`)`k−1

for any prime number ` - Np.

2.3. Hida [7] has shown that every modular form f as above can be put into
an ordinary p-adic family F of modular forms of Nebentypus ψF = ψfω

k−2

in a sense which we now describe. The form F can be considered as a formal
q-expansion F =

∑∞
n=1 an(F)qn whose coefficients belong to a normal local
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domain H = HF finite and flat over Λ := Zp[[ΓD]], where ΓD ∼= Zp is the p-
part of the group of diamond operators acting on the tower of modular curves
{Y1(pn)}n. The ring H we work with here is the integral closure of the quotient
of Hida’s p-adic Hecke algebra by the minimal prime corresponding to F . Denote
by

χD : ΓD
∼=−−→ 1 + pZp

the canonical character. We say that a character κ ∈ HomZp(H,Cp) is arith-
metic if the character

ψκ = κ|ΓD · χ
−w(κ)
D : ΓD −→ C×p

has finite order for some (uniquely determined) integer w(κ), called the weight
of κ. Let ΓC = Gal(Q∞/Q), where Q∞ is the Zp-extension of Q, and denote
by

χC : ΓC
∼=−−→ 1 + pZp

the character ω−1χcyc. The canonical isomorphism ΓC ∼= ΓD determined by
χC and (the inverse of) χD allows us to consider, by abuse of notation, ψκ as
a character of ΓC , i.e., a Dirichlet character of p-power order and p-power con-
ductor. Define pr(κ) to be the conductor of ψκ. If κ is of weight w(κ) ≥ 0, then
the specialization fκ of F at κ is a p-stabilized eigenform of level Npr(κ), weight
w(κ) + 2, and Nebentypus character ψFψκω

−w(κ). That the form f belongs
to F means that the p-stabilized eigenform associated to f is the specialization
of F at an arithmetic character κ of weight k − 2.

2.4. Let K = FracH. To F is associated a continuous (in the sense of Hida)
Galois representation ρF : GQ → GL2(K) which is unramified outside of Np
and has

trace ρF (Frob`) = a`(F), det ρF (Frob`) = ψF (`)〈`〉`,

where 〈`〉 is the image of ` ∈ Z×p under the composition Z×p � 1 + pZp
∼=←−

ΓD ↪→ K×, the second arrow being given by χD. In particular, there is a
GQ-stable lattice TF ⊆ K2, i.e., TF is finitely-generated and of generic rank 2
over H. In what follows, we assume the family F does not have CM and
that the residual representation of ρf is absolutely irreducible. We also assume
that the GQ-stable lattice TF is free of rank 2 over H; such a choice of free
lattice can always be made under the additional assumption that the residual
representation of ρf is p-distinguished, cf. [11, Cor. 2.6]. (Note that ibid claims,
incorrectly, that the existence of a free lattice is guaranteed by irreducibility
of ρf . We thank Olivier Fouquet for pointing this out to us.) We may thus
consider ρF as a representation into GL2(H). The specialization of ρF at an
arithmetic character κ, by which we mean the GQ-module TF ⊗H κ(H), is
isomorphic to ρfκ after extending scalars from κ(H) to Qp.
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2.5. We extend the above setup by deforming in the cyclotomic direction. A

character λ : ΓC → Qp is said to be arithmetic if λ · χ−w(λ)
C has finite order for

some (uniquely determined) integer w(λ), the weight of λ. Define the nearly-
ordinary Hecke algebra associated to F to be the ring

ΛH = H ⊗̂Zp Zp[[ΓC ]] = H[[ΓC ]],

which is a local domain finite and flat over Zp[[ΓC×ΓD]]. This ring plays the role
of a 2-variable Iwasawa algebra. We define an arithmetic specialization of ΛH to
be a pair (λ, κ) where λ is an arithmetic character of ΓC and κ is an arithmetic
character of H. Any arithmetic specialization determines a homomorphism
(λ, κ) : ΛH → Qp: (λ, κ) is the unique continuous homomorphism which is equal
to κ when restricted to H and which takes the value λ(γ) when evaluated at an
element γ ∈ ΓC . We denote by p(λ,κ) the kernel of (λ, κ). For ease of notation,

we set (j, κ) = (χjC , κ). Given a finitely-generated ΛH-module M and any
pair (λ, κ) of continuous characters (of ΓC and H, respectively), we define the
specialization of M at (λ, κ) to be the ΛH/p(λ,κ)-module M(λ,κ) = M/p(λ,κ)M .

There is again a Galois representation ρno
F : GQ → GL2(ΛH) obtained by

the formula
ρno
F = ρF ⊗ χuniv,

where χuniv is the universal character χuniv : GQ � ΓC → Zp[[ΓC ]]×, the second
arrow being given by γ 7→ γ. Let T no be the representation space of ρno

F . The
specialization of ρno

F at an arithmetic point (λ, κ) with w(κ) ≥ 0 is isomorphic
to ρfκ ⊗ λ after extending scalars to Qp. Wiles [21] has shown that there is a

filtration T no ⊇ F+ T no ⊇ 0 of T no by ΛH[GQp
]-submodules such that F+ T no

and F− T no = T no/F+ T no are free ΛH-modules of rank 1. The action of GQp

on F+ T no is via the character α⊗χuniv, where α : GQp
→ H× is an unramified

character such that κ
(
α(Frobp)

)
= ap(fκ) for every arithmetic character κ of

weight w(κ) ≥ 0.

2.6. We now discuss the quotient of ΛH which is the primary focus of our
investigations. As we are assuming p > 2, the element γD ∈ ΓD mapping

to p+ 1 under χD admits a unique square root γ
1/2
D . We define an element

Θ =
(
γC − γ1/2

D · (p+ 1)
)
⊆ Zp[[ΓC × ΓD]],

where γC is the element of ΓC mapping to p+ 1 under χC . (In the CM case, Θ
is the “critical divisor” of Greenberg [3].) Abusing notation, we often write Θ
again for the ideal ΘΛH ⊆ ΛH. In what follows, we identify ΛH/Θ with H
via the composition H ↪→ ΛH � ΛH/Θ. For any Zp[[ΓC × ΓD]]-module M , set
MΘ = M/ΘM . One can alternately describe the GQ-module T := T no

Θ as the
representation space of ρ := ρF ⊗ θ, where θ : GQ � Gal(Q∞/Q)→ H× is the

continuous character satisfying θ(γC) = γ
1/2
D (p + 1); thus, as we expose below

(in 2.16), T can be considered as the representation space of both the “self-dual
twist” of ρF and the “self-dual quotient” of ρno

F .
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2.7. A torsion ΛH- or H-module M is said to be pseudo-null if it is supported in
codimension 2 or greater. Note that an H-module is pseudo-null if and only if it
contains only finitely many elements. A homomorphism is said to be a pseudo-
isomorphism if its kernel and cokernel are pseudo-null. For any Zp-module M ,
we denote by M∨ = HomZp(M,Qp/Zp) its Pontryagin dual. For R = ΛH, H,
or Zp, if M is a finitely-generated R-module with GQ-action, we denote by M∗

its Tate dual GQ-module M∗ = HomR

(
M,R(1)

)
.

Set Dno = (ΛH)∨ and D = H∨, viewed as discrete trivial GQ-modules. We
define W no = T no ⊗ΛH

Dno, resp. W no,∗ = T no,∗ ⊗ΛH
Dno, to be the discrete

modules associated to T no, resp. T no,∗ and make the analogous definition for W
and W ∗. The filtration on T no induces in an obvious way a filtration on W no, the
positive part of which we denote by F+W no. There is also an induced filtration
on T no,∗ given by F+(T no,∗) = (F− T no)∗ = HomΛH

(
F− T no,ΛH(1)

)
, which

in turn induces a filtration on W no,∗. Note that we have (T no,∗)Θ = T ∗ :=
HomH

(
T,H(1)

)
and (T no,∗)(λ,κ) = (T no

(λ,κ))
∗ for any arithmetic specialization

(λ, κ). We set V(λ,κ) = T no
(λ,κ) ⊗Zp Qp and V ∗(λ,κ) = (T no,∗)(λ,κ) ⊗Zp Qp. All

these modules have filtrations induced in the obvious way from the filtrations
on T no and (T no)∗. Note that W no[Θ] = W = (TF ⊗ θ)⊗H D.

2.8. One can axiomatize the above setup. Let T be a finite free Λ-module with
continuous GQ action satisfying the following hypotheses:

(2.8.1) T is unramified outside of a finite set Σ 3 p of primes,

(2.8.2) H0(Q, T/mΛT ) = 0,

(2.8.3) there is a GQp
-stable filtration T ⊇ F+ T ⊇ 0 with F+ T and F− T =

T/F+ T free over Λ, and

(2.8.4) for any finite extension K/Q and any prime v of K, T (Kv) = T ∗(Kv) =
0; if v | p, then (F+ T ∗)(Kv) = 0.

Set moreover W = T ⊗Λ Λ∨. This notation does not conflict with our previously
established notation, in that we mean to apply the discussion of those two
paragraphs to the module W as defined above. To do so, we may consider any
H-module also as a Λ-module by our identification with Λ with the subring
Zp[[ΓD]] ⊆ H.

2.9. We now introduce local conditions and Selmer groups for the Galois repre-
sentations defined above. Let K be a number field and let Σ = ΣK be the finite
set of places of K containing all places which either lie over p∞ or are ramified
for T . If M is a finitely-generated module over R for R = ΛH, H, or Zp, then
we define

H1(K,M) = lim←−
n

H1(K,M/mnRM)

H1(Kv,M) = lim←−
n

H1(Kv,M/mnRM)
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for every place v ofK, where mR is the maximal ideal ofR. IfM is cofinitely-gen-
erated over one of these rings (and discretely topologized), the groups H1(K,M)
and H1(Kv,M) denote the usual (continuous) cohomology groups.

2.10. For any ring R, R-module M , and submodule N ⊆ M , define the R-
saturation of N in M as the submodule NR-sat = φ−1φ(N), where φ : M →
M ⊗R FracR is the natural map and FracR denotes the total ring of fractions
of R. We only use this definition when R = ΛH, H, or Zp and M is a finitely-
generated R-module; this allows us to drop the R from the notation, as the ring
can always be determined from the context. Note that N sat always contains
MR-tors. We review here the Selmer groups defined in [1] following Plater [17],
Greenberg [4], and others for the ΛH-, H-, and Zp-modules introduced above.

2.11. Suppose M is a finitely-generated R-module with GK-action admitting,
for each v | p, a GKv -stable filtration M ⊇ F+

v M ⊇ 0. For v - p, set

H1
f (Kv,M) = H1

ur(Kv,M)sat ⊆ H1(Kv,M)

and in the case v | p set

H1
f (Kv,M) = ker

(
H1(Kv,M) −→ H1(Iv, F

−M)
)sat ⊆ H1(Kv,M),

where Iv is the inertia subgroup of GKv . Recall that for every place v of K and
every compact R-module M for R = ΛH, H, or Zp, local Tate duality provides
a perfect pairing

H1(Kv,M)×H1
(
Kv,M

∨(1)
)
−→ R∨.

Define, for any v, H1
f

(
Kv,M

∨(1)
)

as the orthogonal complement of H1
f (Kv,M)

under the Tate pairing.

2.12. For any GK-module M for which the notation has been defined (compact
or discrete), we set

SelΣ(K,M) = ker
(

H1(K,M)→
⊕
v/∈Σ

H1
s (Kv,M)

)
Sel(K,M) = ker

(
SelS(K,M)→

⊕
v∈Σ

H1
s (Kv,M)

)
SelΣ(K,M) = ker

(
Sel(K,M)→

⊕
v∈Σ

H1(Kv,M)
)
,

where H1
s (Kv,M) = H1(Kv,M)/H1

f (Kv,M). If K = Q, then we suppress K
from the notation, i.e., Sel(M) = Sel(Q,M), etc. It is worthwhile to remark
here that we could give a simpler, though ad hoc, definition of these Selmer
groups in the case M = T , T ∗, W , etc. using the fact (cf. [1, Lemma 2.9]) that
H1(Qv, T ) and H1(Qv, T

∗) are H-torsion for v - p.

7



2.13 Kato’s Euler system. If f =
∑∞
n=1 an(f)qn is a normalized cuspidal

newform of weight k and character ψf , there is attached an L-function

L(f, s) =

∞∑
n=1

an(f)n−s

which has analytic continuation to all of C and satisfies a functional equation
relating L(f, s) and L(f, k − s), where f is the form (of weight k and charac-
ter ψf ) obtained by applying complex conjugation to the Fourier coefficients

of f . Thus, if f = f , then it makes sense to speak of the sign εf = ±1 in the
functional equation of f ; the sign is equal to the parity of the order of vanishing
of L(f, s) at s = k/2. The values of L(f, s) at integer arguments are related
via an interpolation property to an Euler system constructed by Kato. This
Euler system arises from elements in the K2 groups of modular curves via the
Chern class map and comprises elements of the Galois cohomology of the dual
representation T ∗ over cyclotomic extensions of Q.

Suppose an eigenform f as above has coefficients in Qf , a finite extension
of Q. Attached to f is a de Rham realization VdR(f), which is a 2-dimensional
Qf -vector space equipped with a decreasing filtration Fi VdR(f). This filtration

satisfies: F0 VdR(f) = VdR(f), Fk+2 VdR(f) = 0, and Fi VdR(f) ∼= Qf · f
canonically for 0 < i < k + 2.

2.14 Theorem (Kato [9]). Let R be the set of squarefree natural numbers prime
to Np. With notation as in 2.2–2.7, there are elements z(r) ∈ H1(Q(ζr), T

no,∗)
for every r ∈ R such that if q ∈ R does not divide r, then

NmQ(ζrq)/Q(ζr) z(rq) = Pq(Frobq)z(r),

where Pq(X) = det(1−FrobqX | T no) ∈ ΛH[X]. Each z(r) is moreover unram-
ified at all primes not dividing Np.

For each arithmetic specialization (j, κ) such that 1 ≤ j ≤ w(κ) + 1, let
z(1)(j,κ) ∈ H1(Q, T no,∗

(j,κ)) be the specialization of z(1) via the character (j, κ).

Then the image of z(1)(j,κ) under the localization map

locs : H1(Q, T no,∗
(j,κ)) −→ H1

s (Qp, T
no,∗
(j,κ))

satisfies
exp∗

(
locs z(1)(j,κ)

)
= c(j, κ)L(p)

(
fκ, j

)
· δκ

as elements of
Fw(κ)+2−j VdR(fκ) ⊆ F0 DdR(V ∗(j,κ)),

where exp∗ : H1
s (Qp, T

no,∗
(j,κ)) −→ F0 DdR(V ∗(j,κ)) is the dual exponential map, δκ

is the basis of Fw(κ)+2−j VdR(fκ) corresponding to fκ, and c(j, κ) is an explicit
non-zero constant (involving complex and p-adic periods).
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2.15. The precise values of the constants c(j, κ) in Theorem 2.14 depend on cer-
tain conventions used to define the classes z(r). We follow here the conventions
of Ochiai [14, Thm. 6.11], which allow one to relate z(r) to a p-adic L-function
in a specific way, cf. Theorems 2.18 and 2.19 below.

By the theorem, the “base” class z(1) ∈ H1(Q, T no,∗) belongs to the sub-
module SelΣ(T no,∗): recall that this is the same as H1(QΣ/Q, T

no,∗). Set
Zno = SelΣ(T no,∗)/〈z(1)〉 and Z = SelΣ(T ∗)/〈z(1)Θ〉, where z(1)Θ denotes the
image of z(1) under the natural map SelΣ(T no,∗) → SelΣ(T ∗) induced by the
quotient T no,∗ → T no,∗/ΘT no,∗ = T ∗.

2.16. Let g be a modular form of even weight j ≥ 2 and character ωk−j which
arises as a specialization of the Hida family F , say via the character κ : H→ Qp

of weight w(κ) = j − 2. If j ≡ k (mod p − 1), then g has trivial character,
the specialization (k/2, κ) : ΛH → Qp factors through ΛH/Θ, and z(1)(k/2,κ)

interpolates (in the sense of Theorem 2.14) the central L-value L(f, k/2). If
εf = ±1 is the sign in the functional equation of f , then any modular form g
of even weight j such that j ≡ k (mod p − 1) which arises as a specialization
of F has εg = εf . We then say that εf is the sign of the Hida family F , and we
denote it by εF . It is possible F might not have a sign; we often use the phrase
“the sign of F is not −1”, meaning that either F does not have a sign or if it
does, then its sign is 1.

2.17. What follows are three statements that are fundamental to applying
our method to the context of Hida families. The first is the existence of a
2-variable p-adic L-function attached to the Galois representation T no of 2.5.
The second is a construction of Ochiai [12] of a “Coleman” map from a local
(at p) cohomology group of the Galois representation T no to the ring ΛH; the
image under this map of the cohomology class arising from Kato’s Euler system
attached to F is the 2-variable p-adic L-function (up to a unit in ΛH). We
also describe an inequality which is “half” of the 2-variable main conjecture of
Iwasawa theory for (the Pontryagin dual of) the Selmer group associated to the
Galois module T no.

2.18 Theorem (Kitagawa [10]). There is an element L ∈ ΛH such that for
every arithmetic weight (λ, κ) with 1 ≤ w(λ) ≤ w(κ) + 1, the interpolation
formula

(λ, κ)(L) = d(λ, κ)L(fκ, ω
−w(λ)λχ

−w(λ)
C , w(λ))

holds, where d(λ, κ) is an explicit non-zero constant (involving complex and p-
adic periods).

2.19 Theorem (Ochiai [14, Cor. 6.17]). There exists an injective ΛH-linear
homomorphism

Ξ : H1
s (Qp, T

no,∗) −→ ΛH
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with pseudo-null cokernel such that Ξ
(
locs z(1)

)
and L generate the same ideal

in ΛH.

2.20 Conjecture. For every prime ideal p ⊆ ΛH of height 1 not containing (p),

lgthp Sel(W no)∨ ≥ ordp L.

Skinner-Urban have announced a proof of this inequality in some cases; see
[20] for an overview.

2.21. The remainder of the paper will be devoted to proving the following
result, which depends on the conjectural non-vanishing of the restriction of
Kato’s Euler system to the quotient ΛH/Θ ∼= H of ΛH, Conjectures 4.3 and 4.4.
In the case that the representation ρ is not self-dual, we additionally assume non-
degeneracy of the p-adic height pairing, Conjecture 4.5; this assumption should
be unnecessary, but as our primary interest is in self-dual representations we do
not pursue this point.

Theorem. Assume Conjectures 4.3 and 4.4 and that either ρ is self-dual or
Conjecture 4.5 holds. Let p ⊆ H be a prime of height 1 which is not of type
(1.5.1)–(1.5.4); if ρ(GQ) ⊇ GL2(Fp), then we only need exclude primes of type
(1.5.1)–(1.5.3). If the sign of F is not −1, then Sel(W )∨ is a torsion H-module
and we have the inequality

(2.21.1) lgthp Sel(W )∨ ≤ ordp LΘ.

If in addition Conjecture 2.20 holds, then the inequality (2.21.1) is moreover an
equality. In case the sign of F is −1, Sel(W )∨ has generic rank 1 over H.

In the sign −1 case, we expect there is an expression for lgthp Sel(W )∨H-tors in
terms of the derivative of L with respect to Θ, a regulator, and some Tamagawa
factors. We hope to investigate this in a future paper, cf. also 4.13.

3 Uniform control

3.1. We split the main conjecture into two statements: one bounding the
Selmer group from below, and one bounding it from above. Both bounds will
be proved indirectly via two sets of control theorems, one of which is the topic
of this section. The control results in this section relate invariants of Selmer
groups over H to Selmer groups over specializations of (certain extensions of) H
at height 1 primes. Our eventual goal is to obtain a bound of the form

(3.1.1) lgthp SelΣ(W )∨ ≤ lgthp Z

for every height 1 prime p ⊆ H (where Z is as defined in 2.15). The basic idea of
our method is to reduce to applying the theory of Euler systems over DVRs by

10



considering the corresponding bound at a collection of (possibly non-arithmetic)
specializations converging, in an appropriate sense, to p. We first introduce the
notion of rational primes of H, which are essentially Qp-points on the rigid
space associated to H (i.e., the “generic fiber” of Spf H).

3.2. In what follows, for a 2-dimensional local ring A of mixed characteristic
(0, p), we denote by Spec1A the subset of SpecA consisting of height 1 primes
not containing (p). Fix a finite extension K of Qp with ring of integers O = OK
and maximal ideal m and set ΛO = O[[ΓD]]. Further assume A is a domain
finite and flat over Λ and set AO = A⊗Λ ΛO. Let XA(K) = HomO(AO,O). By
associating a homomorphism with its kernel, we may (and do) view XA(K) as
the subset of Spec1AO consisting of primes with residue field K. Consequently,
we refer to elements of XA(K) as K-rational primes of A. (This is slightly
abusive terminology, as elements of XA(K) correspond to primes of AO, not
primes of A.) If M is a finitely-generated A-module, set MO = M⊗AAO. Also,
define WO = (T ∗O)∨ and W ∗O = (TO)∨. Note that, as O is faithfully flat over Zp,
we have that Sel(TO) = Sel(T )O, Sel(WO)∨ = (Sel(W )∨)O, and similarly for
other Selmer and Galois cohomology groups.

3.3. Suppose given a flat extension B → A of rings satisfying the hypotheses
imposed above. For a height 1 prime p ⊆ B, we say that p is unramified in A if
pAs = sAs for every prime s ⊆ A lying over p. If p ⊆ B is unramified in A, then
p =

⋂
s|p s by the theory of primary decomposition. Note that every s ∈ Spec1A

is unramified in AO.
If a prime s ∈ Spec1AO is K-rational, then sAOK′ is a K ′-rational prime

for all finite extensions K ′/K; in this way we identify XA(K) with a subset of
XA(K ′). Set XA =

⋃
K XA(K) and call elements of this set rational primes

of A. If s is a rational prime of A and the field of rationality has not been
specified, then we denote by O(s) the ring of integers of some choice of K for
which s is K-rational. The notion of unramified prime extends in an obvious
way to rational primes.

3.4. We define d : XA×XA → R≥0 as follows. Given s1, s2 ∈ XA, choose K/Qp

sufficiently large so that s1 and s2 are K-rational and set d(s1, s2) = p−k for
k = lgthO AO/(s1 + s2). Then d(s1, s2) is independent of the choice of K and d
defines a metric on the set XA. In the topology defined by d, XA is complete
and classical points are dense. Moreover, when A = Λ and XΛ is identified
with {x ∈ Qp | |x|p < 1}, d becomes the “usual” metric associated with this
set. There is a more intrinsic definition of this metric topology on XA: to the
ring A (or more precisely the formal scheme Spf A topologically of finite type
over Spf Zp), one can associate a “generic fiber”, i.e., a rigid space (Spf A)rig

having the property that (Spf A)rig(K) = HomZp(A,K) for extensions K/Qp.

One can then check that the canonical topology on (Spf A)rig(Qp) is the same
as that defined by the metric d.

11



By [5, Remark 3.5.2], there are only finitely many height 1 primes of Λ
ramified in A. Consequently, all rational primes of Λ sufficiently close but not
equal to a given prime are unramified.

3.5. We first note that the inequality (3.1.1) holds for a height 1 prime p ⊆ H
not containing (p) if and only if the inequality

lgths SelΣ(WO(s))
∨ ≤ lgths ZO(s)

holds for the rational primes s ∈ XH lying over p. If we choose s ∈ XH at
which the left-hand side of this inequality is positive, then the inequality holds
by Lemma 4.9 if we can show that

lgthO(t) SelΣ(WO(t))
∨/tSelΣ(WO(t))

∨ ≤ lgthO(t) ZO(t)/tZO(t) +O(1)

for a sequence of rational primes t ∈ XH converging to s in the topology de-
scribed above. Noting that the left-hand side of this inequality is equal to
lgthO(t) SelΣ(WO(t))[t], we break the inequality into three steps:

(3.5.1) lgthO(t) SelΣ(WO(t))[t] ≤ lgthO(t) SelΣ(WO(t)[t]) +O(1) ≤
≤ lgthO(t) Zt +O(1) ≤ lgthO(t) ZO(t)/tZO(t) +O(1),

where we define Zt to be O/{φ(zt) | φ ∈ HomO(H1(QΣ/Q, T
∗
O/tT

∗
O),O)} for

O = O(t) and where zt is the image of z(1). Thus, in the notation of Rubin [19],
we have Zt = indO(t)(zt). (Note that Zt behaves well with resepct to change
in O.) We do not concern ourselves in this section with the second inequality,
which we deduce in §4 from the general Euler system theory over the DVR O(t).
The first and third inequalities are the subject of our control results. For the
first, we instead investigate the nominally stronger statement that⊕

t|q

SelΣ(WO(t)[t]) −→
⊕
t|q

SelΣ(WO(t))[t]

has cokernel of length bounded independently of q for any rational prime q ∈ XΛ

sufficiently close to the rational prime p ∈ XΛ lying below s.

3.6. Our first step is to prove control theorems for Selmer groups for T viewed as
Λ-modules. The calculations involved are greatly simplified by the fact that Λ
is regular, and in particular its height 1 primes and rational primes are all
principal. To extend the control statements to H, we compare the control error
for specializations near a given prime p of Λ to the corresponding error for a
sum of specializations near the primes of H lying over p.

3.7 Proposition. For almost all rational primes q ∈ XΛ, the natural homo-
morphisms

SelΣ(WO(q)[q]) −→ SelΣ(WO(q))[q]

are injective and have cokernel of length bounded independently of q.
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Proof. Consider the following commutative diagram

0 // SelΣ(WO(q)[q]) //

��

H1(QΣ/Q,WO(q)[q]) //

α

��

⊕
v∈Σ H1(Qv,WO(q)[q])

β

��

0 // SelΣ(WO(q))[q] // H1(QΣ/Q,WO(q))[q] //
⊕

v∈Σ H1(Qv,WO(q))[q]

arising from the definition of SelΣ. By the Snake Lemma, we need to bound
the kernel and cokernel of α and the kernel of β. As q is principal, we have
cokerα = 0 and

kerα = WO(q)(Q)/qWO(q)(Q), kerβ =
⊕
v∈Σ

WO(q)(Qv)/qWO(q)(Qv).

Thus kerα = 0, as (2.8.2) and [5, Prop. 3.4] imply that WO(q)(Q) = 0. If q is not
one of the finitely many primes in the support of (WO(q)(Qv)/WO(q)(Qv)Λ-div)∨,
then the length of kerβ is bounded by that of the maximal co-pseudo-null
quotient of W .

3.8 Lemma. For any rational prime t ∈ XH, the natural homomorphism

SelΣ(WO(t)[t]) −→ SelΣ(WO(t))[t]

is injective. The same result holds with SelΣ replaced by Sel or SelΣ.

Proof. It suffices to show that

H1(QΣ/Q,WO(t)[t]) −→ H1(QΣ/Q,WO(t))[t]

is injective. The kernel of this homomorphism is (WO(t)/WO(t)[t])(Q), so the
lemma again follows from [5, Prop. 3.4].

3.9 Lemma. Fix a rational prime p ∈ XΛ which is unramified in H. If q ∈
XΛ and t, t′ ∈ XH are distinct primes lying over q, then d(t, t′) is bounded
independently of q sufficiently close to p.

Proof. For a suitable choice of g ∈ Λ, g /∈ p, the homomorphism Λg ↪→ Hg is
étale, so we may assume that Hg has the form Λg[t]h/(f) for some monic f ∈ Λ[t]
and h ∈ Λg[t] such that f ′ is invertible in Λg[t]h. Any q ∈ XΛ sufficiently close
to p also has g /∈ q, so we may view q as an element of XΛg . As q is rational for
some K, we may write q = (X−q) with q ∈ OK . Say f =

∑
i λit

i with λi ∈ Λg.
Then the elements of XA lying over q correspond to the roots of fq =

∑
λi(q)t

i.
The lemma thus follows from the fact that the roots of fq vary continuously
in q.
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3.10 Lemma. Suppose M is a finitely-generated H-module and fix a rational
prime p ∈ XΛ. For each q ∈ XΛ, fix a choice of O = OK such that all t ∈ XH

lying over q are K-rational and let

(3.10.1) β : MO/qMO −→
⊕
t|q

MO/tMO

be the natural homomorphism.

• If p is unramified in H, then lgthO cokerβ is bounded independently of q
sufficiently close to p.

• If M is free and q is unramified in H, then β is injective.

• If M is H-torsion, then | lgthO kerβ − lgthO cokerβ| is bounded for q
sufficiently close to but not equal to p.

Note that the lengths being measured in this lemma are independent of the
choice of O. If p is ramified in H and belongs to the support of M , then it is
not hard to see that the length of the cokernel of (3.10.1) is unbounded as q
approaches p; this is the source of our difficulty in dealing with ramified primes.

Proof. Let t1, . . . , tk be the rational primes of H lying over q, so k ≤ rkΛ H. If
k = 1, then there is nothing to prove, so assume k > 1. Note that the annihilator
of cokerβ in HO contains

∏
i<j(ti + tj). By Lemma 3.9, each ti + tj contains

a bounded power mrO of the maximal ideal of HO. Thus, lgthO cokerβ can be
bounded in terms of k, r, and the number of generators of M as H-module, all
of which are bounded independently of q sufficiently close to p.

If M is free and q is unramified in H, then the kernel of the natural homo-
morphism MO →

⊕
t|qMO/tMO is⋂

t|q

(tMO) =
(⋂
t|q

t
)
MO = qMO,

where the last equality follows from primary decomposition of q in HO.
We now turn our attention to the last statement. Suppose given a set S

of finitely-generated torsion H-modules for which the statement is true. The
statement is then also true for elements of SO = {SO | S ∈ S} and for any
module M such that MO is pseudo-isomorphic to a direct sum of elements
of SO. It therefore suffices to prove the statement for modules of the form
HO/s

r for a rational prime s ∈ XH. By prime avoidance, we may choose an
element s ∈ s such that s does not belong to s2 or to any other prime of HO
lying over p. The natural (surjective) homomorphism

HO/(s
r) −→ HO/s

r
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thus has kernel supported away from all primes lying over p, so we may assume
that MO = HO/(s

r). Consider the diagram

0 // HO/qHO //

sr

��

⊕
t|q HO/t //

sr

��

X //

sr

��

0

0 // HO/qHO //
⊕

t|q HO/t // X // 0

where X is defined to make the rows exact. All q sufficiently close to but not
equal to p are unramified, so qHO =

⋂
t|q t and, by our assumption on s, the first

two vertical arrows are injective. Thus, by the Snake Lemma, the kernel and
cokernel of MO/qMO →

⊕
t|qMO/tMO are equal to the kernel and cokernel of

sr : X → X and thus have the same length.

3.11. Consider the commutative diagram
(3.11.1)

0 //
⊕

t|q SelΣ(WO[t]) //

α

��

⊕
t|q SelΣ(WO)[t]

β

��

// A(q)

γ

��

// 0

0 // SelΣ(WO[q]) // SelΣ(WO)[q] // B(q) // 0

where B(q) and A(q) are defined to make the rows exact. Note that Proposi-
tion 3.7 implies that lgthO B(q) is bounded independently of q for almost all q.
We are interested in studying the O-length of A(q); in particular, we show below
that, assuming SelΣ(WO)∨ is a torsion H-module, lgthO A(q) is bounded for q
sufficiently close to p. To do so, we show that the lengths of kerβ and cokerα
are bounded.

3.12 Proposition. For a fixed rational prime p ∈ XΛ, lgthO(q)A(q) is of order
bounded independently of q sufficiently close to p.

Proof. Given q, choose O = O(q) large enough to contain all O(t) for t | q. By
Lemma 3.10, the natural map η(q) : TO/qTO →

⊕
t|q TO/tTO is injective and

C(q) = coker η(q) is finite. In particular, TO/qTO and
⊕

t|q TO/tTO are finite

free O-modules of the same rank and η(q) is an isogeny of O-modules. We have
the following change of Selmer group formula, due to Perrin-Riou [15]:∣∣⊕

t|q SelΣ(WO[t])
∣∣

|SelΣ(WO[q])|
=
|C(q)(R)| · |F− C(q)|

|C(q)|
,

where the filtration on C(q) is inherited from that on T in the obvious way. In
particular, this formula implies lgthO

⊕
t|q SelΣ(WO[t]) ≤ lgthO SelΣ(WO[q]), so

lgthO kerα ≤ lgthO cokerα.
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Applying the Snake Lemma to (3.11.1) we get the equality

lgthO kerα− lgthO kerβ + lgthO ker γ −
− lgthO cokerα+ lgthO cokerβ − lgthO coker γ = 0.

By Lemma 3.10, lgthO kerβ = lgthO cokerβ. The fact that

lgthO ker γ − lgthO coker γ = lgthO A(q) +O(1)

together with the bound lgthO kerα ≤ lgthO cokerα from above thus gives
lgthO A(q) ≤ O(1), as desired.

3.13. For O the integer ring of a finite extension K/Qp, recall (cf. 2.14)

that we have defined ZO = SelΣ(T ∗O)/〈z(1)Θ〉 and that we defined (in 3.5)
Zt = indO(t) zt. We need the following proposition in order to show that
lgthO Zt +O(1) ≤ lgthO ZO/tZO, provided t is bounded away from the primes
of H ramified over Λ. It is the statement of this proposition which prevents us
from proving the main theorem, 2.21, for primes of H ramified over Λ.

3.14 Proposition. Fix a rational prime p ∈ XΛ which is unramified in H. For
every rational prime q ∈ XΛ, choose O = O(q) large enough to contain O(t) for
all t ∈ XH with t | q. The cokernels of the natural homomorphsims⊕

t|q

SelΣ(T ∗O)/tSelΣ(T ∗O) −→
⊕
t|q

H1(QΣ/Q, T
∗
O/tT

∗
O)

and ⊕
t|q

ZO/tZO −→
⊕
t|q

H1(QΣ/Q, T
∗
O/tT

∗
O)/〈zt〉

have finite length bounded independently of q sufficiently close to p.

Proof. First note that the second statement (concerning ZO) follows from the
first (concerning SelΣ). Recalling that SelΣ(T ∗O) = H1(QΣ/Q, T

∗
O), we have a

commutative diagram

SelΣ(T ∗O)/qSelΣ(T ∗O) //

��

H1(QΣ/Q, T
∗
O/qT

∗
O) //

��

H2(QΣ/Q, T
∗
O)[q] //

��

0

⊕
t|q SelΣ(T ∗O)/tSelΣ(T ∗O) //

⊕
t|q H1(QΣ/Q, T

∗
O/tT

∗
O) // X // 0

where X is defined to make the rows exact. As H2(QΣ/Q, T
∗
O)[q] is easily seen

to be bounded, it suffices to bound the cokernel of the middle vertical arrow.
This cokernel is a submodule of H1

(
QΣ/Q, C(q)

)
, where C(q) is the cokernel of

the natural injection T ∗O/qT
∗
O →

⊕
t|q T

∗
O/tT

∗
O (cf. Lemma 3.10). By the global

Euler-Poincaré characteristic formula, we have

lgthO H1
(
QΣ/Q, C(q)

)
= lgthO H2

(
QΣ/Q, C(q)

)
− lgthO C(q)(R) + lgthO C(q)
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Assuming p is unramified, the length of C(q) is bounded, so it suffices to find a
bound for the number of generators of H2

(
QΣ/Q, C(q)

)
as HO/q-module. The

rows in the commutative diagram

H2(QΣ/Q, T
∗
O) //

∆

��

H2(QΣ/Q, T
∗
O/qT

∗
O) //

��

0

⊕
t H2(QΣ/Q, T

∗
O) //

⊕
t H2(QΣ/Q, T

∗
O/tT

∗
O) // 0

where ∆ is the diagonal, are exact, as Gal(QΣ/Q) has p-cohomological dimen-
sion 2 (recall p 6= 2), so there is an HO-linear surjection

⊕
t H2(QΣ/Q, T

∗
O) �

H2
(
QΣ/Q, C(q)

)
. The result then follows from the fact that H2(QΣ/Q, T

∗
O) is

a finitely-generated HO-module.

3.15 Corollary. Assume Conjecture 4.5 if ρ is not self-dual. For p ∈ XΛ

unramified in H, ∑
t|q

(lgthO Zt − lgthO ZO/tZO)

is bounded independently of q sufficiently close to p.

Proof. By Proposition 4.11 below (the proof of which does not depend on this
corollary), SelΣ(T ∗O) is torsion-free of rank 1 over HO. Therefore, Proposi-
tion 3.14 implies that H1(QΣ/Q, T

∗
O/tT

∗
O) is of rank 1 over O with torsion

submodule of bounded length. This implies that

lgthO H1(QΣ/Q, T
∗
O/tT

∗
O)/〈zt〉 − lgthO Zt

is likewise bounded, so the corollary follows from the second bound of 3.14.

4 Euler system bound

4.1. In order to glean information about the H-module structure of the Selmer
groups associated to W using Kato’s Euler system, we need to know that this
Euler system remains non-trivial when restricted to ΛH/Θ. When the sign of
the Hida family is not −1, then the non-vanishing of the Euler system follows
from a conjecture regarding the non-vanishing of L-values of modular forms.
When the sign of the Hida family is −1, the situation is somewhat more com-
plicated. There is no known way to relate non-vanishing of the Euler system
to the non-vanishing of classical L-functions or their derivatives, but the main
results of [1] allow one to deduce the non-vanishing of this Euler system from
the non-vanishing of the derivative of L and a weak Leopoldt conjecture for W .

4.2 Conjecture. If the sign of F is not −1, then all but finitely many of the
L-values L(fκ, w(κ)/2) are non-zero as κ ranges over all arithmetic characters
of H such that w(κ) ≡ k (mod p− 1) and ψκ = 1.
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We only use the following corollary to this conjecture, which would follow
from the existence of one non-vanishing specialization L(fκ, w(κ)/2) satisfying
the hypotheses of Conjecture 4.3.

4.3 Conjecture. Under the natural restriction map, the image locs z(1)Θ ∈
H1

s (Qp, T
∗) of locs z(1) ∈ H1

s (Qp, T
no,∗) is non-trivial.

When the sign of F is −1 the L-values L(fκ, w(κ)/2) are forced to vanish
for infinitely many choices of κ. Thus loc z(1)Θ ∈ H1(Qp, T

∗) lies in the local
condition H1

f (Qp, T
∗) and cannot be related in any obvious way to L-values

which are expected to be non-vanishing. We do, however, expect this class to
be non-trivial.

4.4 Conjecture. If the sign of F is −1, then loc z(1)Θ ∈ H1
f (Qp, T

∗) does not
lie in the torsion submodule of H1

f (Qp, T
∗).

4.5. In the case that ρ is not self-dual, we assume the following conjecture,
which allows us to compute the rank of Selmer groups for T ∗ in terms of those
for T . As remarked in 2.21, this conjecture should not be too difficult to prove
assuming 4.3 and 4.4 and using the results below. Such a statement in the self-
dual case is Theorem 4.15 of [1], though the proof given in ibid does not work
without self-duality.

Conjecture. The p-adic height pairing (see [17] or [1, §3] for the definition)

Sel(T ∗)× Sel(T ) −→ K

is non-degenerate.

4.6 Proposition. There are canonical 5-term exact sequences

(4.6.1) 0 −→ Sel(T ∗) −→ SelΣ(T ∗) −→
⊕
v∈Σ

H1
s (Qv, T

∗) −→

−→ Sel(W )∨ −→ SelΣ(W )∨ −→ 0

and

(4.6.2) 0 −→ SelΣ(T ∗) −→ Sel(T ∗) −→
⊕
v∈Σ

H1
f (Qv, T

∗) −→

−→ SelΣ(W )∨ −→ Sel(W )∨ −→ 0

Proof. The existence of these sequences is immediate from the definition of the
Selmer groups involved (cf. 2.12) and local duality.

Not that the sum
⊕

v∈Σ H1
s (Qv, T

∗) in (4.6.1) reduces to the single summand

H1
s (Qp, T

∗) in view of the fact [1, Lemma 2.9] that that H1(Qv, T
∗) is a torsion

H-module for v - p.
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4.7 Proposition. There is a natural isomorphism of Λ-modules

SelΣ(T ∗) −→ HomΛ(SelΣ(W ∗)∨,Λ).

In particular, SelΣ(T ∗) is H-torsion-free of rank rkH SelΣ(W ∗)∨ over H. The
same statements hold when when T ∗ is replaced by T or when T ∗, W ∗, Λ, and H
are replaced by T no,∗, W no,∗, Λ[[ΓC ]], and ΛH, respectively.

Proof. This proposition and its proof are essentially due to Perrin-Riou, cf. [16,
Prop. 4.2.3]. We give here the proof for T ∗; the arguments for T and T no,∗

are very similar. For positive integers n, set Λn = Λ/(Xn), T ∗n = T ∗ ⊗Λ Λn =
T ∗/XnT ∗ and W ∗n = W ∗[Xn]. Then, for any positive integer k, we have a short
exact sequence

0 −→ T ∗n/p
kT ∗n −→W ∗n

pk−−→W ∗n −→ 0.

From the Gal(QΣ/Q)-cohomology of this sequence, we get a surjective homo-
morphism

(4.7.1) H1(QΣ/Q, T
∗
n/p

kT ∗n) −→ H1(QΣ/Q,W
∗
n)[pk]

with kernel W ∗n(Q)/pkW ∗n(Q). This kernel is trivial by [5, Prop. 3.4], so (4.7.1)
is in fact an isomorphism. There are natural identifications

lim←−
k

H1(QΣ/Q,W
∗
n)[pk] = HomZp(H1(QΣ/Q,W

∗
n)∨,Zp),

and

HomZp(H1(QΣ/Q,W
∗
n)∨,Zp) = HomΛn(H1(QΣ/Q,W

∗
n)∨,Λn),

where the first equality follows from the fact that W ∗n is cofinitely-generated
over Zp and the second is induced by the natural quotient Λn → Zp. Thus,
taking the inverse limit of (4.7.1) first in k and then in n gives an isomorphism

H1(QΣ/Q, T
∗) ∼= HomΛ(H1(QΣ/Q,W )∨,Λ).

By [1, Lemma 2.10], H1(QΣ/Q, T
∗) = SelΣ(T ∗). It therefore remains to show

that H1(QΣ/Q,W
∗) may be replaced by SelΣ(W ∗), for which it suffices to

show that the quotient H1(QΣ/Q,W
∗)/ SelΣ(W ∗) is H-cotorsion. This quotient

injects into
⊕

v∈Σ−{p}H1
s(Qv,W

∗), which is H-cotorsion by [1, Lemma 2.9] and
local duality.

The statements concerning H-module structure follow from the fact that H
is finite and free over Λ.

4.8 Lemma. Fix an integer a, a rational prime s ∈ XH, and a sequence of
rational primes tj ∈ XH converging to s. Choose O(tj) so that O(tj) ⊇ O(s)
for all j. Then the difference

lgthO(tj) HO(tj)/(s
a + tj)− a lgthO(tj) HO(tj)/(s + tj)

is bounded as j varies.
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Proof. In the case that s = (s) is principal, then HO(tj)/
(
(s)a + tj

)
has a

filtration of length a with all quotients isomorphic to HO(tj)/
(
(s) + tj

)
. If s is

not principal, then, as in the proof of 3.10, replacing s by a principal ideal (s),
where s ∈ s does not belong to s2 or to any prime lying over s∩ΛO(s), changes
both terms in the difference by only a bounded amount.

4.9 Lemma. Let M and N be torsion H-modules and s ∈ XH a rational prime
belonging to the support of M . Suppose given a sequence tj ∈ XH of rational
primes not lying in SuppM ∪ SuppN which converge to s. Then

lgthsMO(s) ≤ lgthsNO(s)

if and only if the difference

lgthO(tj)MO(tj)/tjMO(tj) − lgthO(tj)NO(tj)/tjNO(tj)

is bounded above.

Proof. As pseudo-null H-modules have finite Zp-length, replacing M and N by
pseudo-isomorphic modules does not change the statement of the lemma. We
may therefore assume, for suitable O = OK containing O(s), that MO and NO
are sums of cyclic modules of the form

MO =

n⊕
i=1

HO/r
ai
i and NO =

n⊕
i=1

HO/r
bi
i

with rational primes ri ∈ XH. We should remark that, with this convention, if
M is not pseudo-isomorphic to N , then one or more of the ai or bi will be equal
to 0.

If r is distinct from s, then, for a fixed integer k, lgthO(tj) HO(tj)/(r
k + tj)

is bounded as ti → s (choosing of course O(tj) to contain O(r)). We may thus
further assume that ri = s for all i. Under this assumption, by Lemma 4.8, we
have that lgthO(tj)MO(tj)/tjMO(tj) differs by a bounded amount from

−
∑
i

ai logp d(s, tj),

and similarly for N . The lemma thus follows from the fact that

lgthO(s)MO(s) =
∑
i

ai and lgthO(s)NO(s) =
∑
i

bi,

as tj → s means by definition d(s, tj)→ 0.

4.10 Proposition. Assume Conjectures 4.3 and 4.4 and that either ρ is self-
dual or Conjecture 4.5 holds. SelΣ(W )∨ is a torsion H-module and

lgths SelΣ(W )∨ ≤ lgths Z

for every height 1 prime s ⊆ H not of type (1.5.1)–(1.5.4). If ρ(GQ) ⊇ GL2(Fp),
then we only need exclude primes of type (1.5.1)–(1.5.3).
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Proof. It remains to prove the second inequality in (3.5.1), which we deduce
from the general Euler system theory. Our desired bound follows from [19,
Thm. 2.2.2], provided that we can guarantee the existence of certain elements
in the images of ρt (denoted τ in [19]) and that we can bound the error terms
(denoted nW and n∗W in ibid). That SelΣ(W )∨ is a torsion H-module is a by-
product of the Euler system argument and the injection in the top row of (3.11.1)
(this injectivity is a consequence of Proposition 3.7).

As we are assuming Im ρ contains Γ(c) = SL2(Λ) ∩
(
1 + c ·M2(Λ)

)
for an

ideal c ⊆ Λ prime to s, the rational primes t sufficiently close to (a given rational
prime dividing) s are bounded away from the rational primes of H dividing c.
Thus, in the image of ρt, we can find an element of the form

τt =

(
1 xt
0 1

)
,

where lgthO(t)O(t)/(xt) is bounded as t varies. The bound of [19, Thm. 2.2.2]
therefore holds up to bounded error, which is sufficient for our purposes.

It remains to discuss the error terms nW and n∗W . By assumption, the
representations ρt and ρ∗t have open image, at least for a dense set of t ∈
XH. Recalling that Ω = Q(µp∞ , T ), it suffices for this to bound the torsion in
H2(Ω/Q, T ∗O(t)/tT

∗
O(t)⊕TO(t)/tTO(t)) by the proof of [19, Thm. C.2.2]. We argue

as in the proof of Proposition 3.14 to establish that the natural homomorphism

H2(Ω/Q, T ∗ ⊕ T )⊗H HO/t −→ H2(Ω/Q, T ∗O/tT
∗
O ⊕ TO/tTO)

has bounded cokernel. Note that we are assuming that t is bounded away from
the ramified primes. Consider the commutative diagram

H2(Ω/Q, T ∗ ⊕ T )⊗H HO/q //

��

H2(Ω/Q, T ∗O/qT
∗
O ⊕ TO/qTO) //

φ

��

0

⊕
i H2(Ω/Q, T ∗ ⊕ T )⊗H HO/ti //

⊕
i H2(Ω/Q, T ∗O/tiT

∗
O ⊕ TO/tiTO) // Y

where {ti} is the set of primes lying over the prime q ∈ XΛ over which t lies
and Y is defined to make the bottom row exact. Note that the top row is exact,
as Gal(Ω/Q) has cohomological dimension 2. As in Proposition 3.14, φ has
bounded cokernel, so Y is likewise bounded.

Consequently, H2(QΣ/Q, T
∗
O(t)/tT

∗
O(t) ⊕ TO(t)/tTO(t))Zp-tors differs by only

a bounded amount from H2(Ω/Q, T ∗ ⊕ T )H-tors ⊗HO(t)/t, which has bounded

length if t is bounded away from the support of H2(Ω/Q, T ∗ ⊕ T )H-tors.
If ρ(GQ) ⊇ SL2(Fp), then H1(ρt(GQ),W ∗O[t] ⊕WO[t]) = 0. Setting Ωt =

Q(µp∞ ,WO[t]) = Q(µp∞ ,W
∗
O[t]), one can give an argument similar to [19,

Thm. C.2.2(i)] to show that H1(Ω/Q,W ∗O[t] ⊕ WO[t]) = 0, which of course
implies the vanishing of the error terms in the Euler system bound.
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4.11 Proposition. Assume Conjectures 4.3 and 4.4 and that either ρ is self-
dual or Conjecture 4.5 holds. SelΣ(T ∗) is torsion-free of generic rank 1 over H.
If the sign of F is −1, then Sel(W )∨ has generic rank 1 over H; otherwise,
Sel(W )∨ is a torsion H-module.

Proof. We claim that rkH SelΣ(W )∨ ≤ 1. Granting this, Proposition 4.7 implies
the bound rkH SelΣ(T )∨ ≤ 1 and self-duality or Conjecture 4.5 then imply that
rkH SelΣ(T ∗)∨ ≤ 1. The remainder of the proof is a rank analysis using 4.6 and,
in particular, the fact that the local terms in the middle of (4.6.1) and (4.6.2)
have H-rank 1.

SelΣ(W )∨ is a torsion H-module by Proposition 4.10. (Note that the proof of
this statement does not depend on Corollary 3.15, so we are not giving a circular
argument.) Thus, (4.6.1) implies rkH Sel(W )∨ ≤ 1. If rkH Sel(W )∨ = 0, then by
(4.6.2) our claimed bound rkH SelΣ(W )∨ ≤ 1 in this case. In the case that the
sign of F is not −1, Conjecture 4.3 implies that we are in this case. Therefore,
let us assume that we are in the sign −1 case and that rkH Sel(W )∨ = 1. By
Conjecture 4.4, we must have that rkH Sel(W )∨ = rkH SelΣ(W )∨, which again
gives our desired bound.

The first statement of the proposition now follows from Conjectures 4.3
and 4.4, as z(1)Θ provides a non-torsion class in SelΣ(T ∗). The remaining
statements now can be proved by an analysis of the ranks of the terms in (4.6.1)
and (4.6.2).

4.12. To complete the “≤” half of Theorem 2.21, it remains to prove that
lgths Sel(W )∨ = ords Ξ(locs z(1)Θ). Let s ⊆ H be any height 1 prime not
containing (p) and consider the exact sequence

0 −→ Z −→ H1
s (Qp, T

∗)/〈locs z(1)Θ〉 −→ Sel(W )∨ −→ SelΣ(W )∨ −→ 0

obtained from (4.6.1). After localizing at s, all terms in the sequence have
finite length over Hs. The length of the two outside terms is the same by
Proposition 5.9 and Theorem 4.10, so the two middle terms must also have the
same length. Theorem 2.19 then completes the argument.

4.13. We remark here how the p-adic height pairing (cf. 4.5) relates to the sign
−1 case of Theorem 2.21. As in [1, 3.3], let H1

f (Qv, T )u = cor∞
(
H1(Q∞,v, T )

)
and let Sel(T )u denote the classes in Sel(T ) belonging to H1

f (Qv, T )u locally
everywhere. Denote by hu

∞ the restriction of h∞ to Sel(T )u × Sel(T ∗)u. By
construction, Imhu

∞ ⊆ H, so (abusing notation) we may view hu
∞ as a ho-

momorphism Sel(T )u → HomH(Sel(T ∗)u,H). Set cokerhu
∞ = Ru. We then

conjecture that, in the sign −1 case,

ords(Θ
−1L)Θ = lgthsR

u +
∑
v

lgths `v(T ) + lgths(Sel(W )∨)tors

for all height 1 primes s ⊆ H, where the `v(T ) are the “Tamagawa factors”
`v(T ) = H1

f (Qv, T )/H1
f (Qv, T )u.
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5 Conjectural descent bound

5.1. In this section, we complete the proof of Theorem 2.21, appealing to Con-
jecture 2.20 and proving a control theorem allowing the passage of information
from Selmer groups over ΛH to Selmer groups over ΛH/Θ ∼= H. Though many
of the statements in this section are “well-known”, at least in more classical con-
texts (in particular, cf. Ochiai [14, §5], where similar statements are proved), it
is nonetheless worthwhile to indicate the arguments specific to our case.

5.2. Our goal in the next few paragraphs is to prepare some preliminary state-
ments which allow us to eventually conclude an inequality of the form

lgths SelΣ(W )∨ ≥ lgths Z.

The proof of this inequality is broken into several steps which we summarize
here. First,

lgths SelΣ(W )∨ ≥ lgths SelΣ(W no)∨/Θ SelΣ(W no)∨

is Proposition 5.4. Next, we show the inequality

lgths SelΣ(W no)∨/Θ SelΣ(W no)∨ ≥

≥
∑
Θ/∈P

µs(P) lgthP SelΣ(W no)∨ + lgths SelΣ(W no)∨[Θ]

in Lemma 5.5, where we write µs(P) = lgths ΛH/(Θ,P) for height 1 primes
P ⊆ ΛH, Θ /∈ P, and s ⊆ H. In §3, we show how the inequality

lgthP SelΣ(W no)∨ ≥ lgthP Z
no

for P ∈ Spec1 ΛH is essentially equivalent to Conjecture 2.20. As we show in
§3, our desired inequality follows upon combining the above with the bound

lgths SelΣ(W no)∨[Θ] ≥ lgths H2(QΣ/Q, T
no,∗)[Θ]

of Lemma 5.6.

5.3 Lemma. For any prime v - p, the natural homomorphisms

H1
s (Qv,W )→ H1

s (Qv,W
no)

are injective. Similarly, the natural homomorphism

H1
f (Qp,W )→ H1

f (Qp,W
no)

is injective.

23



Proof. This lemma is essentially [14, Prop. 5.2(d)]. If v - p, then H1
f (Qv,W ) = 0,

so the kernel for H1
s is isomorphic to W no(Qv)/ΘW

no(Qv). Denoting by Iv the
inertia subgroup of GKv , the Pontryagin dual of this kernel is thus isomorphic
to (

(W∨)Iv ⊗Λ ΛH(χuniv,−1θ−1)
)
GKv/Iv

[Θ],

which is trivial. The argument for v = p is similar.

5.4 Proposition (cf. [14, Prop. 5.2]). The natural homomorphism

SelΣ(W ) −→ SelΣ(W no)[Θ]

is an isomorphism. The same result holds with SelΣ replaced by Sel or SelΣ.

Proof. Consider the commutative diagram

0 // Sel(W ) //

��

SelΣ(W ) //

��

⊕
v∈Σ H1

s (Qv,W )

��

0 // Sel(W no)[Θ] // SelΣ(W no)[Θ] //
⊕

v∈Σ H1
s (Qv,W

no)[Θ]

We have that SelΣ(W ) = H1(QΣ/Q,W ), so the middle vertical arrow is an
isomorphism by [5, Prop. 3.4], from which we may immediately conclude injec-
tivity in the case of SelΣ and surjectivity in all cases. Lemma 5.3 further gives
the statement for Sel.

The same argument using the diagram

0 // SelΣ(W ) //

��

Sel(W ) //

��

H1
f (Qp,W )

��

0 // SelΣ(W no)[Θ] // Sel(W no)[Θ] // H1
f (Qp,W

no)[Θ]

gives the statement for SelΣ.

5.5 Lemma (cf. Rubin [18, Lemma 6.2(ii)]). Suppose M is a torsion ΛH-module
such that M/ΘM is a torsion H-module. Then M [Θ] is likewise H-torsion and,
for any height 1 prime s ⊆ H,

lgthsM/ΘM =
∑
Θ/∈P

µs(P) lgthPM + lgthsM [Θ].

Proof. Set R = Hs and ΛR = ΛH ⊗̂HR ∼= R[[X]]. Note that R is a DVR, so ΛR
is a 2-dimensional regular local ring. We abuse notation and still write Θ for
the ideal ΘΛR (or its generator). Setting MR = M ⊗ΛH

ΛR, we may replace M
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by MR in the statement of the lemma, where now we understand P to run over
height 1 primes of ΛR not containing Θ. Fix an exact sequence

0 −→
⊕
i

ΛR/(fi) −→MR −→ N −→ 0

with N a torsion R-module. Using the Snake Lemma and applying lgths,

lgthsM [Θ] +
∑
i

lgthsR/(f i) + lgthsN/ΘN =

= lgthsN [Θ] + lgthsM/ΘM,

where f i denotes the image of fi in ΛR/Θ = R. The lemma then follows from
the fact that lgthsN/ΘN = lgthsN [Θ].

5.6 Lemma. For every height 1 prime s ⊆ H,

lgths SelΣ(W no)∨[Θ] = lgths H2(QΣ/Q, T
no,∗)[Θ].

Proof. An argument similar to Perrin-Riou [16, 4.1.1] gives an exact sequence

0 −→ SelΣ(W no)∨ −→ H2(QΣ/Q, T
no,∗) −→

⊕
v∈Σ

W no(Qv)
∨.

Taking Θ-torsion thus gives the result in light of the fact (cf. the proof of
Lemma 5.3) that W no(Qv)/ΘW

no(Qv) = 0.

5.7 Lemma. For every height 1 prime s ⊆ H,

lgths Z
no/ΘZno + lgths H2(QΣ/Q, T

no,∗)[Θ] ≥ lgths Z.

Proof. The short exact sequence

0 −→ T no,∗ Θ−−→ T no,∗ −→ T ∗ −→ 0,

gives rise to the cohomology sequence

0 −→ H1(QΣ/Q, T
no,∗)/ΘH1(QΣ/Q, T

no,∗) −→
−→ H1(QΣ/Q, T

∗) −→ H2(QΣ/Q, T
no,∗)[Θ] −→ 0.

The statement then follows from the Snake Lemma and the definition of Z
and Zno.

5.8. As outlined in 5.2, we may now apply the above results to deduce a lower
bound for the size of Selmer groups from the bound of Conjecture 2.20. In the
case of sign 1, this gives one inequality in the main conjecture.
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5.9 Proposition. Assume Conjecture 2.20. For every height 1 prime s ⊆ H
not containing (p), we have the inequality

lgths SelΣ(W )∨ ≥ lgths Z.

Proof. We make precise the proof sketched in 5.2. Proposition 5.4 gives the
bound

lgths SelΣ(W )∨ ≥ lgths SelΣ(W no)∨/Θ SelΣ(W no)∨.

Lemma 5.5 gives further that

(5.9.1) lgths SelΣ(W no)∨/Θ SelΣ(W no)∨ ≥

≥
∑
P

µs(P) lgthP SelΣ(W no)∨ + lgths SelΣ(W no)∨[Θ].

Under Conjecture 2.20, Sel(W no)∨ is a torsion ΛH-module and, for every
height 1 prime P ⊆ ΛH not containing (p), lgthP Sel(W no)∨ ≥ ordP L. Using
the exact sequence

0 −→ Zno −→ H1
s (Qp, T

no,∗)/〈locs z(1)〉 −→ Sel(W no)∨ −→ SelΣ(W no)∨ −→ 0

arising from (4.6.1), we have that lgthP SelΣ(W no)∨ = lgthP Z
no for every

height 1 prime P ⊆ ΛH not containing (p). The right hand side of (5.9.1) is
therefore equal to∑

P

µs(P) lgthP Z
no + lgths SelΣ(W no)∨[Θ].

We now note Zno[Θ] = 0: SelΣ(T no,∗) is a torsion-free ΛH-module by Propo-
sition 4.7, so by the Snake Lemma Zno[Θ] is an H-torsion submodule of the free
H-module 〈z(1)〉/Θ〈z(1)〉. In combination with the bound

lgths SelΣ(W no)∨[Θ] ≥ lgths H2(QΣ/Q, T
no,∗)[Θ]

of Lemma 5.6, we thereby get∑
P

µs(P) lgthP Z
no + lgths SelΣ(W no)∨[Θ] ≥

∑
P

µs(P) lgthP Z
no + lgths Z

no[Θ] + lgths H2(QΣ/Q, T
no,∗)[Θ].

Another application of Lemma 5.5 and the bound of Lemma 5.7 then gives∑
P

µs(P) lgthP Z
no + lgths Z

no[Θ] + lgths H2(QΣ/Q, T
no,∗)[Θ]

≥ lgths Z
no/ΘZno + lgths H2(QΣ/Q, T

no,∗)[Θ]

≥ lgths Z,

which completes the proof.
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