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Abstract. A thresholdresulton the globaldynamicsof the scalarasymptoticallyperiodicKol-
mogorw equationis proved andthenappliedto modelsof single-speciegronth andn-species
competitionin a periodically operatedchemostat. The operatingparametersandthe species-
specificresponséunctionscanbe periodicfunctionsof time. Species-specifiemoval ratesare
alsopermitted.Sufficientconditionsensurauniform persistencef all of thespeciesaindguaran-
teethatthefull systemadmitsatleastonepositive, periodicsolution. In thespeciakasenvhenthe
species-specifiemoval ratesareall equalto thedilution rate,the single-speciegrownth model,
hasa thresholdbetweenglobal extinction and uniform persistencein the form of a positive,
periodiccoexistencestate.Improvedresultsin the caseof 3-speciexompetitionarealsogiven,
includinganexampleillustrating competition-mediatedoexistenceof threespecies.

1. Introduction. Thechemostats animportantlaboratoryapparatusisedfor
the continuouscultureof microoiganisms.In ecologyit is oftenviewedasamodel
of asimplelake systemof thewastavatertreatmenprocessor of biologicalwaste
decompositionlt is anexcellentexperimentalvenuein which to studytheeffect of
simplemicrobialinteractionsjncluding exploitative competition.

Variousmathematicamodelshave beendevelopedandanalyzedextensively by
mary differentinvesticators(see for example therecentmonography Smithand
Waltman([13]) andthe referencesherein). Mathematicalmodelsof the chemo-
statare amongthe few predictve modelsin microbial ecology The modelsof
exploitative competitionin a well-stirredchemostabperatecdunderconstaninput
anddilution, with competitionfor a nonreproducingubstratepredictcompetitive
exclusion. Thatis, they predictthatatmostonecompetitopopulatiorevoidsextinc-
tion (seege.q.,[2, 13,15, 16]). However, the coexistenceof competingoopulations
is obviousin nature,andsoin orderto explain this, it seemaecessaryo relax at
leastoneof theassumptiong theabose models.Onenaturalapproachs to intro-
duceperiodiccoeficientsto representfor example,daily or seasonabariationsin
theervironment.
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Therehasbeensomeresearclon modelsof the chemostainvolving eitherperi-
odic nutrientinput or periodicdilution rates(see.e.g.,[1, 4-5,7-10,13, 14, 17]).
As well, the periodicgradostahasbeenconsideredseeSmith[11-12]).

In mostof thepreviousanalyticalstudiesof theperiodicchemaostatthe powerful
theory of monotonedynamicalsystemswasappliedto limiting systemsobtained
usingcertainconseration principles. However, thetheoryof monotonedynamical
systemscan only be appliedin this context to study the competitionbetweenat
mosttwo species Also, in orderto applyaconserationlaw to obtainthe limiting
systemsit is necessarto assumehatall of theremoval ratesareequal thusignoring
all the species-specifideathratesandonly consideringhedilution rate.

Usingabifurcationtheoryapproachl.enasandPavlou ([8—9]) usedhenumerical
packageAUTO to study two-speciesand three-speciesompetitionmodelsin a
periodically operatecchemostat. Their resultsindicatethat for certainparameter
rangestheir modeladmitsquasi-periodi@andchaoticcoexistence.

Our aim in this paperis to presenta generalframavork to study analytically
modelsof n-speciescompetitionin a periodically operatedchemostat. Nutrient
input,dilution andspecies-specifiemoval ratesareall permittedto beperiodic(but
of commensurateeriod). As well, eachspecies-specifinutrientuptake function
is assumedo be a monotoneincreasingfunction of the substrateconcentration,
but can be periodic as a function of time (but again of commensuratg@eriod).
Differentialspecies-specifiemoval ratesarealsopermitted. We applythe theory
of asymptoticallyperiodicsemiflavs (seeZhao[21]) andthe comparisormethod
(seeCoppell[3]) to determinecriteriathat guarantedhe existenceof at leastone
positive periodicsolutionfor the full systemandthe uniform persistencef all of
the interactingspecies.For 3-speciesompetition,in the casethatall the species-
specificremoval ratesareassumedo be equalto thedilution rate,underadditional
assumptionson the form of the attractorsin the lowerdimensionalsubsystems,
abstracpersistence¢heoryfor periodicsemiflovs (seeZhao[20]) is usedto obtain
similar resultsundercriteriathataremoreeasilysatisfied.

This paperis organizedasfollows. In Section2, a threshold-typeresult on
the global dynamicsof the scalarasymptoticallyperiodic Kolmogoros equation
is first proved by using asymptoticallyperiodic semiflav theory (Theorem2.1).
Thensingle-speciegrowth in theperiodicallyoperatedchemostais consideredin
the casethatthe species-specifiremoval rateis permittedto be differentthanthe
dilution rate, Theorem2.1 andthe comparisormethodareusedto obtainsufficient
conditionsthat guarantedahe existenceof at leastone positive periodic solution
andensureghatthe speciess uniformly persistentthatis, regardlesof theinitial
concentratiorof the speciesprovided thatit is positive, the concentratiorof the
speciegemainsuniformly boundedaway from zero). Onthe otherhand,whenthe
species-specifiemoval rateis assumedo beequalto thedilution rate,athreshold-
type resultfor the uniform persistenceversusglobal extinction of the speciess
obtained Corollary2.3). In Section3, then-speciexompetitionmodelin ageneral
periodicchemostais studied.Basedon Theorem?.1,the comparisormethodand
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uniformly persistentperiodic semiflav theory sufficient conditionsare obtained
thatguaranteehe uniform persistencef all n speciesandthe existenceof atleast
onepositive periodicsolutionof the full system(Theorem3.1). The specialcase
when the species-specificemoval ratesof all of the speciesequalthe nutrient
dilution rateis alsodiscussedCorollary3.2) andanimprovedresultis givenwhen
thereare only two competingspeciegCorollary 3.3). Finally, in Section4, the
3-speciecompetitionmodelis studiedunderthe additionalassumptionghat the
species-specificemoval ratesof all of the speciesequalthe nutrientdilution rate
andthatthe positive, periodicsolutionsto eachof the three,2-speciesubsystems
of the limiting 3-speciescompetitionsystemis unique. We determinesuficient
conditionsthataremoreeasilysatisfiedhanthosegivenin Sectior3, thatguarantee
the uniform persistencef the threeinteractingspeciesand prove existenceof at
leastone positive periodic solutionfor the full modelsystem(Theorems4.1, 4.2
and4.3). Theoremgl.2and4.3give sufiicientconditionsfor competition-mediated
coeistence andTheoremd.2is illustratedby anexample.

2. Singlepopulation growth. Wefirstconsidethenonautonomou€olmogoro
equationon single-speciepopulationgrowth

C;—l: =uF(t, u), ue Ry =0, 00), (2.1)

whereF(t, u) : Ri — Ris continuousandlocally Lipschitzin u. Let Fo(t, u) :
Ri — R be continuous,w-periodicin t (w > 0) andlocally Lipschitzin u
uniformly fort € [0, w]. Let¢(t, s,u),t > s > 0, betheuniquesolutionof (2.1)
with ¢ (s, s, u) = u. We assumehat
(CD)lim¢_ o [F (T, u) — Fo(t, w)| = 0 uniformly for u in ary boundedsubsebf
R, , andthatthereexistsK > O suchthatF(t,u) < Oforallt > 0Oandu > K;
(C2)Foraryt € R, Fq(t, u) is strictly decreasindor u, andthatthereexists
Ko > Osuchthat Fy(t, Kg) < Oforallt > 0.
Then,we have thefollowing threshold-typeesulton theglobalasymptoticdor the
asymptoticallyperiodicequation(2.1).

Theorem 2.1. Assumehat(C1)and(C2)hold.

(a) If [;” Fo(t, 0)dt < O, thenfor anyu € R, lim{_.« ¢ (t, 0, u) = 0;

(b) If [" Fo(t,0)dt > O, thenfor anyu € R; \ {0}, limi_ (¢ (t, 0, u) —
u*(t)) = 0, where u*(t) is the uniquepositivew-periodic solution of the
periodic Kolmaogorov equation?j—‘tJ = uFp(t, u).

Proof. Let ¢g(t,s,u), t > s > 0, betheuniquesolutionof the w-periodicKol-

mogorw equation

3—? = uFp(t, u), ue Ry, (2.2)
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with ¢o(s, s, U) = u € R,. Wefirst claimthatthefollowing thresholdresultonthe
globalasymptoticf (2.2) holds.

(i) If [y’ Fo(t,0)dt < O,thenforary u € Ry, lim_. ¢o(t, 0, u) = 0.

(i) If f(;" Fo(t, 0) dt > 0, then(2.2) admitsa uniquepositive periodicsolution
u*(t) andforary u € Ry \ {0}, lim_ o (¢o(t, 0, u) — u*(t)) = 0.
Indeed by ZhaoandHutson[22, Lemmas3.2and3.3], it remaingo prove thecon-
clusionin thecritical casefo”’ Fo(t,0)dt = 0. Forany u > 0, u(t) = ¢o(t, 0, u) >

Oforallt > 0, and,by the strict monotonicityof F(t, u) for u > 0,

2—;] = u()F(t, ut)) <u®)F, 0, forall t>O0.

Then,by thecomparisortheoremu(t) < u(0yeh F&9ds forallt > 0, andhence
thePoincaémapQ : R, — R, definedby Q(u) = u(w) satisfies

Q(U) = U(w) < u(0)elo FEOds — y(Q) = u,

which impliesthat Q : R, — R, admitsno positve fixed point, and that for
aryu > 0,0 < Q"(u) < Q"(u), n > 0. Therefore thereexists i > 0 such
thatlim,_ ., Q"(Uu) = 0. Sinced = Q(0), the nonistenceof positive fixed
pointsof Q impliest = 0. Then,for ary u > 0, lim,_ . Q"(u) = 0, andhence
lim¢_ o u(t) = 0.

Underthe continuoudifferentiability assumptioron F (t, u) with respecto u,
asasimplecorollaryof Zhao[19, Theorem3.5], thethresholdresulton the global
asymptoticstability holdsfor (2.2).

From conditions(C1) and(C2), it easilyfollows thatfor any u € R, andary
s > 0, ¢(t,s,u) andgg(t, s, u) exist globally on [s, o), andsolutionsof (2.1)
and(2.2)areuniformly bounded By [21, Proposition3.2], ¢ (t, s, u) is asymptotic
to the w-periodicsemiflov T(t) = ¢o(t,0,:) : R, — R, andhenceT,(u) =
¢(hw, 0,u), n > 0, is anasymptoticallyautonomousliscretedynamicalprocess
with limit discretesemiflav Q" : R, — R,,n > 0, whereQ = T(w) is the
Poincaé mapassociateavith the periodicequation(2.2). By [21, Theorem3.1], it
sufficesto provein case(a) thatlim, ., To(u) = Ofor ary u € R, andin casegb)
thatlimp_ o Tn(u) = u*(0) forary u € R, \ {0}.

In case(a), by conclusion(i) above, u = 0 is a globally attractive fixed point of
Qin R,, andhenceu = 0 is aunigueisolatedfixed pointof Q andis Q-agyclic in
R, . Thereforefor ary u € R, by thecorvergencetheoremin [21, Theoren?2.4],
w(u) =0;i.e.,limy_s Th(u) =0.

In case(b), by conclusion(ii) abore, u = u*(0) is a globally attractive fixed
pointof Q in R, \ {0}, andhencetheonly fixedpointsof Q in R, are0 andu*(0);
both areisolatedandthereis no Q-cyclic chainamongthem. Therefore for ary
u € R, againbythecornvergenceheorenin [21, Theoren®.4], eitherw (u) = Oor
w(u) = u*(0). By Lemma2 in the Appendix,with n — 1, WS(0) N (R* \ {0}) = &;
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i.e.,, forany u > 0, w(u) # 0. Therefore,for ary u > 0, w(u) = u*(0); i.e.,
liMy_ o Ta(u) = u*(0). Thiscompletegheproof. [

Now considera singlepopulationgronth modelin a periodicchemostat

dSs(t

_ji ) = () — St)Dot) — xOPE, S,

dx(t) &
i X(t)(P(t, S(t)) — Di(1)).

Here S(t) denoteshe concentratiorof the nutrient, x(t) denoteshe biomassof
speciesattimet, P(t, s) representthe specificpercapitanutrientuptale function,
S°(t) andDy(t) aretheinputnutrientconcentratiomndthedilution raterespectiely,
and D4(t) representghe specificremoval rate of the species. We assumethat
S(t), Do(t) andDy(t) areall continuousw-periodic,positive functions,andthat
P(,s): Ri — R, is continuousw-periodicin t andsatisfies
() P(t,s)islocally Lipschitzin s; and
(i) P(t,0 = 0,t > 0,andforaryt > 0, P(t, s) is strictly increasingfor
se Ry.

LetD(t) : R, — R, beacontinuousw-periodicandpositive function. For the

linearperiodicequation

dVv(t

% = S()Do(t) — DV (D), (2.4)
it easilyfollows that(2.4) admitsa uniquepositive w-periodicsolutionV*(t) such
thateverysolutionV (t) of (2.4)with V (0) > Osatisfiedim;_, o (V (t) —V*(t)) = 0.
Moreover, V*(t) canbeexpressedxplicitly asV*(t) =

[ els PWauS(5) Dy (s) ds

e f(; D(s) ds[
e/[;” D(s)ds __ 1

t
+ f elo PW AU (5) Dy (s) ds].
0

Let D(t) = max(Do(t), D1(t)) and D(t) = min(Dg(t), D1(t)). Then, D(t) and
D() : Ry — R; arecontinuousgp-periodicandpositive functions.Let V;*(t) and
VS (t) bethe uniquepositive w-periodicsolutionsof (2.4) with D(t) replacedoy
D(t) andD(t) respectiely. By the comparisortheoremandthe global attractiity
of V*(t) (i =1, 2), it easilyfollowsthatV; (t) < V;(t) forallt > 0.

Theorem 2.2. (a) If fo“’(P(t, V5 (1)) — Dy(1)) dt > 0, thensystem(2.3) admitsa
positive (componentwisew-periodic solution,and there exista > 0 andpg > 0
sud thateverysolution(S(t), x(t)) of (2.3) with S(0) > 0 andx(0) > 0 satisfies

o < Iitm inf x(t) < lim supx(t) < B.

t—o0
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(b) If fo‘“(P(t, V(1)) — D1(t)) dt < O, theneverysolution(S(t), x(t)) of (2.3) with
S(0) > 0andx(0) > 0 satisfiedim;_, o, x(t) = 0.

Interpretingthe predictionsof the modelbiologically, Theorem2.2impliesthat
in case(a) the modelsystemadmitsa periodiccoexistencestateandthe speciess
uniformly persistentbut in case(b) the specieaultimately goesto extinction.
Proof. Let P(t,s) : R, x R — R beary givencontinuousxtensionof P(t, s) on
R, x R, to R, x RsuchthatP(t, s) is w-periodicin t andlocally Lipschitzin s,
andforary t > 0, P(t, s) is strictly increasingor s € R.

In casg(a),sinceVy' (t) > V5 (), t € [0, o], andP(t, V() = P(t, Vi*(t), t €
[0, w] (i =1, 2), by Theorem?2.1(in the periodiccase)the periodicequation

dx(t)
dt
admitsa uniquepositive w-periodicsolutionx*(t), andx*(t) is globally attractve
in Ry \ {0} (i=1,2). By the comparisortheoremi,it easily follows that x; (t) >
X5(),t € [0, w]. We furtherclaimthat V*(t) > xj(t),t € [0, w]. Indeed,let
Xj(t) = Orgt%x’{(t), t1 € [0, w]; then% = 0, andhence

= X (P(t, Vi*(t) — x(t)) — D1(t)),

P(t1, Vi () — X} (1)) = Di(ty) > O.

Since P(ty, s) is strictly increasingfor s € R, Vj(t1) > Xx{(t1). Lety(t) =
V(1) — x7(t). Then,y(t) satisfieghefollowing periodicdifferentialequation:

dy

dt

Sincey(t;) > Oand
dy

dt ly=0

S(®)Do(t) — DMOV; (1) — (Vi (1) = Y)(P(t, y) — D1(H)), (2.5)

= (1) Do(t) + (D1(t) — D)V (t) > (1) Do(t) > O,

y(t) > Oforallt > t;. Then,thew-periodicityof y(t) impliesthaty(t) > 0O for all
t>0;i.e, V() > xj(t) forallt > 0.

For ary (S, %) € R2 with § > O andxo > 0, let (S(t), x(t)) bethe unique
solutionof (2.3) satisfyingS(0) = S andx(0) = xp with [0, B) asits maximal
existenceintenal. Then, it easily follows that S(t) > 0 andx(t) > 0 for all
t € (0, B). LetV(t) = S(t) + x(1); then,

S (H)Do(t) — DOV (1) < d\éft) < S(t)Do(t) = DMV (1), tel0,p).

Let V (t) betheuniquesolutionof linear w-periodicequation

‘jj_\t/ = S’ (t)Do(t) — D(H)V
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satisfyingV (0) = V (0), andlet V (t) betheuniquesolutionof thelinearw-periodic
equation

Oc'j_\t’ = S®Do(t) ~ D)V,

satisfyingV (0) = V (0). Then,by the standarccomparisortheorem,
V() < V() < V), t [0, B). (2.6)
SinceV (t) andV (t) exist globallyon [0, oo), 8 = co. Thereforex(t) satisfies

5 dx(t A —
X(O(P(t, V(1) — x(1)) — D1(1)) =< % = X®(P(t, V(1) — x(t)) — D1(1)),

forallt > 0. Then,by thecomparisortheorem,
x(t) = x(t) = X(), t>0, (2.7)
wherex(t) is the uniquesolutionof the nonautonomousquation

dx(t .
% — x®)(P(t, V() — x(t)) — Dy(t)), (2.8)

with X(0) = Xq, andx(t) is theuniquesolutionof the nonautonomousquation

ax(t A

% = x(O(B(, V(1) — x(t) — Da (1)), (2.9)

with x(0) = Xg. Sincelim_, o (V (t) — V(1)) = 0andlim (V. (t) = V; () =0,
tli)rgo(ﬁ(t, V(t) —x) — P(t, Vi (t) — x)) =0,

and . .
tlingo(P(t, V() —x)— P, V5 (t) —x)) =0,

uniformly for x in ary boundedsubsebf R,. In case(a), since
/ (P(t, Vi’ () — Da(t)) dt > f (P(t, V5 (1) — Da(t)) dt,
0 0
Z/w(P(t, V5 (1)) — Dy(t)) dt > 0,
0

by Theorem2.1 (b),

lIm (X —x{() =0 and lim (x(t) —x;(t)) = 0.
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Thereforepy (2.7),it follows that

lim inf(x(t) — x3(t)) > Jim (x(t) — X3(t)) =0 (2.10)
and
lim supx(t) — xj(t)) < tIim (X(t) — x7(t)) =0, (2.11)
t—o00 —00

andhencethereexista > 0 andp > 0 suchthatx(t)) satisfies

a < Iitm inf x(t) < lim supx(t) < B.

t—o0

In case(b), since
/O (B(t, V(1)) — D) dt < /O (B(t, Vi(1)) — Dy(t)) dt
_ / P, Vi) — Dyt dt < 0,
0

by Theorem2.1 (a), lim;_,» X(t) = 0 andlim;_, . x(t) = 0, andhence by (2.7),
lim¢_ o X(t) = 0.

In case(a), it remainsto prove the existenceof a positive periodic solution of
(2.3). Underthe abstractsettingof periodicsemiflavs, this canbe doneby using
[20, Theorem?.3] asin thelatterpartof theproofof Theoren3.1. Insteadwe give
an alternatve, moreelementaryproof. Let V = S+ x; then,the system(2.3) is
transformednto thefollowing w-periodicsystem:

dv

5t =S(t)Do(t) — Do(t)(V — X) — D1(b)X,

dx A (2.12)
g =X(P(t.V =) — D).

Then, the positive invarianceof Ri with respectto (2.3) implies that the closed
convex setW = {(V,X) : V> x>0} C Rfr is positively invariantwith respect
to (2.10). Moreover, for ary S > 0 andxg > 0, sincethe first equationof

(2.3)impliesthat 32| = S(t)Do(t) > 0, the uniquesolution (S(t), x(t))

of (2.3) with S(0) = § andx(0) = Xxg satisfiesS(t) > 0 and x(t) > O for

allt > 0. Thatis, for ary Vo > X > 0, the uniquesolution (V (1), x(t)) of

(2.122)with V(0) = Vy andx(0) = Xo satisfiesV (t) > x(t) > 0, forallt > 0.

Let G : W — W be the Poincaé map associatedvith (2.12); i.e., for every
(Mo, X0) € W, G(Vo, Xo) = (V(w), X(w)). Clearly, the continuousdependencef

solutionsoninitial dataimpliesthatG : W — W is continuous.Let

Wo = {(V,X) € W: V5(0) <V < V[(0), X3(0) < x < X{(0)}.
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Since0 < xj(t) < V1), t € [0, w], (V;(0), X;(0)) is in the interior of W,
andhenceW, is a nonempty closed,boundedandcorvex subsetof Ri. For ary
(Mo, X0) € Wh, the correspondingsolution (V (1), x(t)) of (2.12)with V(0) = Vy
andx(0) = xq satisfies

(V(), X)) e W forall t>0; (2.13)

thatis, V (t) > x(t) > Oforallt > 0. Then,V (1) satisfies

dVv(t)
dt

S’ (t)Do(t) = DMV (1) < < S®Do(t) —DMOV(t), t=0.

SinceV;(0) < Vo < V;(0), by thecomparisortheorem,
Vi) V@O < Vi),  t=0. (2.14)
Thereforex(t) satisfies

XOPE VO - x0) D1ty = 0 =0

and
ax(t)

dt
Sincex;(0) < Xp < Xj(0), again by thecomparisortheorem,

< XMO(P(, Vi (t) — x(1)) — D1(t)),  t=>0.

M) <x) <xg®, t=0 (2.15)
Therefore(2.14)and(2.15)imply that

V;(0) = V3 (0) = V(o) = Vi (®) =V{(0),

X3(0) = X3 (@) < X(w) < X{(w) = x{(0). (2.16)
Then,by (2.13)and(2.16),G(Vo, Xo) = (V (w), X(w)) € Wy, andhenceG(Wp) C
W,. By theBrouwerfixed-pointtheoremit followsthatthereexists(V*, x*) € W,
suchthat G(V*, x*) = (V*, x*). Clearly, the uniquesolution (V*(t), x*(t)) of
(2.12)with (V*(0), x*(0)) = (V*, x*) is anw-periodicsolutionof (2.12). Since
V* > x* > 0, by our previousclaim, V*(t) > x*(t) > Oforallt > 0, andhence,
by thew-periodicityof V*(t) andx*(t), V*(t) > x*(t) > Oforallt > 0. Therefore,
(SH(t), x*(1)) = (V*(t) — x*(1), x*(1)) is a positve (componentwise)p-periodic
solutionof system(2.3). This completegheproof. [

In the casethat Do(t) = Di(t), t € [0, w], V(1) = VS (1), XJ(t) = X3(1),
t € [0, w], andhence by (2.10)and(2.11)in the proof of Theorem2.2, we have
thefollowing threshold-typeesulton the globaldynamicsof the modelsystem.
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Corollary 2.3. LetDg(t) = Dy(1), t € [0, w].

@) Iffo“’(P(t, Vi(t)) — D4(t)) > 0O, thensysten(2.3) admitsa uniquepositive
periodicsolution(S*(t), X7 (t)) = (V;*(t) — X} (1), X (1)), andanysolution
(S(t), x(1)) of (2.3) with S(0) > 0 andx(0) > 0 satisfiedim_, . (S(t) —
S (1)) = 0andlim_ o (X(t) — x*(t)) = 0.

(b) If fo‘“(P(t, V(1)) — Di(1)) < 0, thenany solution (S(t), x(t)) of (2.3)
with §(0) > 0 and x(0) > 0 satisfieslim;_, o (S(t) — V;*(t)) = 0 and
limi_ o X(t) = 0.

3. n-Speciescompetition. In thissectionwe considethen-speciesompetition
modelin the periodicchemostat

dst &
% —((t) — St Do) — 3" P (t. SHX (D),

=i (3.1)
d’;t“) —x ()Pt SO) - D), 1<i=<n.

Here S(t) denoteghe concentratiorof the nutrient, x; (t) denoteshe biomassof

thei-th speciesattimet, P, (t, s) representshe specificper capitanutrientuptale

function of the i-th species,S°(t) and Dy(t) arethe input nutrientconcentration
andthedilution raterespectiely, and D; (t) representshe specificremoval rateor

washoutrate of speciess;. We assumehat °(t) and D; (t) (1 < i < n) areall

continuous w-periodicandpositive functions,andthateachP, (t,s) (1 <i < n)

satisfiegthe sameconditionsasP(t, s) in Section2. Let

= {R(LS) if t>0 s>0,
Pi(t,s) = .

0 if t>0, s<0.
Then,P; : R, x R — R is a continuousextensionof P, (t,s) on R, x R, to
R, x R(1 <i < n). Let D(t) = max(Dq(t), Di(t), ..., Dn(t)) and D(t) =
min(Do(t), D1(t), ..., Da(t)). Then,D(t) andD(t) : R, — R, arecontinuous,
w-periodic, and positive functions. Let Vj*(t) and V;(t) be the unique positive
w-periodicsolutionsof (2.4)with D(t) replaceddy D(t) andD(t) respectiely. As
shavnin Section2, V5 (t) < Vj(t) forall t > 0.

We arenow in a positionto prove the mainresultof this section.

Theorem 3.1. Assumehat
D) (Rt Vi) —-Dit)dt >0, 1<i<n;
(2) [o (Pit, V5(1) =YLy ;i XF () —Di(t) dt > 0,1 <i < n, wheex:(t)
is the uniquepositivew-periodic solutionof the scalar periodic equation

de

@ =X (R VM —x)—Djt), 1=j=n.
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Then,system(3.1) admitsa positivew-periodicsolution,andthere exista > 0 and
B > 0 sud that any solution (S(t), x1(t), ..., Xa(t)) of (3.1) with S(0) > 0 and
Xi(0) > 0 (1 <i < n) satisfies

0<a§|itm inf X (t) < lim supx; (t) < 8, 1<i<n

t—o00

Proof. Let P, (t,s) : Ry x R — Rbeary givencontinuousextensionof P, (t, s) on
R; x Ry to Ry x R, suchthatP, (t, s) is w-periodicin t andlocally Lipschitzin s,
andforany t > 0, P (t, s) is strictly increasingwith respectos e R, 1 <i < n.
By Theoren®.1(in theperiodiccase)condition(1) impliesthatforeachl <i < n,
the periodicequation

dx; A

S = N (AE VIO —x) = Di®)
admitsauniquew-periodicsolutionx” (t) andx*(t) is globallyattractvein R; \ {0}.
Asin theproofof Theoren2.2,V*(t) > x*(t), t € [0, w]. Then,x"(t) isaunique
positive w-periodicsolutionof the periodicequation

dXi *
e X (P (t, Vi (t) — %) — Di(1));

thatis, x"(t) is independentf the choiceof theextensionP, (t, s) of P, (t, s). Let

RP(,s) if t>0,s>0,
€S if t>0, s<0.

Iﬁle(ta S) = !

By theboundednessf V' (t) — Z;‘:L#i xj*(t) on [0, o0), it easilyfollows that

n n

Iimfo Rt V) — xj*(t))dt=/0 Pit. Vst — Y xr())dt

o j=Li# =Ly
(1 <i < n). Then,by condition(2), thereexistse > 0 suchthat

/w(FA’.G(t,VZ*(t)— Y x®)-Dit)dt>0 1<i<n (32
0

=L

In whatfollows, for simplicity, we denoteP,.(t, s) by P (t,s) (L <i < n).

For ary (S, %) = (S, x%,...,x%) € R with x> > 0 (1 < i < n), let
(S(t), X)) = (S(t), x1(1), ..., X (t)) bethe uniquesolutionof (3.1) satisfying
S(0) = &, x(0) = xo onthe maximalexistenceinterval [0, ). Since%—ﬂsco =
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L(t)Do(t) > 0, S(t) > 0andx(t) > Oforallt € [0, 8). LetV(t) = S(t) +
Yo Xi(b); then,

dVv(t)
dt

S (H)Do(t) — DOV (1) < < S()Do(t) — DOV (1.

Therefore py thecomparisortheorem,
V() <Vt =V, te[0, ), (3.3)

whereV (t) is theuniquesolutionof linear w-periodicequation

dv
o= St Do(t) — DOV (1),

with V (0) = V(0), andV (t) is the uniquesolutionof linearw-periodicequation

dv =
= = L(t)Do(t) — D)V (),

with V (0) = V (0), respectiely. The globalexistenceof V (t) on [0, co) implies
that g = co. Sincelim_, o (V (t) — Vi) =0,V (1), andhenceS(t) andx(t) =

(X1 (1), ..., Xn(t)) areultimatelybounded.Thatis, system(3.1) is pointdissipatve
on R, Thereforeforallt >0, 1<i <n,

i(t 4 . 5
Xd—(t) =x O (R, V(t)—ZXj () —Di() < x®OR, V()—x ) —Di).
=1

Then,by thecomparisortheorem,
Xi (1) < X (1), 1<i<n, t>0 (3.4)
wherex; (t) is theuniquesolutionof the nonautonomousquation

dax; (t A —

2L —x OB, VO %) - D), (3.5)

with X (0) = % (0) > 0 (1 <i < n). Sincelim;_ »(V(t) — V(1)) = 0,
tILn;O(Iﬁ,(t, V(t) —x)— P(t, Vi(t) = x) =0

uniformly for x; in any boundedsubsebf R,. Since

/w(FA’l(t, Vi) — Dit)dt = /w(Fﬁ(t, Vi) — Dit))dt > 0,
0 0
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by Theorem2.1(b),
I (X (1) —x"(1) =0, 1<i<n (3.6)

Thereforepy (3.3)and(3.4),forary 1 <i <nandallt > 0,

A _ o o .
it O V) — J;XJ ®) — D)
N (3.7)
>x MR VMH — Y Xt —x(1) — D)),
j=1j#
andhencepy thecomparisortheorem,
X (1) = x; (1), 1<i<n, t=0, (3.8)
wherex; (t) is theuniquesolutionof the nonautonomousquation
dXi A n _
S = XO@ VO - D XM —x) — Dit)), (3.9)

j=1,j#
with x; (0) = xi (0) (1 <i < n). Sincelim;_, o (V.(t) — V5 (t)) = 0, by (3.6),

n n
JmEBEYO - Y O -x) - RGO~ Y X 1) —x) =0,
j=Lj# j=1j#
uniformly for x; in ary boundedsubsetof R, (1 < i < n). Then,by (3.2) and
Theorem2.1(b),
Jim (x; () — x"(t) =0, (3.10)
— Q0

wherex(t) (1 <i < n) is theuniquepositve w-periodicsolutionof the periodic
equation
dx; 5 * . *
= =XNORE VO = D X0 —x) = Di(b). (3.11)
t L
j=Lj#
Then,by (3.4),(3.6),(3.8)and(3.10),

Iitm inf(x; (t) — x;"(t) > 0 > lim sup(x; (t) — X" (1)), (3.12)
=00 t—o0

forall1 <i < n. Clearly, (3.12)impliesthatthereexista > 0andg > 0 suchthat
ary solution(S(t), xa (1), ..., Xn (1)) of (3.1)with S(0) > 0andx (0) >0(1l <i <
n) satisfies

0<a§|itminfxi(t)glimsupxi(t)gﬂ, 1<i<n.

t—o0
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To provetheexistenceof apositive w-periodicsolutionof (3.1),let X = RQ“, Xo =
{(S X1,...,%X) € Ri*l, Xi >0foralll<i <n}anddXg= {(S,X1,...,Xn) €
Rﬂ‘jl, Xi = 0for somel < i < n}. Then, X = XqU dXp. Forary y =
(S, X1,..., %) € X, let ¢(t,y), t > 0 be the unique solution of (3.1) with
¢(0,y) = vy. Clearly, T(t) = ¢(t,-) : X — X is a periodic semiflav ([20]),
andT(t)Xo C Xp for allt > 0. As we have shawvn, T (t) is point dissipatve
(i.e.,ultimatelybounded)n X anduniformly persistentvith respecto (Xg, 9 Xp),
(i.e., thereexists > 0 suchthatfor ary y € Xo, Iitrﬂiogf d(T @)y, 0Xo) > n).

Let Q = T(w) : X — X bethe Poincaé mapassociatedvith (3.1). Then, by
Yoshizava [18, Theorem3.5], the ultimateboundednessf solutionsof a periodic
systemof ordinarydifferentialequationgmplies the uniform boundednesef so-
lutions,andhenceQ : X — X is compact. Therefore by [20, Theorem2.3], Q
admitsa fixed point yg € Xo, i.e., Yo = Q(Yo), andhenceg (t, yo) is a periodic
solutionof (3.1). Let yo = (S, X, ..., X0) € Xo; then,S > 0,x? > 0 for all
1 <i < n. Itthenfollowsthate (t, yo) = (S(t), X1(1), ..., Xa(t)) satisfiesS(t) > 0
andx;(t) > 0( <i <n)forallt > 0. By thew-periodicityof ¢ (t, yo), S(t) > 0
andx;(t) > 0(1 <i <n)forallt > 0. Thereforeg(t, yo) is apositive w-periodic
solutionof (3.1). Thiscompletegheproof. O

In the caseD;(t) = Dq(t),t € [0,w], 1 < i < n, D(t) = D(t) = Dq(t),
Vi) = V5 (t), t € [0, w], andhencewe have the following corollary of Theo-
rem3.1.

Corallary 3.2. LetDj(t) = Dg(t), t € [0, w], 1 <i < n. Assumehat
(1) fo (Rt V() — Do(t))dt >0, 1<i<n;
(2) Jo (Pi(t, Vi)=Y 1y ;i X' (1)) = Do(t)) dt > 0,1 <i < n, wheex:(t)
is the uniquepositivew-periodic solution of the scalar periodic equation
S =X (Rt Vi) —x) - Do®). 1< j <n.
Then, system(3.1) admitsa positive w-periodic solution and all n speciesare
uniformly persistent.

Asshowvnintheproofof Theoren®.2,inthecaseD; (t) = Do(t), t € [0, w], 1 <
I < n, it easilyfollowsthatVj (t) > x*(t), t € [0,w], 1 <i < n. Thuswe have
thefollowing resultfor 2-speciecompetition.
Corollary 3.3. LetDj(t) = Do(t), t € [0, w], 1 <i < 2. Assumehat
(1) fo (Rt Vi(©) — Do) dt >0, 1<i<2
(2) [ (Rt Vi) =X"(1) —Do(t))dt >0,1<i,j <2 # ], wheex/(t)
is the uniquepositivew-periodic solutionof the scalar periodic equation
B =X (B, Vi (D) — %) — Do(t), 1< j =2
Then, system(3.1) admitsa positive w-periodic solution and both speciesare
uniformly persistent.

Remark 3.4. In [13, Section7], 2-speciesompetitionin the chemostatith peri-
odicdilution rateis discussedh thesettingof monotonedynamicalsystemsheory
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It is easyto seethatour Corollary 3.3 generalizesheir resulton the uniform per
sistenceof 2 speciesandthe existenceof a positive periodic solutionfor the full
system(notjustfor thelimiting system).

4. 3-Species competition. For 2-speciesompetitionin a periodicchemostat
with D1(t) = Da(t) = Dg(t) (0 <t < w), it follows easilythat (xj(t), 0) and
(0, x5 (1)) arethesemitriial periodicsolutionsof thelimiting 2-speciegompetition
system. Then, condition (2) in Corollary 3.3 is a naturalinvasibility condition.
However, for n-speciecompetitionin the periodicchemostatgvenwith D; (t) =
Do) O <t <w) (1 <i=<n), XgM),....,x" 1(1),0,x5,(),....x; 1) (L <
i < n) is notthe solutionof thelimiting n-speciesompetitionsystemdetermined
usingthe conseration principle,andhence dueto our overestimatiorof the effect
of competitioncondition(2) in Corollary3.2is astrongetnvasibility conditionthan
necessaryln this section,we shav thatwhenerer the positive, periodicsolutions
to eachof the three, 2-speciessubsystem®f the limiting 3-speciescompetition
systemare unigue, the expected,naturalinvasibility conditionsare suficient to
guaranteehe uniform persistencef the threeinteractingspeciesand enoughto
ensurethe existenceof at leastone positive periodic solution for the full model
system(seeTheorem4.1). Thefinal results,givenin Theoremst.2 and4.3, give
conditionsfor competition-mediatedoexistence.Here,in atleastoneof the two-
speciesubsystemsneof thespeciess drivento extinction, regardlesof theinitial
conditions.However, whenthethird speciess introducedall threespeciesoexist,
again independenbf theinitial conditionsprovidedthatthey areall positve. We
concludethis sectionwith anexamplethatillustratesTheoremé.2.

Considetthe 3-speciesompetitionmodelin the periodicchemostat

dst 3
B @t - stnpo - Y Rt sx .

i=1 (4.1)
d’;t(t) —xi ()P (t, S) — Do(t)),  1<i=<3.

Here (t), Do(t) and P, (t, s) (1 < i < 3) satisfythe sameconditionsasin (3.1),
with Dj(t) = Do(t) (1 <i < 3). LetV(t) bethe unique,globally attractve,
positive w-periodicsolutionof

dv
= = (S’(t) — V(1)) Do (1).

Foreachl < i < 3,thereis acorrespondin@-specieperiodiccompetitionsystem

dx; 3 . .
d_t‘ =x(FtVE— > x)—Do), 1<j<3 j#i. (E)
k=1, ki
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We will distinguishamongthefollowing threecases:
(A1) Each(Ej) (1 <i < 3) admitsatmostonepositive w-periodicsolution;
(A2) Each(Ej) (2 <i < 3) admitsatmostonepositive w-periodicsolution,and
(E1) admitsno positive w-periodicsolution;
(A3) (E,) admitsat mostone positive w-periodicsolution,andeach(E;) (i =
1, 3) admitsno positive w-periodicsolution.

Theorem 4.1. Let(Al) hold. Assumehat
(D) wi = [y (R, V5®) —Do(t)dt >0, 1<i =<3
(2) wji = [y (R, V5 — X'(1) — Do(t))dt >0, 1<i,j=<3i#];
@) i = [Y(RtVg®) — Y5 i X(1) — Do®)dt >0, 1<i <3,
whee x*(t) (1 < i < 3) is theuniquepositive w-periodic solutionof the
scalarperiodicequation
dx;
S = XA Vg1 = %) = Do(t)),
and(X3(t), X3(t)), (X3(t), X3(t)) and (X3(t), X3(t)) aretheuniquepositive
w-periodicsolutionsof (E;z), (E2) and (Ejz), respectively
Then,systenm(4.1) admitsa positive w-periodicsolution,andthere existee > 0and
B > 0 sud thatany solution (S(t), X1 (1), X2(t), X3(t)) of (4.1) with S(0) > 0 and
xi(0) > 0 (1 <i < 3) satisfies

0<a§|itm inf x; (t) < lim supx; (t) < B, 1<i<3

t—o0

Proof. Let P.(t,s) : R, x R — Rbeary givencontinuousextensionof P, (t, s)
onR; x R, to R; x R, suchthatP (t, s) is w-periodicin t andlocally Lipschitzin
s, andforanyt > 0, Pi(t, s) is strictly increasingwith respectos € R, 1 <i < 3.
As in the proof of Theorem3.1, condition(1) impliesthatfor eachl < i < 3, the
periodicequation

% =X (R, Vg (t) —x) — Di(t) (4.2)

admitsa uniquepositive, w-periodicsolutionx*(t) with Vi (t) > x*(t), t € [0, o],
andx*(t) is globally attractve for the periodicequation

dx; 5
d_xt = x (Rt V5 () —x) — Di (1), (4.3)

in R, \ {0}. Forthe2-specieperiodiccompetitionsystem

Xm 3 *
o =X1(Pa(t, V§ (t) — X1 — X2) — Do(1)),

dXz A "
o =X2(P2(t, Vo' (t) — X1 — X2) — Do(1)),

A

(Es)
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we claimthatif (Xy(t), X2(t)) is apositive w-periodicsolutionto (E3), then(%y (1),
X2(1)) satisfiesVy (t) > X1 (t) + Xo(t), t € [0, »]. Indeed et X1 (1) = 0rntaxf(l(t),

t1 € [0, »]; then®s — 0, andhencePy (ts, Vg (t1) —X1(t1)—Xa(t1)) = Do(ty) > O.
Then,sinceP;(ty, S) is strictly increasingor s € R, Vj (t1) > X1(t1) + X2(t1). Let
y(t) = Vg (t) — X1 (t) — Xo(1). It theneasilyfollowsthaty(t) satisfieshefollowing
periodicdifferentialequation:

d A A
d_)t/ = S(t)Do(t) — Do)y — Za(t) Pu(t, y) — %a(t) Pa(t, y).

Sincey(t;) > Oand
d
2 ly=0= SODo) > 0,

y(t) > Oforallt > t;. Then,thew-periodicityof y(t) impliesthaty(t) > O for all

t > 0;i.e.,Vi(t) > Xi(t) +X(t) forall t > 0. By astandardnonotonedynamical
system&pproacliseeg.g.,[13, Chapter7], [12] andHesd6, IV.33]),conditiong1)

and(2)with1 <i, j <2, i # j imply thatsystem(Es) is compressiein thesense
thattherearetwo positive w-periodicsolutions(x; (t), X,(t)) and(X1(t), Xo(t)) to

(Es) with 0 < x,(t) < X1(t) and0 < Xa(t) < X,(t), t € [0, w], suchthateach
solution(x4(t), X»(t)) of (E3) with x;(0) > 0 andx,(0) > O satisfies

MM d(x (D), [x,(0), X2, (O]) = 0 and lim d(x2(1), [X2(1), X,(D)]) = 0.

By ourpreviousclaim, Vg (t) > X; () +X,(t) andVy (t) > X1(t) +-Xo(t), andhence
both (x, (1), X,(t)) and (X1(t), X2(t)) arealsopositive, periodicsolutionsof (Es).

Therefore py theuniquenesassumptiorfAl), (x,(t), X,(t)) = (X1(t), X2(t)), t €

[0, w], andhence( E3) admitsa uniquepositive, w-periodicsolution (X3 (t), X3(t))

with V5 (t) > %3(t) + X3(t), t € [0, w]. Furthermore(x5(t), X3(t)) is globally
attractive for (Es) in int(Ri). By asimilarargument,t followsthat(E;) and(E>)

admit uniquepositive, w-periodic solutions(x3(t), X3(t)) and (x3(t), X2(t)) with

V() > X3(t) + X3(t) and Vg (1) > X2(t) + X3(1), t € [0, w], respectiely.

For the 3-specieperiodiccompetitionsystem

dXi 3 * : i
S =X (RL VGO - jZ_;xj) —Do(t)), 1<i<3, (4.4)

let ¢o(t, X) betheuniquesolutionof (4.4) with ¢o(0, X) = X € Ri. By astandard
comparisortheoremargumentjt theneasilyfollowsthatgg(t, x) existsgloballyon
[0, o0) andsolutionsof (4.4) areuniformly andultimatelybounded.Let X = Rf’r,
andlet Q = ¢o(w, -) bethePoincaé mapassociateavith (4.4). Then,Q : X — X
is compactand point dissipatve. Let Xg = {(X1, X2, X3) € Rﬂ’;,xi > 0 for all
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1<i <3 anddXg = {(X1, X2, X3) € R%, x; = 0for somel < i < 3}. Then,
X = XoU X, LetM; = (0,0,0), My = (x(0),0,0), M3 = (0, x5(0), 0),
Ms = (0,0, x5(0)), Ms = (0,%3(0), X3(0)), Mg = (X2(0),0,%3) and M; =
(x3(0), X3, 0). Then,all M; (1 <i < 7) arefixedpointsof Q. Forary x € X, let
w(X) bethe w-limit setof x with respecto the discretesemiflov {Q"}5° . Then,
byourpre/iousanalysis)zeLéJXOw(x) = {Mgy, My, ..., M7}, andnosubsebftheM;’s

formsacyclefor Q|yx, : dXo — dXo. By conditions(1), (2) and(3), andLemma
1lintheAppendix,eachM; (1 <i < 7) isisolatedfor Q in X, andhenceisolated
in X, sinceM; isisolatedfor Q|;x, in 3 Xp, andQ : Xo — Xo. Thereforep

is anisolatedandagyclic covering of U a)(x) in 8 Xo. Againby Lemmalin the

Appendix,foreachl <i < 7, WS(M; )mxo = (). By [20, Theoren®.2],it follows
thatQ : X — X is uniformly persistenwith respecto (Xo, d Xp). Therefore by
[20, Theorem?2.3], Q hasa globalattractorAq C Xg relative to stronglybounded
setsin X, andhenceA, is globally asymptoticallystablefor Q in Xo.

Let (S(t), x(t)) = (S(1), x1(t), X2(t), X3(t)) beary givensolutionof (4.1) with
S(0) > 0andx(0) > 0 (1 <i < 3),andlet V(t) = S(t) + 32, X (t),t > 0.
Then,S(t) > 0, % (1) >0(1<i <3),t>0, andV(t) satisfies

dv ()

T = (S(t) — V(1)) Do(b), (4.5)

andso(S(t), x(t)) existsgloballyon[0, co). Thereforelim;_, o, [V (t)—V;(t)| =0,
andx(t) satisfieghe 3-dimensionahonautonomousystem

dXi ~ 3 ;
E:xi(Fl.(t,V(t)—J;x,-)—Do(t)), 1<i<3 (4.6)

with
N 3 R 3
fim B VO =D %) -PE VGO - x)=01<i<3 @47
i=1 i=1

uniformly for x = (Xq, X2, X3) in ary boundedsubsef Ri. By theboundedness
of V(t), it easilyfollows thatsolutionsof (4.6) areuniformly boundedn R?;. Let
¢ (1, s, X) (t > s) betheuniguesolutionof (4.6) with ¢(s,s,X) = X € Rﬂ”r = X.
By [21, PropositiorB3.2], ¢ (t, s, x), t > s, x € R® is asymptoticto the w-periodic
semiflav T(t) = ¢o(t, ) : Ri — R;"r, andhenceT,(X) = ¢(hw,0,X) : X —
X, n > Oisanasymptoticallyautonomousliscretedynamicalprocesswvith limiting
autonomoudliscretesemiflav Q" : X — X,n > 0, whereQ = T(w) is the
Poincaé mapassociateavith (4.4) (see[21]). By conditions(1), (2) and(3) and
Lemmaz2 in Appendix,for eachl <i <7, WS(M;) N Xo = @. Thereforeby [21,
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Theorem?2.5], for ary x € Xo, the w-limit setw(x) of yT(x) = {T(X) : n > 0}
satisfiesv(X) C Ag. Then,by [21, Theorem3.1],for ary X € X,

tIim d(#(t,0,x), T(t)Ag) =0,
andso,sinceT (w) Ag = Ap andT (t) is anw-periodicsemiflow,
lim d(@ (. 0.x), Ag) =0,

whereAj = te[OU’w]T(t)Ao isacompacsubsebdf Xq. In particularsincex(0) € X,

Jim dox(), A = lim d(g(t, 0, x(0)), Ap) = 0.

Therefore thereexist« > 0 andp > 0, which dependonly on A, suchthatthe
solution(S(t), x(t)) of (4.1)with S(0) > 0andx; (0) > 0 (1 <i < 3) satisfies

0<a§|itm inf x; (t) < lim supx; (t) < B, 1<i<3

t—o0

Fromthelastpartof the proof of Theorem3.1, it follows thatsystem(4.1) admits
apositive periodicsolution. This completeshe proof.

Theorem 4.2. Let(A2) hold. Assumehat
(1) i = [y (R V5®) —Do(t)dt >0, 1<i<3
@) wji = Jo(RE V5 — X)) — Dot)dt >0, 1<i,j<3i#
1 #2,andpg = Jo (Pu(t, Vo (1) = %3 (1)) — Do(t)) dt > 0,
@) il = [y (Rt VgM®) — Y7y 4 X (1) — Do(t))dt >0, 2<i <3,
wheex#(t) (1 <i < 3), (X3(t), X3(t)) and(x3(t), X3(t)) areasin Theoem
4.1.
Thenthe conclusionof Theoem4.1 holds.

Proof. We usethe samenotationasin the proof of Theorem4.1. By the a
priori estimateon the positive periodic solution of (Ey) claimedin the proof of
Theorem4.1, (A2) implies that (E;) admitsno positive periodic solution. Since
fc;”(Pz(t, Vg (t) — x3(t)) — Do(t))dt > 0, by an argumentusing the theory of
monotonedynamicalsystems,asin the proof of [6, Theorem34.1], it follows
that (u3(t), 0) is globally attractve for (él) in int(Ri). Clearly, XeLéJXOa)(x) =

{M1, M2, M3, M4, Mg, M7}. Then,asin the proof of Theorem4.1,Ui7=1’i7é5Mi is

anisolatedandagyclic covering of Léjx w(X) in 8 Xg. Now anarmgumentsimilarto
Xe 0

thatgivenin Theoremd.1 completeghe proof.
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Theorem 4.3. Let(A3) hold. Assumehat
(1) wi = [o (R, V§®) — Dot dt >0, 1<i<3
() ua = [y (RE Vg — x5(0)) — Do(t))dt > 0, 1<i <2 un

Jo (Pu(t, V(1) — x5(t)) — Do(t)) dt > 0, and sz = [y’ (Pa(t, V5 (t) —
Xj (1)) — Do(t)) dt > 0;
(3) 2 =[5 (Pa(t, V() — Y01 ., XE(1)) — Do(t)) dt > 0, wherx*(t) (1 <
i < 3)and(x2(t), X3(t)) areasin Theoem4.1.
Thenthe conclusionof Theoem4.1 holds.

Proof. Againwe usethe samenotationasin the proof of Theoreny.1.
As in the proof of Theorem4.2, (A3) impliesthat (u5(t), 0) and (uj(t), 0) are
globallyattractiefor (E;) and(Es) inint(R?), respectiely. Clearly, U o(x) =
Xe 0

{M1, My, M3, M4, Mg}. Then,asin the proof of Theorem4.1, Uf’zl,i#'\/li is an
isolatedandagyclic coveringof Léjx w(X) in 3 Xo. Now again,anargumentsimilar
Xe 0

to thatgivenin Theoremd4.1 completeghe proof.

Remark 4.4. If, insteadof assumptiorfAl), welet Ms, Mg andMy, in the proof of
Theoremt.1, bethreepositive,globalattractorof thePoincaémapsassociatedith
the three, 2-dimensionaktompetitionsystems(E;), (E,) and (Es), respectiely,
then, by a similar argument,the conclusionof Theoremd4.1 holdswith condition
(3) replacedby arevisedinvasibility condition. For example,let (x, (1), X,(t)) and
(X1(t), X2(t)) beasin the proof of Theoremd.1. Then,undercondition(3), with
i = 3and(x3(t), x3(t)) replacedby (X1(t), X,(t)), onecanprove that My is an
isolatedinvariantsetof Q in X andWS(M7) N Xg = 9, by usingthe compressiity
of (E3) andargumentssimilar to thosegivenin Lemmasl and2 in the Appendix.

4.1. An example of oscillatory competition-mediated coexistence. In this
sectionanexampleis givento illustratethe oscillatorycoexistenceof threespecies
predictedby Theoremd.2.

All of the simulationsaredoneusingMATLAB. We assumedaorvergenceoc-
curredwhenx; (t) andx; (t + ) agreedo atleast10 decimalplaces.

Example. Weusetheparameterffomthethree-speciesxamplegivenin Lenasand
Pavlou[9, Tablel, casga)andFigure3(a)]. Theoperatingparametersp = 0.4675
and °(t) = 11 wereselectedso that the dynamicswould be given by region 27
of their bifurcationdiagram(see[9, Figure 3(a) and Table 3]). Thedilution rate
was thereforegiven by Dg(t) = uo + acoqwt), wherea = 0.3 andw = 0.2
and Monod-typefunctional responsegsee[9, Table 1, case(a)]) P, (t, S(t)) =
o S(t)/(ﬁ| + S(1)), wherea; = 1, B1=L1a, = 0.7, Bo = 0.3, a3 = 0.64, and
B3 =0.2.

From the simulationsit appearghat all of the hypothese®f Theorem4.2 are
satisfied. SeeFigure 1, wherewe plot the time seriesof the uniquetwo-species
positive periodicsolutionin the x;-x, facein Figure 1(a), the uniguetwo-species
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Figure 1. An exampleof competition-mediatedscillatory coexistenceof
threespeciedollows, illustrating Theorem4.2. Figure 1(a) depictsthe time
seriesof theglobally attractingw-periodicsolutionin thex;-x, face. Thesolid
curveis X1 (t) andthedashedurveis x,(t). Figurel(b)depictsthetime series
of theglobally attractingw-periodicsolutionin the x;-x3 face. Thesolid curve
is X1(t) andthe dashedcurwe is x3(t). Figure 1(c) depictsthe time seriesof
the positive w-periodicsolution. Figure1(d) givesthe projectioninto x;-x,-x3
phase-spacaf the two- andthree-species-periodicorbits shavn in Figure

1(a)—(c).

positive periodicsolutionin the x;-x3 facein Figurel(b). Accordingto [9, Table3]
(andour simulationsconfirmthis), for the parameterselectedthereis no positive
periodic solutionin the x,-x3 face. Insteadall orbits in this face approachthe
single-species-periodicsolutionwherex,(t) > 0 but x3(t) = 0.

Weevaluatedheintegralsgivenin Theoren¥.2numericallyusingthetrapezoidal
rule asin the previous exampleand found ©; = 14.1111 u, = 6.7205 uz =
5.0603 12 = 0.678Q 13 = 1.87861 o = 0.7909 psz1 = 0.299Q puzx =
0.8122, 1> = 0.0012 and 2% = 0.000Q Note that all of thesequantitiesare
positive andthatit is notnecessaryo evaluateu.oz in this case.

In Figure1(c), thetime seriesof the three-speciepositive w-periodicsolution,
predictedto exist by Theoremd.2,is shavn.

This examplealsoillustratescompetition-mediatedoexistencen thefollowing
sense.|If speciesoneis absentandspecieswo andthreecompete thenspecies
two drivesspecieghreeto extinction. However, this extinction of specieshreeis
avoidedsimply by introducingcompetitorone. Oncecompetitoroneis introduced,
all threespeciepersistin sustainedscillation.

Appendix. In this appendix,we give two resultsthat are very usefulin the
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applicatiorof theabstractiniformpersistencéor repellortheoremdor theperiodic
andasymptoticallyperiodic semiflovs to the n-dimensionaKolmogoros periodic
andasymptoticallyperiodicbiological systems.

Consideffirst the n-dimensionaKolmogorw periodicsystem

du; .
d—t' =uFo(t,u) (1<i=<n) (A1)
whereu = (U, ..., Un) € R}. WeassumehatFo = (Foy, ..., Fon)T : R —

R is continuousand w-periodicwith respecto t (w > 0), andthatthe solution
¢do(t, u) of (A1) with ¢(0, u) = u existsuniquelyon [0, c0). Let S = ¢p(w, ) :
R? — R}. Then,S"(u) = ¢o(nw, u) forary u € RY.

Lemmal. If forsomel <i < n,

u*(t) = (u(t), ..., u_ (1), 0, Ui 1 (1), ..., uy(t)

is an w-periodic solutionof (A1) with u}*(O) >0(1<j=<njs#i)andu*)
satisfiesfo“’ Foi (t, u*(t)) dt > 0. Then there existss§ > 0 sud that

Ed(sn(u), u*(0)) > 8, forall ueint(R}).

Proof. It sufficesto provethatthereexistsd > 0suchthatforary u € B(u*(0), §)N
int(R}), whereB(u*(0),8) = {u € R" : [u—u*(0)| < &}, thereexists N =
N(u) > 1 suchthatSN(u) ¢ B(u*(0), 8). Let e bea fixed positive numbersuch
that0 < € < %foa’ Foi (t, u*(t)) dt. By theuniform continuity of Fg (t, u) onthe
compactsubsef0, ] x [0, b]" ¢ R™?!, whereb = max<, |u*(t)| + 1, there
exists 8y € (0, 1) suchthatfor ary u andv € [0, b]" with |u — v| < 89, andall
t € [0, w],
|Foi (t, u) — Foi (T, v)| < e.

By the continuousdependencef solutionson initial values,it thenfollows that
thereexists§ > 0 suchthatfor any u € B(u*(0), §) N R",

[po(t, 1) — U ()] = |o(t, U) — ¢o(t, u"(0)| < o, forall tel0,w].

Proceedindy contradictionassumehatthereexistsup € B(u*(0), §) Nint(R})
suchthatfor all n > 1, S"(Up) = ¢o(Nw, Ug) € B(U*(0),5). Foraryt > 0, let
t = nw + t/, wheret’ € [0, ) andn = [t/w] is the greatesintegerlessthanor
equaltot/w. Then,

[po(t, Ug) — U™ (1) = [¢o(t’, po(Nw, Ug)) — U*(t')| < So.
Therefore,

|F0i (t, ¢0(t, UQ)) — FOi (t, U*(t))| < €, for all t > 0.
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Letgo(t, Up) = (p1(t, Uo), ..., Pn(t, Up)). Thenforallt > 0, go(t, Up) € int(RY),
andhenceyp; (t, ug) satisfies

do;
O — Fa(t do®) = B (Fa w' () —0), 20,

Therefore py thecomparisortheorem,
@i (t, Ug) = ¢1 (0, Ug) - ehFatu®—ads  gor gl ¢ > 0,
In particulay
#i (Nw, Ug) > ¢; (0, Ug) - Mo (FatU"®)—ads — for g n >
By the choiceof ¢, limn_, o ¢ (Nw, Ug) = +00, which contradictsour assumption

that S'(Up) = ¢o(Nw, Up) € B(u*(0),$) for all n > 1. Thereforefor all u €
int(RY}), limy_,d(S"(u), u*(0)) > §. Thiscompletegheproof. [J

Then,considerthe n-dimensionahonautonomoukolmogoros system

d .
% —uFRtu (L<i<n), (A2)
whereu = (uy,...,uy) € R1. WeassumghatF = (Fi,...,F)" : RI™t —

R is continuousandlocally Lipschitzin u. Let ¢o(t, s, u) and¢(t, s, u) bethe
uniquesolutionsof (Al) and(A2) with ¢o(s, s, u) = uand¢(s,s,u) = u (s >
0), respectiely. Let T,(u) = ¢(nw,0,u), THU = ¢o(t,0,u) and S(u) =
T(w)u, ue R},

Lemma 2. Assumehat lim;_, . |F(u,t) — Fo(t, u)] = 0 uniformly for u in any
boundedsubsebf R}, andthat solutionsof (A1) and (A2) are uniformlybounded
in RY. If forsomel <i <n,

u(t) = (Ui, ..., u_1(1), 0, Ui 4 (1), ..., us(t)

is an o-periodic solutionof (A1) with uj(0) > 0 (1 < j < n,j # i) andu*(t)
satisfies

/w FOi (t, U*(t)) dt > 0,
0

thenWs(u*(0)) Nint(R}) = @, wher W3(u*(0)) = {u € R : limy_ o Ta(u) =
u*(0)}.

Proof. By [21, Proposition3.2], ¢(t,s,u),t > s > 0,u € R?, is asymptoticto
the w-periodicsemiflav T(t) : R" — R", andhenceT,(u) : R} — R}, n >
0 is an asymptoticallyautonomousliscretedynamicalprocesswith the limiting
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autonomoudiscretesemiflov S : R! — R}, n > 0 ([21]). Assumethat,
for the sale of contradiction,thereexistsa ug € W*(u*(0)) Nint(R}). Then,
liMn_ o Th(Ug) = u*(0), andhencepy [21, Theorem3.1],

fim (§(t, 0, up) — u*(®) = lim (@(t, 0, uo) — T (Hu*(0) = 0.

Sincelim;_, o |F(t, u) — Fo(t, u)| = 0 uniformly for u in ary boundedsubsetf
R, it easilyfollows that

NIim (F(t, (¢, 0, uo)) — Fo(t, u™(t))) = 0.

In particular
tll[go(Fl (t’ ¢(ta 0’ UO)) - FOi (t, U*(t))) =0.

Let € be a fixed positive numbersuchthat0 < € < 1f(§” Foi (t, u*(t))dt. Then,

0]

thereexistsN = N(¢) > O suchthatfor allt > Now,
Fi(t, ¢(t, 0, ug)) > Fi (t, u™(t)) — .

Letg(t, 0, Up) = (¢1(1), ..., ¢n(t)) = @(t). Then,p(t) € int(RY) forallt > 0.
Thereforeg; () satisfies

de¢ (t
q;—t() = ¢ (OFt, ¢1) = ¢ (D) (Fai(t,u*(t)) —€), t > No.
By thecomparisortheorem,

i (t) > ¢i(Nw)ef,ﬂm(l:oi(s,u*(s))—e)ds’ t > Now.
In particular foralln > N,
$i (Nw) = ¢ (Nw)e" N ' Fasur©)—ds

Then,by thechoiceof ¢, nIim i (Nw) = +oo,whichcontradictstlim (¢(t, 0, ug) —
u*(t)) = 0. This completeghe proof.
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