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Abstract. A thresholdresulton theglobaldynamicsof thescalarasymptoticallyperiodicKol-
mogorov equationis provedandthenappliedto modelsof single-speciesgrowth andn-species
competitionin a periodicallyoperatedchemostat.The operatingparametersandthe species-
specificresponsefunctionscanbeperiodicfunctionsof time. Species-specificremoval ratesare
alsopermitted.Sufficientconditionsensureuniformpersistenceof all of thespeciesandguaran-
teethatthefull systemadmitsatleastonepositive,periodicsolution.In thespecialcasewhenthe
species-specificremoval ratesareall equalto thedilution rate,thesingle-speciesgrowth model,
hasa thresholdbetweenglobal extinction anduniform persistence,in the form of a positive,
periodiccoexistencestate.Improvedresultsin thecaseof 3-speciescompetitionarealsogiven,
includinganexampleillustratingcompetition-mediatedcoexistenceof threespecies.

1. Introduction. Thechemostatis an importantlaboratoryapparatususedfor
thecontinuouscultureof microorganisms.In ecologyit is oftenviewedasamodel
of asimplelakesystem,of thewastewatertreatmentprocess,or of biologicalwaste
decomposition.It is anexcellentexperimentalvenuein whichto studytheeffectof
simplemicrobialinteractions,includingexploitativecompetition.

Variousmathematicalmodelshavebeendevelopedandanalyzedextensively by
many differentinvestigators(see,for example,therecentmonographby Smithand
Waltman([13]) andthe referencestherein). Mathematicalmodelsof the chemo-
stat are amongthe few predictive modelsin microbial ecology. The modelsof
exploitative competitionin a well-stirredchemostatoperatedunderconstantinput
anddilution, with competitionfor a nonreproducingsubstrate,predictcompetitive
exclusion.Thatis, they predictthatatmostonecompetitorpopulationavoidsextinc-
tion (see,e.g.,[2, 13,15,16]). However, thecoexistenceof competingpopulations
is obvious in nature,andso in orderto explain this, it seemsnecessaryto relaxat
leastoneof theassumptionsin theabovemodels.Onenaturalapproachis to intro-
duceperiodiccoefficientsto represent,for example,daily or seasonalvariationsin
theenvironment.
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Therehasbeensomeresearchonmodelsof thechemostatinvolving eitherperi-

odic nutrientinput or periodicdilution rates(see,e.g.,[1, 4–5,7–10,13, 14, 17]).
As well, theperiodicgradostathasbeenconsidered(seeSmith[11–12]).

In mostof thepreviousanalyticalstudiesof theperiodicchemostat,thepowerful
theoryof monotonedynamicalsystemswasappliedto limiting systemsobtained
usingcertainconservationprinciples.However, thetheoryof monotonedynamical
systemscanonly be appliedin this context to study the competitionbetweenat
mosttwo species.Also, in orderto applya conservationlaw to obtainthelimiting
systems,it isnecessarytoassumethatall of theremovalratesareequal,thusignoring
all thespecies-specificdeathratesandonly consideringthedilution rate.

Usingabifurcationtheoryapproach,LenasandPavlou([8–9])usedthenumerical
packageAUTO to study two-speciesand three-speciescompetitionmodelsin a
periodicallyoperatedchemostat.Their resultsindicatethat for certainparameter
ranges,theirmodeladmitsquasi-periodicandchaoticcoexistence.

Our aim in this paperis to presenta generalframework to study, analytically,
modelsof n-speciescompetitionin a periodically operatedchemostat.Nutrient
input,dilutionandspecies-specificremoval ratesareall permittedtobeperiodic(but
of commensurateperiod). As well, eachspecies-specificnutrientuptake function
is assumedto be a monotoneincreasingfunction of the substrateconcentration,
but can be periodic as a function of time (but again of commensurateperiod).
Differentialspecies-specificremoval ratesarealsopermitted.We applythetheory
of asymptoticallyperiodicsemiflows (seeZhao[21]) andthecomparisonmethod
(seeCoppell[3]) to determinecriteria thatguaranteetheexistenceof at leastone
positive periodicsolutionfor the full systemandtheuniform persistenceof all of
the interactingspecies.For 3-speciescompetition,in thecasethatall thespecies-
specificremoval ratesareassumedto beequalto thedilution rate,underadditional
assumptionson the form of the attractorsin the lower-dimensionalsubsystems,
abstractpersistencetheoryfor periodicsemiflows (seeZhao[20]) is usedto obtain
similar resultsundercriteriathataremoreeasilysatisfied.

This paperis organizedas follows. In Section2, a threshold-typeresult on
the global dynamicsof the scalarasymptoticallyperiodic Kolmogorov equation
is first proved by using asymptoticallyperiodic semiflow theory (Theorem2.1).
Thensingle-speciesgrowth in theperiodicallyoperatedchemostatis considered.In
thecasethat thespecies-specificremoval rateis permittedto bedifferentthanthe
dilution rate,Theorem2.1andthecomparisonmethodareusedto obtainsufficient
conditionsthat guaranteethe existenceof at leastone positive periodic solution
andensuresthatthespeciesis uniformly persistent(thatis, regardlessof theinitial
concentrationof the species,provided that it is positive, the concentrationof the
speciesremainsuniformly boundedaway from zero).On theotherhand,whenthe
species-specificremoval rateis assumedto beequalto thedilution rate,athreshold-
type result for the uniform persistenceversusglobal extinction of the speciesis
obtained(Corollary2.3). In Section3, then-speciescompetitionmodelin ageneral
periodicchemostatis studied.Basedon Theorem2.1,thecomparisonmethodand
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uniformly persistentperiodic semiflow theory, sufficient conditionsare obtained
thatguaranteetheuniform persistenceof all n speciesandtheexistenceof at least
onepositive periodicsolutionof the full system(Theorem3.1). Thespecialcase
when the species-specificremoval ratesof all of the speciesequal the nutrient
dilution rateis alsodiscussed(Corollary3.2)andanimprovedresultis givenwhen
thereareonly two competingspecies(Corollary 3.3). Finally, in Section4, the
3-speciescompetitionmodel is studiedunderthe additionalassumptionsthat the
species-specificremoval ratesof all of the speciesequalthe nutrientdilution rate
andthat thepositive, periodicsolutionsto eachof thethree,2-speciessubsystems
of the limiting 3-speciescompetitionsystemis unique. We determinesufficient
conditions,thataremoreeasilysatisfiedthanthosegivenin Section3, thatguarantee
the uniform persistenceof the threeinteractingspeciesandprove existenceof at
leastonepositive periodicsolutionfor the full modelsystem(Theorems4.1, 4.2
and4.3). Theorems4.2and4.3givesufficientconditionsfor competition-mediated
coexistence,andTheorem4.2 is illustratedby anexample.

2. Single population growth. WefirstconsiderthenonautonomousKolmogorov
equationonsingle-speciespopulationgrowth

du

dt S uF T t U uVKU u W RX S [0 UQYZV0U (2.1)

whereF T t U uV : R2X\[ R is continuousandlocally Lipschitz in u. Let F0 T t U uV :
R2X][ R be continuous,̂ -periodic in t (̂`_ 0V and locally Lipschitz in u
uniformly for t W [0 UR^ ]. Let abT t U sU uVKU t c s c 0, betheuniquesolutionof (2.1)
with abT sU s U uV S u. Weassumethat

(C1) limt dAe�f F T t U uV=g F0 T t U uV f S 0 uniformly for u in any boundedsubsetof
RX , andthatthereexists K _ 0 suchthat F T t U uVih 0 for all t c 0 andu c K ;

(C2) For any t W RX U F0 T t U uV is strictly decreasingfor u, andthat thereexists
K0 _ 0 suchthat F0 T t U K0 Vih 0 for all t c 0.
Then,wehavethefollowing threshold-typeresultontheglobalasymptoticsfor the
asymptoticallyperiodicequation(2.1).

Theorem 2.1. Assumethat (C1)and(C2)hold.

(a) If j0 F0 T t U 0V dt h 0, thenfor anyu W RX , limt dEe abT t U 0 U uV S 0 k
(b) If j0 F0 T t U 0V dt _ 0, then for any u W RX�lEm 0nKU limt dEe T"abT t U 0 U uVbg

uo+T t V!V S 0, where uo+T t V is the uniquepositive ^ -periodic solutionof the
periodicKolmogorov equationdu

dt S uF0 T t U u V .
Proof. Let a 0 T t U s U uV0U t c s c 0, be the uniquesolutionof the ^ -periodicKol-
mogorov equation

du

dt S uF0 T t U uVKU u W RX U (2.2)
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with a 0 T s U s U u V S u W RX . Wefirst claimthatthefollowing thresholdresultonthe
globalasymptoticsof (2.2)holds.

(i) If j0 F0 T t U 0V dt h 0, thenfor any u W RX , limt dEe a 0 T t U 0 U uV S 0.
(ii) If j0 F0 T t U 0V dt _ 0, then(2.2)admitsa uniquepositive periodicsolution

uo+T t V andfor any u W RXplqm 0n0U limt dEe T�a 0 T t U 0 U u V=g uo9T t V!V S 0.

Indeed,by ZhaoandHutson[22, Lemmas3.2and3.3], it remainsto provethecon-
clusionin thecritical case j0 F0 T t U 0V dt S 0. For any u _ 0 U u T t V S a 0 T t U 0 U uVi_
0 for all t _ 0, and,by thestrict monotonicityof F T t U uV for u c 0,

du

dt S u T t V F T t U u T t V!Vir u T t V F T t U 0VKU for all t _ 0 s
Then,by thecomparisontheorem,u T t Vir u T 0V et t

0 F u sv 0w ds U for all t _ 0 U andhence
thePoincaŕemapQ : RX [ RX definedby Q T uV S u T�^'V satisfies

Q T uV S u T"^xVir u T 0V et9y0 F u sv 0w ds S u T 0V S u U
which implies that Q : RX [ RX admitsno positive fixed point, and that for
any u _ 0, 0 r QnX 1 T uVzr Qn T uVKU n c 0 s Therefore,thereexists {u c 0 such
that limndEe Qn T uV S {u. Since {u S Q T0{uV , the nonexistenceof positive fixed
pointsof Q implies {u S 0. Then,for any u _ 0 U limndEe Qn T uV S 0, andhence
limt dEe u T t V S 0.

Underthecontinuousdifferentiabilityassumptionon F T t U uV with respectto u,
asa simplecorollaryof Zhao[19, Theorem3.5], thethresholdresulton theglobal
asymptoticstabilityholdsfor (2.2).

From conditions(C1) and(C2), it easilyfollows that for any u W RX andany
s c 0 , abT t U s U uV and a 0 T t U s U uV exist globally on [sURY%V , andsolutionsof (2.1)
and(2.2)areuniformly bounded.By [21, Proposition3.2], abT t U s U uV is asymptotic
to the ^ -periodicsemiflow T T t V S a 0 T t U 0 U7| V : RX [ RX , andhenceTn T uV SabT n̂}U 0 U u V0U n c 0, is anasymptoticallyautonomousdiscretedynamicalprocess
with limit discretesemiflow Qn : RX [ RX U n c 0, where Q S T T"^xV is the
Poincaŕemapassociatedwith theperiodicequation(2.2). By [21, Theorem3.1], it
sufficesto prove in case(a) thatlimndEe Tn T uV S 0 for any u W RX , andin case(b)
thatlimndEe Tn T u V S uo+T 0V for any u W RX~lqm 0n .

In case(a),by conclusion(i) above,u S 0 is a globally attractive fixedpoint of
Q in RX , andhenceu S 0 is auniqueisolatedfixedpointof Q andis Q-acyclic in
RX . Therefore,for any u W RX , by theconvergencetheoremin [21, Theorem2.4],
^�T uV S 0; i.e., limndEe Tn T uV S 0.

In case(b), by conclusion(ii) above, u S u o T 0V is a globally attractive fixed
pointof Q in RX l'm 0n , andhencetheonly fixedpointsof Q in RX are0 anduo T 0V ;
both areisolatedandthereis no Q-cyclic chainamongthem. Therefore,for any
u W RX , againby theconvergencetheoremin [21,Theorem2.4],either̂�T u V S 0or
^�T uV S uo+T 0V . By Lemma2 in theAppendix,with n g 1, Ws T 0V���T RX l6m 0n!V S

�
;
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i.e., for any u _ 0, ^�T uV��S 0. Therefore,for any u _ 0, ^�T u V S uo+T 0V ; i.e.,
limndEe Tn T uV S uo+T 0V . Thiscompletestheproof. �

Now considerasinglepopulationgrowth modelin aperiodicchemostat

dST t V
dt S T S0 T t V'g ST t VIV D0 T t V'g x T t V P T t U ST t VIVKU

dx T t V
dt S x T t VKT P T t U ST t VIV'g D1 T t V!VKs

(2.3)

Here ST t V denotesthe concentrationof the nutrient, x T t V denotesthe biomassof
speciesat time t , P T t U sV representsthespecificpercapitanutrientuptake function,
S0 T t V andD0 T t V aretheinputnutrientconcentrationandthedilutionraterespectively,
and D1 T t V representsthe specific removal rate of the species. We assumethat
S0 T t V , D0 T t V andD1 T t V areall continuous,̂ -periodic,positive functions,andthat
P T t U sV : R2X�[ RX is continuous,̂ -periodicin t andsatisfies

(i) P T t U sV is locally Lipschitzin s; and
(ii) P T t U 0V S 0, t c 0, andfor any t c 0, P T t U sV is strictly increasingfor

s W RX .

Let D T t V : RX [ RX beacontinuous,̂ -periodicandpositivefunction. For the
linearperiodicequation

dV T t V
dt S S0 T t V D0 T t V'g D T t V V T t VKU (2.4)

it easilyfollows that(2.4)admitsa uniquepositive ^ -periodicsolutionV o9T t V such
thateverysolutionV T t V of (2.4)with V T 0Vic 0satisfieslimt dEe T V T t V�g V o9T t V!V S 0.
Moreover, V o+T t V canbeexpressedexplicitly asV o+T t V S

e� t t
0 D u sw ds j0 et s

0 D u uw duS0 T sV D0 T sV ds

et y0 D u sw ds g 1

� t

0
et s

0 D u uw duS0 T sV D0 T sV ds s

Let D T t V S maxT D0 T t VKU D1 T t V!V and D T t V S min T D0 T t VKU D1 T t VIV . Then, D T t V and
D T t V : RX [ RX arecontinuous,̂ -periodicandpositive functions.Let V o1 T t V and
V o2 T t V be the uniquepositive ^ -periodicsolutionsof (2.4) with D T t V replacedby
D T t V andD T t V respectively. By thecomparisontheoremandtheglobalattractivity
of V oi T t V
T i S 1 U 2V , it easilyfollows thatV o2 T t Vih V o1 T t V for all t c 0.

Theorem 2.2. (a) If j0 T P T t U V o2 T t V!V�g D1 T t V!V dt _ 0, thensystemT 2 s 3V admitsa
positive T componentwiseV�^ -periodic solution,and there exist ��_ 0 and ��_ 0
such thateverysolution T ST t VKU x T t VIV of (2 s 3V with ST 0Vic 0 andx T 0Vi_ 0 satisfies

��h lim inf
t dEe x T t Vih lim sup

t dEe x T t Vih��
s
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(b) If j0 T P T t U V o1 T t VIV�g D1 T t VIV dt h 0, theneverysolution T ST t VKU x T t V!V of T 2 s 3V with
ST 0Vic 0 andx T 0Vic 0 satisfieslimt dEe x T t V S 0.

Interpretingthepredictionsof themodelbiologically, Theorem2.2 impliesthat
in case(a) themodelsystemadmitsa periodiccoexistencestateandthespeciesis
uniformly persistent,but in case(b) thespeciesultimatelygoesto extinction.
Proof. Let �P T t U sV : RX�� R [ R beany givencontinuousextensionof P T t U sV on
RX�� RX to RX�� R suchthat �P T t U sV is ^ -periodicin t andlocally Lipschitzin s,
andfor any t c 0, �P T t U sV is strictly increasingfor s W R.

In case(a),sinceV o1 T t Vic V o2 T t V , t W [0 UQ^ ], and �P T t U V oi T t VIV S P T t U V oi T t V!VKU t W
[0 UQ^ ] (i S 1 U 2), by Theorem2.1(in theperiodiccase),theperiodicequation

dx T t V
dt S x T t VKT��P T t U V oi T t V'g x T t V!V'g D1 T t VIVKU

admitsa uniquepositive ^ -periodicsolutionx oi T t V , andx oi T t V is globally attractive
in RX�l�m 0n (i=1,2). By the comparisontheorem,it easily follows that x o1 T t Vc
x o2 T t VKU t W [0 UQ^ ]. We further claim that V o1 T t V�_ x o1 T t VKU t W [0 UQ^ ]. Indeed,let

x o1 T t1 V S max
0� t � j

x o1 T t V , t1 W [0 UQ^ ]; then dx �1 u t1 w
dt S 0, andhence

�P T t1 U V o1 T t1 V'g x o1 T t1 V!V S D1 T t1 Vi_ 0 s
Since �P T t1 U sV is strictly increasingfor s W R, V o1 T t1 V�_ x o1 T t1 V . Let y T t V SV o1 T t V'g x o1 T t V . Then,y T t V satisfiesthefollowing periodicdifferentialequation:

dy

dt S S0 T t V D0 T t V'g D T t V V o1 T t V'g�T V o1 T t V'g yV0T��P T t U y V=g D1 T t VIVKs (2.5)

Sincey T t1 Vi_ 0 and

dy

dt y � 0 S S0 T t V D0 T t V � T D1 T t V'g D T t V!V V o1 T t Vic S0 T t V D0 T t Vi_ 0 U
y T t Vi_ 0 for all t c t1. Then,the ^ -periodicityof y T t V impliesthaty T t Vi_ 0 for all
t c 0; i.e.,V o1 T t Vi_ x o1 T t V for all t c 0.

For any T S0 U x0 VpW R2X with S0 c 0 andx0 _ 0, let T ST t VKU x T t VIV be the unique
solutionof (2.3) satisfyingST 0V S S0 andx T 0V S x0 with [0 UR��V asits maximal
existenceinterval. Then, it easily follows that ST t V�_ 0 and x T t V�_ 0 for all
t W�T 0 UQ��V . Let V T t V S ST t V � x T t V ; then,

S0 T t V D0 T t V'g D T t V V T t Vih dV T t V
dt

h S0 T t V D0 T t V'g D T t V V T t VKU t W [0 UQ��V0s
Let V T t V betheuniquesolutionof linear ^ -periodicequation

dV

dt S S0 T t V D0 T t V=g D T t V V
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satisfyingV T 0V S V T 0V , andlet V T t V betheuniquesolutionof thelinear ^ -periodic
equation

dV

dt S S0 T t V D0 T t V'g D T t V V U
satisfyingV T 0V S V T 0V . Then,by thestandardcomparisontheorem,

V T t Vih V T t Vih V T t VKU t W [0 UQ��VKs (2.6)

SinceV T t V andV T t V exist globallyon [0 URY%V , � S Y . Therefore,x T t V satisfies

x T t VKT��P T t U V T t V'g x T t V!V'g D1 T t V!Vih dx T t V
dt

h x T t VKT��P T t U V T t V'g x T t V!V'g D1 T t V!VKU
for all t c 0. Then,by thecomparisontheorem,

x T t Vih x T t Vih x T t VKU t c 0 U (2.7)

where {x T t V is theuniquesolutionof thenonautonomousequation

dx T t V
dt S x T t VKT��P T t U V T t V'g x T t V!V'g D1 T t V!VKU (2.8)

with {x T 0V S x0, andx T t V is theuniquesolutionof thenonautonomousequation

dx T t V
dt S x T t VKT��P T t U V T t V'g x T t V!V'g D1 T t V!VKU (2.9)

with x T 0V S x0. Sincelimt dEe T V T t V�g V o1 T t V!V S 0 andlimt dEe T V T t V�g V o2 T t V!V S 0,

lim
t dEe T��P T t U V T t V'g x V'g��P T t U V o1 T t V'g x V!V S 0 U

and
lim

t dEe T �P T t U V T t V'g x V'g �P T t U V o2 T t V'g x V!V S 0 U
uniformly for x in any boundedsubsetof RX . In case(a),since

j
0
T��P T t U V o1 T t V!V'g D1 T t V!V dt c j

0
T��P T t U V o2 T t V!V'g D1 T t V!V dt U

S
j

0
T P T t U V o2 T t V!V'g D1 T t V!V dt _ 0 U

by Theorem2.1(b),

lim
t dEe TK{x T t V'g x o1 T t V!V S 0 and lim

t dEe T x T t V=g x o2 T t V!V S 0 s
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Therefore,by (2.7),it follows that

lim inf
t dEe T x T t V'g x o2 T t VIVic lim

t dEe T x T t V'g x o2 T t VIV S 0 (2.10)

and
lim sup

t dEe T x T t V'g x o1 T t VIVih lim
t dEe T x T t V'g x o1 T t V!V S 0 U (2.11)

andhencethereexist ��_ 0 and ��_ 0 suchthatx T t V!V satisfies

��h lim inf
t dEe x T t Vih lim sup

t dEe x T t Vih��
s
In case(b), since

j
0
T��P T t U V o2 T t V!V'g D1 T t VIV dt h j

0
T��P T t U V o1 T t VIV'g D1 T t V!V dt

S
j

0
P T t U V o1 T t V!V'g D1 T t V!V dt h 0 U

by Theorem2.1 (a), limt dEe {x T t V S 0 andlimt dEe x T t V S 0, andhence,by (2.7),
limt dEe x T t V S 0.

In case(a), it remainsto prove the existenceof a positive periodicsolutionof
(2.3). Undertheabstractsettingof periodicsemiflows, this canbedoneby using
[20, Theorem2.3]asin thelatterpartof theproofof Theorem3.1. Instead,wegive
an alternative, moreelementaryproof. Let V S S

�
x; then,the system(2.3) is

transformedinto thefollowing ^ -periodicsystem:

dV

dt S S0 T t V D0 T t V'g D0 T t VKT V g x V=g D1 T t V x U
dx

dt S x T �P T t U V g x V'g D1 T t V!VKs
(2.12)

Then, the positive invarianceof R2X with respectto (2.3) implies that the closed
convex setW S m0T V U x V : V c x c 0n�� R2X is positively invariantwith respect
to (2.10). Moreover, for any S0 c 0 and x0 _ 0, since the first equationof
(2.3) implies that dSu t w

dt S� 0 S S0 T t V D0 T t V�_ 0, the uniquesolution T ST t V0U x T t VIV
of (2.3) with ST 0V S S0 and x T 0V S x0 satisfiesST t V�_ 0 and x T t V�_ 0 for
all t _ 0. That is, for any V0 c x0 _ 0, the uniquesolution T V T t V0U x T t VIV of
(2.12)with V T 0V S V0 andx T 0V S x0 satisfiesV T t V _ x T t V _ 0, for all t _ 0.
Let G : W [ W be the Poincaŕe map associatedwith (2.12); i.e., for every
T V0 U x0 V�W W U G T V0 U x0 V S T V T�^'VKU x T�^xVIV . Clearly, thecontinuousdependenceof
solutionson initial dataimpliesthatG : W [ W is continuous.Let

W0 S m0T V U x ViW W : V o2 T 0V¡h V h V o1 T 0VKU x o2 T 0Vih x h x o1 T 0VInKs
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Since0 r x o1 T t V�r V o1 T t V0U t W [0 UQ^ ], T V o1 T 0VKU x o1 T 0V!V is in the interior of W,
andhenceW0 is a nonempty, closed,boundedandconvex subsetof R2X . For any
T V0 U x0 VpW W0, thecorrespondingsolution T V T t V0U x T t VIV of (2.12)with V T 0V S V0

andx T 0V S x0 satisfies

T V T t V0U x T t VIViW W for all t c 0 k (2.13)

thatis, V T t Vic x T t Vic 0 for all t c 0. Then,V T t V satisfies

S0 T t V D0 T t V'g D T t V V T t Vih dV T t V
dt

h S0 T t V D0 T t V'g D T t V V T t VKU t c 0 s
SinceV o2 T 0Vih V0 h V o1 T 0V , by thecomparisontheorem,

V o2 T t Vih V T t Vih V o1 T t VKU t c 0 s (2.14)

Therefore,x T t V satisfies

x T t VKT �P T t U V o2 T t V'g x T t V!V'g D1 T t V!Vih dx T t V
dt

U t c 0 U
and

dx T t V
dt

h x T t VKT��P T t U V o1 T t V'g x T t VIV'g D1 T t V!VKU t c 0 s
Sincex o2 T 0Vih x0 h x o1 T 0V , againby thecomparisontheorem,

x o2 T t Vih x T t Vih x o1 T t VKU t c 0 s (2.15)

Therefore,(2.14)and(2.15)imply that

V o2 T 0V S V o2 T�^xVih V T"^xVih V o1 T�^'V S V o1 T 0V0U
x o2 T 0V S x o2 T"^xVih x T"^xVih x o1 T�^'V S x o1 T 0VKs (2.16)

Then,by (2.13)and(2.16),G T V0 U x0 V S T V T�^'VKU x T�^xVIVPW W0, andhenceG T W0 VP�
W0. By theBrouwerfixed-pointtheorem,it followsthatthereexists T V o+U x o8ViW W0,
suchthat G T V o9U x oQV S T V o9U x o8V . Clearly, the uniquesolution T V o9T t VKU x o9T t V!V of
(2.12)with T V o9T 0V0U x o9T 0V!V S T V o9U x oQV is an ^ -periodicsolutionof (2.12). Since
V o�c x o�_ 0, by our previousclaim, V o9T t VN_ x o9T t VN_ 0 for all t _ 0, andhence,
by the ^ -periodicityof V o T t V andx o T t V , V o T t Vi_ x o T t Vi_ 0for all t c 0. Therefore,
T So T t V0U x o T t V!V S T V o T t V
g x o T t V0U x o T t V!V is a positive (componentwise),^ -periodic
solutionof system(2.3). Thiscompletestheproof. �

In the casethat D0 T t V S D1 T t VKU t W [0 UR^ ], V o1 T t V S V o2 T t V , x o1 T t V S x o2 T t V ,
t W [0 UQ^ ], andhence,by (2.10)and(2.11) in theproof of Theorem2.2, we have
thefollowing threshold-typeresulton theglobaldynamicsof themodelsystem.
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Corollary 2.3. Let D0 T t V S D1 T t V0U t W [0 UQ^ ].

(a) If j0 T P T t U V o1 T t V!V4g D1 T t VIVi_ 0, thensystemT 2 s 3V admitsauniquepositive,
periodicsolution T So+T t V0U x o1 T t VIV S T V o1 T t V¢g x o1 T t VKU x o1 T t V!V , andanysolution
T ST t V0U x T t V!V of T 2 s 3V with ST 0VEc 0 andx T 0VE_ 0 satisfieslimt dEe T ST t V
g
So T t V!V S 0 and limt dAe T x T t V'g x o T t V!V S 0.

(b) If j0 T P T t U V o1 T t V!Vbg D1 T t V!V�h 0, thenany solution T ST t VKU x T t V!V of T 2 s 3V
with ST 0Vc 0 and x T 0V�c 0 satisfieslimt dEe T ST t Vbg V o1 T t VIV S 0 and
limt dEe x T t V S 0.

3. n-Species competition. In thissection,weconsiderthen-speciescompetition
modelin theperiodicchemostat

dST t V
dt S T S0 T t V'g ST t VIV D0 T t V'g

n

i � 1

Pi T t U ST t VIV xi T t VKU
dxi T t V

dt S xi T t VKT Pi T t U ST t V!V=g Di T t V!VKU 1 h i h n s
(3.1)

Here ST t V denotesthe concentrationof the nutrient,xi T t V denotesthe biomassof
the i-th speciesat time t , Pi T t U sV representsthespecificpercapitanutrientuptake
function of the i-th species,S0 T t V and D0 T t V are the input nutrientconcentration
andthedilution raterespectively, andDi T t V representsthespecificremoval rateor
washoutrateof speciesxi . We assumethat S0 T t V and Di T t VET 1 h i h nV areall
continuous,̂ -periodicandpositive functions,andthateachPi T t U sVPT 1 h i h nV
satisfiesthesameconditionsasP T t U sV in Section2. Let

Pi T t U sV S
Pi T t U sV if t c 0 U s c 0 U
0 if t c 0 U s h 0 s

Then, Pi : RX�� R [ R is a continuousextensionof Pi T t U sV on RX�� RX to
RX�� R T 1 h i h nV . Let D T t V S maxT D0 T t VKU D1 T t VKU+s0s0s0U Dn T t V!V and D T t V Smin T D0 T t VKU D1 T t VKU+s0s0s0U Dn T t V!V0s Then,D T t V and D T t V : RX [ RX arecontinuous,
^ -periodic, and positive functions. Let V o1 T t V and V o2 T t V be the uniquepositive
^ -periodicsolutionsof (2.4)with D T t V replacedby D T t V andD T t V respectively. As
shown in Section2, V o2 T t Vih V o1 T t V for all t c 0.

Wearenow in apositionto prove themainresultof this section.

Theorem 3.1. Assumethat

(1) j0 T Pi T t U V o1 T t VIV'g Di T t V!V dt _ 0 U 1 h i h n;
(2) j0 T Pi T t U V o2 T t V4g n

j � 1v j £� i x oj T t VIV�g Di T t VIV dt _ 0 U 1 h i h n U wherex oj T t V
is the uniquepositive ^ -periodic solutionof the scalar periodic equation
dxj

dt S xj T Pj T t U V o1 T t V'g xj V'g Dj T t V!VKU 1 h j h n.
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Then,systemT 3 s 1V admitsa positivê -periodicsolution,andthereexist ��_ 0 and
�¤_ 0 such that any solution T ST t VKU x1 T t VKU+s0s0sKU xn T t V!V of T 3 s 1V with ST 0V~c 0 and
xi T 0Vi_ 0 T 1 h i h nV satisfies

0 r¥��h lim inf
t dEe xi T t Vih lim sup

t dEe xi T t Vih��
U 1 h i h n s

Proof. Let �Pi T t U sV : RX�� R [ R beany givencontinuousextensionof Pi T t U sV on
RXz� RX to RX�� R, suchthat �Pi T t U sV is ^ -periodicin t andlocally Lipschitzin s,
andfor any t c 0 U%�Pi T t U sV is strictly increasingwith respectto s W R U 1 h i h n s
By Theorem2.1(in theperiodiccase),condition(1) impliesthatfor each1 h i h n,
theperiodicequation

dxi

dt S xi T��Pi T t U V o1 T t V'g xi V'g Di T t VIV
admitsauniquê -periodicsolutionx oi T t V andx oi T t V isgloballyattractivein RX l¦m 0n .
As in theproofof Theorem2.2,V o1 T t Vi_ x oi T t VKU t W [0 UQ^ ]. Then,x oi T t V is aunique
positive ^ -periodicsolutionof theperiodicequation

dxi

dt S xi T Pi T t U V o1 T t V'g xi V'g Di T t V!V0k

thatis, x oi T t V is independentof thechoiceof theextension �Pi T t U sV of Pi T t U sV . Let

�Pi § T t U sV S
Pi T t U sV if t c 0 U s c 0 U¨ s if t c 0 U s h 0 s

By theboundednessof V o2 T t V=g n
j � 1v j £� i x oj T t V on [0 URY%V , it easilyfollows that

lim§©d 0ª
j

0
�Pi § T t U V o2 T t V'g

n

j � 1v j £� i

x oj T t VIV dt S
j

0
T Pi T t U V o2 T t V'g

n

j � 1v j £� i

x oj T t V!V!V dt

T 1 h i h nV0s Then,by condition(2), thereexists ¨ _ 0 suchthat

j
0
T��Pi § T t U V o2 T t V'g

n

j � 1v j £� i

x oj T t VIV'g Di T t V!V dt _ 0 U 1 h i h n s (3.2)

In whatfollows, for simplicity, wedenote �Pi § T t U sV by �Pi T t U sV�T 1 h i h nV .
For any T S0 U x0 V S T S0 U x0

1 U+s0sKs0U x0
n V�W RnX 1X with x0

i _ 0 T 1 h i h nV , let
T ST t V0U x T t V!V S T ST t VKU x1 T t VKU+sKs0s0U xn T t VIV be the uniquesolution of (3.1) satisfying
ST 0V S S0 U x T 0V S x0 on themaximalexistenceinterval [0 UQ��V . Since dS

dt f S� 0 S
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S0 T t V D0 T t V _ 0 U ST t V _ 0 andx T t V _ 0 for all t W [0 UQ��V . Let V T t V S ST t V �

n
i � 1 xi T t V ; then,

S0 T t V D0 T t V=g D T t V V T t Vih dV T t V
dt

h S0 T t V D0 T t V'g D T t V V T t V0s
Therefore,by thecomparisontheorem,

V T t Vih V T t Vih V T t VKU t W [0 UQ��VKU (3.3)

whereV T t V is theuniquesolutionof linear ^ -periodicequation

dV

dt S S0 T t V D0 T t V'g D T t V V T t VKU
with V T 0V S V T 0V , andV T t V is theuniquesolutionof linear ^ -periodicequation

dV

dt S S0 T t V D0 T t V'g D T t V V T t VKU
with V T 0V S V T 0V , respectively. Theglobalexistenceof V T t V on [0 URY%V implies
that � S Y . Sincelimt dAe T V T t Vxg V o1 T t V!V S 0, V T t V , andhenceST t V andx T t V ST x1 T t V0U7s0s0s0U xn T t V!V areultimatelybounded.Thatis, system(3.1) is pointdissipative
on RnX 1X . Therefore,for all t c 0 U 1 h i h n,

xi T t V
dt S xi T t VKT��Pi T t U V T t V4g

n

j � 1

xj T t V!V4g Di T t VIVih xi T t V0T��Pi T t U V T t V«g xi T t V!V4g Di T t VIVKs

Then,by thecomparisontheorem,

xi T t Vih¬{xi T t V0U 1 h i h n U t c 0 U (3.4)

where {xi T t V is theuniquesolutionof thenonautonomousequation

dxi T t V
dt S xi T t VKT��Pi T t U V T t V'g xi V=g Di T t V!VKU (3.5)

with {xi T 0V S xi T 0Vi_ 0 T 1 h i h nV . Sincelimt dEe T V T t V'g V o1 T t V!V S 0,

lim
t dEe T��Pi T t U V T t V'g xi V'g��P T t U V o1 T t V'g xi V S 0

uniformly for xi in any boundedsubsetof RX . Since

j
0
T��Pi T t U V o1 T t V!V'g Di T t VIV dt S

j
0
T Pi T t U V o1 T t VIV'g Di T t V!V dt _ 0 U
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by Theorem2.1(b),

lim
t dEe TK{xi T t V'g x oi T t VIV S 0 U 1 h i h n s (3.6)

Therefore,by (3.3)and(3.4),for any 1 h i h n andall t c 0,

dxi T t V
dt S xi T t VKT �Pi T t U V T t V'g

n

j � 1

xj T t V!V'g Di T t V!V

c xi T t VKT��Pi T t U V T t V'g
n

j � 1v j £� i

{xj T t V'g xi T t V!V'g Di T t V!VKU
(3.7)

andhence,by thecomparisontheorem,

xi T t Vic xi T t VKU 1 h i h n U t c 0 U (3.8)

wherexi T t V is theuniquesolutionof thenonautonomousequation

dxi

dt S xi T t VKT��Pi T t U V T t V'g
n

j � 1v j £� i

{xj T t V'g xi V'g Di T t V!V0U (3.9)

with xi T 0V S xi T 0V�T 1 h i h nV . Sincelimt dEe T V T t V'g V o2 T t VIV S 0, by (3.6),

lim
t dEe T��Pi T t U V T t V'g

n

j � 1v j £� i

x oj T t V'g xi V'g��Pi T t U V o2 T t V'g
n

j � 1v j £� i

x oj T t V'g xi V!V S 0 U

uniformly for xi in any boundedsubsetof RX T 1 h i h nV . Then,by (3.2) and
Theorem2.1(b),

lim
t dEe T xi T t V'g x oi T t V!V S 0 U (3.10)

wherex oi T t V¡T 1 h i h nV is theuniquepositive ^ -periodicsolutionof theperiodic
equation

dxi

dt S xi T t V0T��Pi T t U V o2 T t V'g
n

j � 1v j £� i

x oj T t V'g xi V=g Di T t VIVKs (3.11)

Then,by (3.4),(3.6),(3.8)and(3.10),

lim inf
t dEe T xi T t V'g x oi T t Vic 0 c lim sup

t dEe T xi T t V'g x oi T t V!V0U (3.12)

for all 1 h i h n. Clearly, (3.12)impliesthatthereexist ��_ 0 and�¥_ 0 suchthat
any solution T ST t V0U x1 T t V0U7s0s0s0U xn T t V!V of (3.1)with ST 0Vic 0 andxi T 0Vi_ 0 T 1 h i h
nV satisfies

0 r¥��h lim inf
t dEe xi T t Vih lim sup

t dEe xi T t Vih��
U 1 h i h n s
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Toprovetheexistenceof apositive ^ -periodicsolutionof (3.1),let X S RnX 1X , X0 Sm0T SU x1 U+s0s0s0U xn V}W RnX 1X U xi _ 0 for all 1 h i h nn and  X0 S m0T SU x1 U7s0s0s0U xn VEW
RnX 1X U xi S 0 for some1 h i h nn0s Then, X S X0 ®  X0. For any y ST SU x1 U+sKs0s0U xn V¯W X, let abT t U yVKU t c 0 be the unique solution of (3.1) with
abT 0 U yV S y. Clearly, T T t V S abT t U+| V : X [ X is a periodicsemiflow ([20]),
and T T t V X0 � X0 for all t c 0. As we have shown, T T t V is point dissipative
(i.e.,ultimatelybounded)in X anduniformly persistentwith respectto T X0 UR X0 V ,
(i.e., thereexists °±_ 0 suchthat for any y W X0 U lim inf

t dEe d T T T t V y UQ X0 V c²° ).
Let Q S T T�^'V : X [ X be the Poincaŕe mapassociatedwith (3.1). Then,by
Yoshizawa [18, Theorem8.5], theultimateboundednessof solutionsof a periodic
systemof ordinarydifferentialequationsimplies the uniform boundednessof so-
lutions,andhenceQ : X [ X is compact.Therefore,by [20, Theorem2.3], Q
admitsa fixed point y0 W X0, i.e., y0 S Q T y0 V , andhenceabT t U y0 V is a periodic
solutionof (3.1). Let y0 S T S0 U x0

1 U+s0s0s0U x0
n VzW X0; then, S0 c 0 U x0

i _ 0 for all
1 h i h n. It thenfollowsthat abT t U y0 V S T ST t V0U x1 T t V0U7s0s0s0U xn T t V!V satisfiesST t Vi_ 0
andxi T t Vi_ 0 T 1 h i h nV for all t _ 0. By the ^ -periodicityof abT t U y0 V , ST t Vi_ 0
andxi T t Vi_ 0 T 1 h i h nV for all t c 0. Therefore,abT t U y0 V is apositive ^ -periodic
solutionof (3.1). Thiscompletestheproof. �

In the caseDi T t V S D0 T t V0U t W [0 UQ^ ] U 1 h i h n, D T t V S D T t V S D0 T t VKU
V o1 T t V S V o2 T t VKU t W [0 UQ^ ], andhencewe have the following corollary of Theo-
rem3.1.

Corollary 3.2. Let Di T t V S D0 T t VKU t W [0 UQ^ ] U 1 h i h n. Assumethat

(1) j0 T Pi T t U V o1 T t VIV'g D0 T t V!V dt _ 0 U 1 h i h n;
(2) j0 T Pi T t U V o1 T t V�g n

j � 1v j £� i x oj T t V!V�g D0 T t V!V dt _ 0 U 1 h i h n U wherex oj T t V
is the uniquepositive ^ -periodic solutionof the scalar periodic equation
dxj

dt S xj T Pj T t U V o1 T t V'g xj V'g D0 T t VIVKU 1 h j h n.

Then, systemT 3 s 1V admitsa positive ^ -periodic solution and all n speciesare
uniformlypersistent.

Asshownin theproofof Theorem2.2,in thecaseDi T t V S D0 T t VKU t W [0 UQ^ ] U 1 h
i h n, it easilyfollows thatV o1 T t VA_ x oi T t VKU t W [0 UQ^ ] U 1 h i h n. Thuswe have
thefollowing resultfor 2-speciescompetition.

Corollary 3.3. Let Di T t V S D0 T t VKU t W [0 UQ^ ] U 1 h i h 2. Assumethat

(1) j0 T Pi T t U V o1 T t VIV'g D0 T t V!V dt _ 0 U 1 h i h 2;
(2) j0 T Pi T t U V o1 T t V�g x oj T t V!V�g D0 T t VIV dt _ 0 U 1 h i U j h 2 U i �S j U wherex oj T t V

is the uniquepositive ^ -periodic solutionof the scalar periodic equation
dxj

dt S xj T Pj T t U V o1 T t V'g xj V'g D0 T t VIVKU 1 h j h 2.

Then,systemT 3 s 1V admitsa positive, ^ -periodic solution and both speciesare
uniformlypersistent.

Remark 3.4. In [13, Section7], 2-speciescompetitionin thechemostatwith peri-
odicdilution rateis discussedin thesettingof monotonedynamicalsystemstheory.



      

>+C�.IH0JK:<*�JK.�:<5�L�HKJ0MB*-MB*-5�>N*->N)NHKJ0O9*-5�?+*-:P:BF+J0L�5�.IMQ)RM 15

It is easyto seethatour Corollary3.3 generalizestheir resulton theuniform per-
sistenceof 2 speciesandthe existenceof a positive periodicsolutionfor the full
system(not just for thelimiting system).

4. 3-Species competition. For 2-speciescompetitionin a periodicchemostat
with D1 T t V S D2 T t V S D0 T t V}T 0 h t h¬^'V , it follows easily that T x o1 T t VKU 0V and
T 0 U x o2 T t VIV arethesemitrivial periodicsolutionsof thelimiting 2-speciescompetition
system. Then, condition (2) in Corollary 3.3 is a natural invasibility condition.
However, for n-speciescompetitionin theperiodicchemostat,evenwith Di T t V SD0 T t VNT 0 h t h³^'VAT 1 h i h nV , T x o1 T t VKU+s0sKs0U x oi � 1 T t V0U 0 U x oi X 1 T t VKU+s0sKs0U x on T t V!VNT 1 h
i h nV is not thesolutionof thelimiting n-speciescompetitionsystemdetermined
usingtheconservationprinciple,andhence,dueto ouroverestimationof theeffect
of competition,condition(2) in Corollary3.2isastrongerinvasibilityconditionthan
necessary. In this section,we show thatwhenever thepositive, periodicsolutions
to eachof the three,2-speciessubsystemsof the limiting 3-speciescompetition
systemare unique, the expected,natural invasibility conditionsare sufficient to
guaranteethe uniform persistenceof the threeinteractingspeciesandenoughto
ensurethe existenceof at leastone positive periodicsolution for the full model
system(seeTheorem4.1). Thefinal results,given in Theorems4.2 and4.3, give
conditionsfor competition-mediatedcoexistence.Here,in at leastoneof thetwo-
speciessubsystems,oneof thespeciesisdriventoextinction,regardlessof theinitial
conditions.However, whenthethird speciesis introducedall threespeciescoexist,
again independentof the initial conditionsprovided that they areall positive. We
concludethissectionwith anexamplethatillustratesTheorem4.2.

Considerthe3-speciescompetitionmodelin theperiodicchemostat

dST t V
dt S T S0 T t V'g ST t VIV D0 T t V'g

3

i � 1

Pi T t U ST t VIV xi T t VKU
dxi T t V

dt S xi T t VKT Pi T t U ST t V!V=g D0 T t VIVKU 1 h i h 3 s
(4.1)

HereS0 T t V , D0 T t V andPi T t U sV¡T 1 h i h 3V satisfythesameconditionsasin (3.1),
with Di T t V S D0 T t V�T 1 h i h 3V . Let V o0 T t V be the unique,globally attractive,
positive ^ -periodicsolutionof

dV

dt S T S0 T t V'g V T t V!V D0 T t VKs
For each1 h i h 3, thereis acorresponding2-speciesperiodiccompetitionsystem

dxj

dt S xj T Pj T t U V o0 g
3

k � 1v k £� i

xk V'g D0 T t V!V0U 1 h j h 3 U j �S i s (Ei )
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Wewill distinguishamongthefollowing threecases:

(A1) Each T Ei V�T 1 h i h 3V admitsatmostonepositive ^ -periodicsolution;
(A2) Each T Ei V6T 2 h i h 3V admitsatmostonepositive ^ -periodicsolution,and

T E1 V admitsnopositive ^ -periodicsolution;
(A3) T E2 V admitsat mostonepositive ^ -periodicsolution,andeach T Ei VbT i S1 U 3V admitsnopositive ^ -periodicsolution.

Theorem 4.1. Let (A1) hold. Assumethat

(1) ´ i µ j0 T Pi T t U V o0 T t VIV'g D0 T t V!V dt _ 0 U 1 h i h 3 k
(2) ´ j i µ j0 T Pi T t U V o0 T t V'g x oj T t V!V=g D0 T t VIV dt _ 0 U 1 h i U j h 3 U i �S j ;

(3) {´ i µ j0 T Pi T t U V o0 T t Vig 3
j � 1v j £� i {xi

j T t V!V¡g D0 T t V!V dt _ 0 U 1 h i h 3,
where x oi T t ViT 1 h i h 3V is theuniquepositive, ^ -periodicsolutionof the
scalarperiodicequation

dxi

dt S xi T Pi T t U V o0 T t V'g xi V'g D0 T t VIVKU
and T0{x1

2 T t VKU¦{x1
3 T t VIVKU+TK{x2

1 T t V0U¦{x2
3 T t V!V and T0{x3

1 T t VKU¦{x3
2 T t V!V aretheuniquepositive,

^ -periodicsolutionsof T E1 VKU+T E2 V and T E3 V , respectively.

Then,systemT 4 s 1V admitsa positive, ^ -periodicsolution,andthereexist ��_ 0 and
�%_ 0 such that anysolution T ST t VKU x1 T t VKU x2 T t VKU x3 T t V!V of T 4 s 1V with ST 0VNc 0 and
xi T 0Vi_ 0 T 1 h i h 3V satisfies

0 r���h lim inf
t dEe xi T t Vih lim sup

t dEe xi T t Vih��xU 1 h i h 3 s

Proof. Let �Pi T t U sV : RX� R [ R beany givencontinuousextensionof Pi T t U sV
on RX � RX to RX � R, suchthat �Pi T t U sV is ^ -periodicin t andlocally Lipschitzin
s, andfor any t c 0 U��Pi T t U sV is strictly increasingwith respectto s W R, 1 h i h 3 s
As in theproof of Theorem3.1,condition(1) impliesthat for each1 h i h 3, the
periodicequation

dxi

dt S xi T Pi T t U V o0 T t V'g xi V'g Di T t VIV (4.2)

admitsauniquepositive, ^ -periodicsolutionx oi T t V with V o0 T t Vi_ x oi T t V0U t W [0 UR^ ],
andx oi T t V is globallyattractive for theperiodicequation

dxi

dt S xi T��Pi T t U V o0 T t V'g xi V'g Di T t VIVKU (4.3)

in RX lqm 0n . For the2-speciesperiodiccompetitionsystem

dx1

dt S x1 T��P1 T t U V o0 T t V'g x1 g x2 V=g D0 T t VIVKU
dx2

dt S x2 T��P2 T t U V o0 T t V'g x1 g x2 V=g D0 T t VIVKU
( �E3)
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weclaim thatif T0¶x1 T t VKU¦¶x2 T t V!V is apositive ^ -periodicsolutionto T¢�E3 V , then TK¶x1 T t VKU¶x2 T t V!V satisfiesV o0 T t VP_²¶x1 T t V � ¶x2 T t VKU t W [0 UQ^ ]. Indeed,let ¶x1 T t1 V S max
0� t � j

¶x1 T t VKU
t1 W [0 UQ^ ]; thend ·x1 u t1 w

dt S 0,andhence �P1 T t1 U V o0 T t1 VKg�¶x1 T t1 VKg�¶x2 T t1 V!V S D0 T t1 Vi_ 0 s
Then,since �P1 T t1 U sV is strictly increasingfor s W R, V o0 T t1 VP_¸¶x1 T t1 V � ¶x2 T t1 V . Let
y T t V S V o0 T t V¢g%¶x1 T t V¢g%¶x2 T t V . It theneasilyfollowsthaty T t V satisfiesthefollowing
periodicdifferentialequation:

dy

dt S S0 T t V D0 T t V'g D0 T t V y g�¶x1 T t Vq�P1 T t U yV'g�¶x2 T t Vq�P2 T t U yVKs
Sincey T t1 Vi_ 0 and

dy

dt
f y� 0 S S0 T t V D0 T t Vi_ 0 U

y T t Vi_ 0 for all t c t1. Then,the ^ -periodicityof y T t V impliesthaty T t Vi_ 0 for all
t c 0; i.e.,V o0 T t Vi_]¶x1 T t V � ¶x2 T t V for all t c 0. By astandardmonotonedynamical
systemsapproach(see,e.g.,[13,Chapter7], [12] andHess[6, IV.33]),conditions(1)
and(2) with 1 h i U j h 2 U i �S j imply thatsystemT¢�E3 V is compressivein thesense
that therearetwo positive ^ -periodicsolutions T x1 T t VKU x2 T t VIV and T x1 T t VKU x2 T t VIV to
T¢�E3 V with 0 r x1 T t V~h x1 T t V and0 r x2 T t V~h x2 T t VKU t W [0 UQ^ ], suchthat each
solution T x1 T t V0U x2 T t VIV of T��E3 V with x1 T 0Vi_ 0 andx2 T 0Vi_ 0 satisfies

lim
t dEe d T x1 T t VKU [x1 T t VKU x1 T t V ] V S 0 and lim

t dEe d T x2 T t VKU [x2 T t VKU x2 T t V ] V S 0 s
By ourpreviousclaim,V o0 T t Vi_ x1 T t V � x2 T t V andV o0 T t Vi_ x1 T t V � x2 T t V , andhence
both T x1 T t VKU x2 T t VIV and T x1 T t VKU x2 T t VIV arealsopositive, periodicsolutionsof T E3 V .
Therefore,by theuniquenessassumption(A1), T x1 T t V0U x2 T t V!V S T x1 T t VKU x2 T t VIV , t W
[0 UQ^ ], andhenceT E3 V admitsa uniquepositive, ^ -periodicsolution T0{x3

1 T t VKU¦{x3
2 T t VIV

with V o0 T t Vz_¹{x3
1 T t V � {x3

2 T t VKU t W [0 UQ^ ]. Furthermore,T0{x3
1 T t VKU¦{x3

2 T t V!V is globally
attractive for T��E3 V in i nt T R2X V . By asimilarargument,it followsthat T E1 V and T E2 V
admit uniquepositive, ^ -periodicsolutions T0{x1

2 T t VKU¦{x1
3 T t VIV and T0{x2

1 T t VKU¦{x2
3 T t V!V with

V o0 T t Vi_]{x1
2 T t V � {x1

3 T t V andV o0 T t Vi_]{x2
1 T t V � {x2

3 T t VKU t W [0 UQ^ ], respectively.
For the3-speciesperiodiccompetitionsystem

dxi

dt S xi T��Pi T t U V o0 T t V'g
3

j � 1

xj V'g D0 T t V!VKU 1 h i h 3 U (4.4)

let a 0 T t U x V betheuniquesolutionof (4.4)with a 0 T 0 U x V S x W R3X . By a standard
comparisontheoremargument,it theneasilyfollowsthat a 0 T t U x V existsgloballyon
[0 UQYZV andsolutionsof (4.4)areuniformly andultimatelybounded.Let X S R3X ,
andlet Q S a 0 T�^}U+| V bethePoincaŕemapassociatedwith (4.4). Then,Q : X [ X
is compactand point dissipative. Let X0 S m0T x1 U x2 U x3 V�W R3X U xi _ 0 for all
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1 h i h 3n and  X0 S mKT x1 U x2 U x3 V�W R3X U xi S 0 for some1 h i h 3nKs Then,
X S X0 ®  X0. Let M1 S T 0 U 0 U 0V , M2 S T x o1 T 0V0U 0 U 0V , M3 S T 0 U x o2 T 0VKU 0V ,
M4 S T 0 U 0 U x o3 T 0VIVKU M5 S T 0 U¦{x1

2 T 0VKU¦{x1
3 T 0V!V0U M6 S TK{x2

1 T 0VKU 0 U¦{x2
3 V and M7 ST0{x3

1 T 0V0U¦{x3
2 U 0V . Then,all Mi T 1 h i h 7V arefixedpointsof Q. For any x W X, let

^�T x V bethe ^ -limit setof x with respectto thediscretesemiflow m Qn n en� 0. Then,
byourpreviousanalysis, ®

x º0» X0

^�T x V S m M1 U M2 U+s0s0sKU M7 n , andnosubsetof theMi ’s

formsa cycle for Q f » X0 :  X0 [  X0. By conditions(1), (2) and(3), andLemma
1 in theAppendix,eachMi T 1 h i h 7V is isolatedfor Q in X0, andhenceisolated
in X, sinceMi is isolatedfor Q f » X0 in  X0, andQ : X0 [ X0. Therefore,® 7

i � 1Mi

is anisolatedandacyclic coveringof ®
x º0» X0

^�T x V in  X0. Again by Lemma1 in the

Appendix,for each1 h i h 7 U Ws T Mi V9� X0 S
�

. By [20,Theorem2.2], it follows
that Q : X [ X is uniformly persistentwith respectto T X0 UQ X0 V . Therefore,by
[20, Theorem2.3], Q hasa globalattractorA0 � X0 relative to stronglybounded
setsin X0, andhenceA0 is globallyasymptoticallystablefor Q in X0.

Let T ST t VKU x T t V!V S T ST t VKU x1 T t VKU x2 T t VKU x3 T t V!V beany givensolutionof (4.1)with
ST 0V~c 0 andxi T 0Vp_ 0 T 1 h i h 3V , andlet V T t V S ST t V � 3

i � 1 xi T t VKU t c 0.
Then,ST t Vi_ 0 U xi T t Vi_ 0 T 1 h i h 3V0U t _ 0 U andV T t V satisfies

dV T t V
dt S T S0 T t V'g V T t V!V D0 T t VKU (4.5)

andso T ST t VKU x T t V!V existsgloballyon[0 UQYZV . Therefore,limt dEe f V T t V¼g V o0 T t V f S 0,
andx T t V satisfiesthe3-dimensionalnonautonomoussystem

dxi

dt S xi T��Pi T t U V T t V'g
3

j � 1

xj V'g D0 T t V!VKU 1 h i h 3 U (4.6)

with

lim
t dEe T��Pi T t U V T t V'g

3

i � 1

xj V'g¹�P T t U V o0 T t V'g
3

i � 1

xj V!V S 0 T 1 h i h 3V (4.7)

uniformly for x S T x1 U x2 U x3 V in any boundedsubsetof R3X . By theboundedness
of V T t V , it easilyfollows thatsolutionsof (4.6)areuniformly boundedin R3X . Let
abT t U s U x VPT t c sV betheuniquesolutionof (4.6) with aPT s U s U x V S x W R3X S X.
By [21, Proposition3.2], abT t U s U x VKU t c sU x W R3X is asymptoticto the ^ -periodic
semiflow T T t V S a 0 T t U+| V : R3X [ R3X , andhenceTn T x V S abT n̂}U 0 U x V : X [
X U n c 0 is anasymptoticallyautonomousdiscretedynamicalprocesswith limiting
autonomousdiscretesemiflow Qn : X [ X U n c 0, where Q S T T"^xV is the
Poincaŕe mapassociatedwith (4.4) (see[21]). By conditions(1), (2) and(3) and
Lemma2 in Appendix,for each1 h i h 7 U Ws T Mi V�� X0 S

�
. Therefore,by [21,
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Theorem2.5], for any x W X0, the ^ -limit set ^�T x V of ½ X T x V S m Tn T x V : n c 0n
satisfieŝ�T x Vi� A0. Then,by [21, Theorem3.1], for any x W X0,

lim
t dEe d T"abT t U 0 U x VKU T T t V A0 V S 0 U

andso,sinceT T�^xV A0 S A0 andT T t V is an ^ -periodicsemiflow,

lim
t dEe d T�abT t U 0 U x V0U Ao0 V S 0 U

whereAo0 S ®
t º [0v j ]

T T t V A0 is acompactsubsetof X0. In particular, sincex T 0ViW X0,

lim
t dEe d T x T t VKU Ao0 V S lim

t dEe d T�abT t U 0 U x T 0V!V0U Ao0 V S 0 s
Therefore,thereexist �¾_ 0 and ��_ 0, which dependonly on Ao0, suchthat the
solution T ST t VKU x T t V!V of (4.1)with ST 0Vic 0 andxi T 0Vi_ 0 T 1 h i h 3V satisfies

0 r���h lim inf
t dEe xi T t Vih lim sup

t dEe xi T t Vih��xU 1 h i h 3 s

Fromthelastpartof theproof of Theorem3.1, it follows thatsystem(4.1)admits
apositiveperiodicsolution.Thiscompletestheproof.

Theorem 4.2. Let (A2) hold. Assumethat

(1) ´ i µ j0 T Pi T t U V o0 T t VIV'g D0 T t V!V dt _ 0 U 1 h i h 3 k
(2) ´ j i µ j0 T Pi T t U V o0 T t Vbg x oj T t V!VNg D0 T t V!V dt _ 0 U 1 h i U j h 3 U i �S

j U j �S 2, and ´ 21 µ j0 T P1 T t U V o0 T t V'g x o2 T t V!V'g D0 T t V!V dt _ 0,

(3) {´ i µ j0 T Pi T t U V o0 T t Vig 3
j � 1v j £� i {xi

j T t V!V¡g D0 T t V!V dt _ 0 U 2 h i h 3,
wherex oi T t V¢T 1 h i h 3V , TK{x2

1 T t V0U¦{x2
3 T t V!V and T0{x3

1 T t VKU¦{x3
2 T t V!V areasin Theorem

4 s 1.

Thentheconclusionof Theorem4 s 1 holds.

Proof. We use the samenotation as in the proof of Theorem4.1. By the a
priori estimateon the positive periodic solution of T¢�E1 V claimedin the proof of
Theorem4.1, (A2) implies that T �E1 V admitsno positive periodicsolution. Since
j0 T P2 T t U V o0 T t VAg x o3 T t V!VAg D0 T t V!V dt _ 0, by an argumentusing the theory of

monotonedynamicalsystems,as in the proof of [6, Theorem34.1], it follows
that T uo2 T t V0U 0V is globally attractive for T¢�E1 V in i nt T R2X V . Clearly, ®

x ºK» X0

^�T x V Sm M1 U M2 U M3 U M4 U M6 U M7 n . Then,asin theproof of Theorem4.1, ® 7
i � 1v i £� 5Mi is

anisolatedandacyclic coveringof ®
x º0» X0

^�T x V in  X0. Now anargumentsimilar to

thatgivenin Theorem4.1completestheproof.
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Theorem 4.3. Let (A3) hold. Assumethat

(1) ´ i µ j0 T Pi T t U V o0 T t VIV'g D0 T t V!V dt _ 0 U 1 h i h 3 k
(2) ´ 3i µ j0 T Pi T t U V o0 T t VPg x o3 T t V!VPg D0 T t V!V dt _ 0 U 1 h i h 2, ´ 21 µj0 T P1 T t U V o0 T t V¡g x o2 T t VIV¡g D0 T t VIV dt _ 0, and ´ 13 µ j0 T P3 T t U V o0 T t V¡g

x o1 T t V!V'g D0 T t V!V dt _ 0 k
(3) {´ 2 µ j0 T P2 T t U V o0 T t V4g 3

j � 1v j £� 2 {x2
j T t V!V4g D0 T t V!V dt _ 0, wherex oi T t V�T 1 h

i h 3V and TK{x2
1 T t V0U¦{x2

3 T t V!V areasin Theorem4 s 1.

Thentheconclusionof Theorem4 s 1 holds.

Proof. Againweusethesamenotationasin theproofof Theorem4.1.
As in theproof of Theorem4.2, (A3) implies that T uo2 T t VKU 0V and T u o1 T t V0U 0V are

globallyattractivefor T¢�E1 V and T��E3 V in i nt T R2X V , respectively. Clearly, ®
x ºK» X0

^�T x V Sm M1 U M2 U M3 U M4 U M6 n . Then,as in the proof of Theorem4.1, ® 6
i � 1v i £� 5Mi is an

isolatedandacyclic coveringof ®
x º0» X0

^�T x V in  X0. Now again,anargumentsimilar

to thatgivenin Theorem4.1completestheproof.

Remark 4.4. If, insteadof assumption(A1), welet M5 U M6 andM7, in theproofof
Theorem4.1,bethreepositive,globalattractorsof thePoincaŕemapsassociatedwith
the three,2-dimensionalcompetitionsystemsT¢�E1 V0U T¢�E2 V and T¢�E3 V , respectively,
then,by a similar argument,the conclusionof Theorem4.1 holdswith condition
(3) replacedby a revisedinvasibility condition.For example,let T x1 T t VKU x2 T t V!V and
T x1 T t VKU x2 T t VIV beasin theproof of Theorem4.1. Then,undercondition(3), with
i S 3 and T0{x3

1 T t VKU¦{x3
2 T t V!V replacedby T x1 T t VKU x2 T t VIV , onecanprove that M7 is an

isolatedinvariantsetof Q in X andWs T M7 V¦� X0 S
�
, by usingthecompressivity

of T¢�E3 V andargumentssimilar to thosegivenin Lemmas1 and2 in theAppendix.

4.1. An example of oscillatory competition-mediated coexistence. In this
sectionanexampleis givento illustratetheoscillatorycoexistenceof threespecies
predictedby Theorem4.2.

All of thesimulationsaredoneusingMATLAB. We assumedconvergenceoc-
curredwhenxi T t V andxi T t � ^'V agreedto at least10decimalplaces.

Example. Weusetheparametersfromthethree-speciesexamplegivenin Lenasand
Pavlou [9, Table1,case(a)andFigure3(a)]. Theoperatingparametersu0 S 0 s 4675
and S0 T t V µ 11 wereselectedso that the dynamicswould be given by region 27
of their bifurcationdiagram(see[9, Figure3(a) andTable3]). The dilution rate
was thereforegiven by D0 T t V S ´ 0

�
a cosT�^ t V , wherea S 0 s 3 and ^ S 0 s 2

and Monod-typefunctional responses(see[9, Table 1, case(a)]) Pi T t U ST t V!V S� i ST t VI¿ÀT"� i
�

ST t V!V , where � 1 S 1 UR� 1 S 1 UQ� 2 S 0 s 7 UQ� 2 S 0 s 3 UR� 3 S 0 s 64, and
� 3 S 0 s 2.

From the simulationsit appearsthat all of the hypothesesof Theorem4.2 are
satisfied. SeeFigure1, wherewe plot the time seriesof the uniquetwo-species
positive periodicsolutionin the x1-x2 facein Figure1(a), theuniquetwo-species
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Figure 1. An exampleof competition-mediatedoscillatorycoexistenceof
threespeciesfollows, illustrating Theorem4.2. Figure1(a) depictsthe time
seriesof thegloballyattractinĝ -periodicsolutionin thex1-x2 face.Thesolid
curve is x1 T t V andthedashedcurve is x2 T t V . Figure1(b)depictsthetimeseries
of thegloballyattractinĝ -periodicsolutionin thex1-x3 face.Thesolidcurve
is x1 T t V andthe dashedcurve is x3 T t V . Figure1(c) depictsthe time seriesof
thepositive ^ -periodicsolution.Figure1(d)givestheprojectioninto x1-x2-x3

phase-space,of the two- andthree-specieŝ -periodicorbitsshown in Figure
1(a)–(c).

positiveperiodicsolutionin thex1-x3 facein Figure1(b). Accordingto [9, Table3]
(andour simulationsconfirmthis), for theparametersselected,thereis no positive
periodic solution in the x2-x3 face. Insteadall orbits in this faceapproachthe
single-specieŝ -periodicsolutionwherex2 T t Vi_ 0 but x3 T t V µ 0.

Weevaluatedtheintegralsgivenin Theorem4.2numericallyusingthetrapezoidal
rule as in the previous exampleand found ´ 1 S 14s 1111UR´ 2 S 6 s 7205UR´ 3 S5 s 0603UQ´ 12 S 0 s 6780UQ´ 13 S 1 s 87861U�´ 21 S 0 s 7909U�´ 31 S 0 s 2990UQ´ 32 S0 s 8122, {´ 2 S 0 s 0012U and {´ 3 S 0 s 0009s Note that all of thesequantitiesare
positiveandthatit is notnecessaryto evaluaté 23 in this case.

In Figure1(c), thetime seriesof thethree-speciespositive ^ -periodicsolution,
predictedto exist by Theorem4.2,is shown.

Thisexamplealsoillustratescompetition-mediatedcoexistencein thefollowing
sense.If speciesoneis absent,andspeciestwo andthreecompete,thenspecies
two drivesspeciesthreeto extinction. However, this extinction of speciesthreeis
avoidedsimplyby introducingcompetitorone.Oncecompetitoroneis introduced,
all threespeciespersistin sustainedoscillation.

Appendix. In this appendix,we give two resultsthat are very useful in the
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applicationof theabstractuniformpersistence(orrepellor)theoremsfor theperiodic
andasymptoticallyperiodicsemiflows to then-dimensionalKolmogorov periodic
andasymptoticallyperiodicbiologicalsystems.

Considerfirst then-dimensionalKolmogorov periodicsystem

dui

dt S ui F0i T t U u V T 1 h i h nV (A1)

whereu S T u1 U+s0s0s0U un V}W RnX . We assumethat F0 S T F01 U7s0s0s0U F0n V T : RnX 1X [
RnX is continuousand ^ -periodicwith respectto t T"^]_ 0V , andthat the solution
a 0 T t U uV of (A1) with a 0 T 0 U uV S u existsuniquelyon [0 UQYZV . Let S S a 0 T"^�U+| V :
RnX�[ RnX . Then,Sn T uV S a 0 T n̂}U uV for any u W RnX .

Lemma 1. If for some1 h i h n,

uo T t V S T uo1 T t VKU+s0s0s0U uoi � 1 T t VKU 0 U uoi X 1 T t VKU+sKs0s0U u on T t VIV
is an ^ -periodic solutionof (A1) with uoj T 0V c 0 T 1 h j h n U j �S i V and uo9T t V
satisfies j0 F0i T t U uo T t V!V dt _ 0. Then,thereexists Á~_ 0 such that

lim
ndEe d T Sn T uVKU uo T 0VIVic�Á�U for all u W int T RnX VKs

Proof. It sufficestoprovethatthereexists Áp_ 0suchthatfor any u W B T uo9T 0V0URÁ<V<�
i nt T RnX V , where B T uo+T 0V0URÁ<V S m u W Rn : f u g uo9T 0V f rÂÁ<n , thereexists N S
N T uV�c 1 suchthat SN T uV ¿W B T u o T 0VKUQÁ<V . Let ¨ bea fixedpositive numbersuch
that0 r ¨ r 1

j j0 F0i T t U u o T t VIV dt . By theuniform continuityof F0i T t U uV on the
compactsubset[0 UQ^ ] � [0 U b]n � RnX 1, whereb S max0� t � j f uo9T t V f

�
1, there

exists Á 0 WZT 0 U 1V suchthat for any u and Ã�W [0 U b]n with f u g¾Ã f r¬Á 0, andall
t W [0 UR^ ],

f F0i T t U uV'g F0i T t U7ÃKV f r ¨ s
By the continuousdependenceof solutionson initial values,it then follows that
thereexists Á~_ 0 suchthatfor any u W B T uo+T 0VKUQÁ<V�� RnX ,

f a 0 T t U uV'g uo T t V f S f a 0 T t U uV'g�a 0 T t U uo T 0V!V f r�Á 0 U for all t W [0 UQ^ ] s
Proceedingby contradiction,assumethat thereexistsu0 W B T uo+T 0V0URÁ<V�� i nt T RnX V
suchthat for all n c 1, Sn T u0 V S a 0 T n̂}U u0 V W B T uo+T 0VKUQÁ<V . For any t c 0, let
t S n̂

�
t Ä , wheret Ä
W [0 UR^'V andn S [t ¿B^ ] is the greatestinteger lessthanor

equalto t ¿<^ . Then,

f a 0 T t U u0 V'g uo T t V f S f a 0 T t Ä URa 0 T n̂�U u0 V!V=g uo T t Ä V f r�Á 0 s
Therefore,

f F0i T t URa 0 T t U u0 V!V'g F0i T t U uo T t V!V f r ¨ U for all t c 0 s
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Let a 0 T t U u0 V S T"a 1 T t U u0 VKU+s0s0s0URa n T t U u0 VIV . Then,for all t c 0 U8a 0 T t U u0 ViW i nt T RnX V ,
andhencea i T t U u0 V satisfies

d a i

dt S a i F0i T t UQa 0 T t V!Vic�a i T F0i T t U uo T t V!V'g ¨ VKU t c 0 s
Therefore,by thecomparisontheorem,

a i T t U u0 Vic�a i T 0 U u0 V'| et t
0 u F0i u t v u �Åu t wÆw � §Çw ds U for all t c 0 s

In particular,

a i T n̂}U u0 Vic�a i T 0 U u0 V'| en tBy0 u F0i u t v u �Åu t wÆw � §Çw ds U for all n c 0 s
By thechoiceof ¨ , limndEe a i T n̂}U u0 V S

� Y , which contradictsour assumption
that Sn T u0 V S a 0 T n̂}U u0 V�W B T uo+T 0VKUQÁ<V for all n c 1. Therefore,for all u W
i nt T RnX VKU limndEe d T Sn T uVKU u o9T 0V!Vic�Á . Thiscompletestheproof. �

Then,considerthen-dimensionalnonautonomousKolmogorov system

dui

dt S ui Fi T t U uV T 1 h i h nVKU (A2)

whereu S T u1 U7s0s0s0U un V�W RnX . We assumethat F S T F1 U+s0s0sKU Fn V T : RnX 1X [
RnX is continuousandlocally Lipschitz in u. Let a 0 T t U s U uV and aPT t U sU uV be the
uniquesolutionsof (A1) and(A2) with a 0 T s U sU uV S u and aPT s U s U u V S u T s c
0V , respectively. Let Tn T uV S abT n̂}U 0 U uV0U T T t V u S a 0 T t U 0 U uV and ST uV ST T"^xV u U u W RnX .

Lemma 2. Assumethat limt dEe f F T u U t Vig F0 T t U u V f S 0 uniformly for u in any
boundedsubsetof RnX , andthat solutionsof (A1) and(A2) are uniformlybounded
in RnX . If for some1 h i h n,

uo T t V S T uo1 T t VKU+s0s0s0U uoi � 1 T t VKU 0 U uoi X 1 T t VKU+sKs0s0U u on T t VIV
is an ^ -periodic solutionof (A1) with uoj T 0V c 0 T 1 h j h n U j �S i V and uo9T t V
satisfies

j
0

F0i T t U uo T t VIV dt _ 0 U
thenWs T uo T 0VIV�� i nt T RnX V S

� U where Ws T uo T 0V!V S m u W RnX : limndEe Tn T uV Suo+T 0VIn .
Proof. By [21, Proposition3.2], aPT t U s U uVKU t c s c 0 U u W RnX , is asymptoticto
the ^ -periodicsemiflow T T t V : Rn [ Rn, andhenceTn T uV : RnXZ[ RnX U n c
0 is an asymptoticallyautonomousdiscretedynamicalprocesswith the limiting
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autonomousdiscretesemiflow Sn : RnX¸[ RnX U n c 0 ([21]). Assumethat,
for the sake of contradiction,thereexists a u0 W Ws T uo9T 0VIVx� i nt T RnX V . Then,
limndEe Tn T u0 V S uo9T 0V , andhence,by [21, Theorem3.1],

lim
t dEe T�aPT t U 0 U u0 V'g uo T t V!V S lim

t dEe T�aPT t U 0 U u0 V'g T T t V uo T 0V!V S 0 s
Sincelimt dAe f F T t U uVqg F0 T t U uV f S 0 uniformly for u in any boundedsubsetof
RnX , it easilyfollows that

lim
t dEe T F T t URaPT t U 0 U u0 V!V'g F0 T t U uo T t V!VIV S 0 s

In particular,
lim

t dEe T Fi T t URaPT t U 0 U u0 V!V'g F0i T t U uo T t V!V!V S 0 s
Let ¨ be a fixed positive numbersuchthat 0 r ¨ r 1

j j0 F0i T t U uo9T t V!V dt . Then,
thereexists N S N T ¨ Vi_ 0 suchthatfor all t c N ^ ,

Fi T t UQabT t U 0 U u0 VIVic F0i T t U uo T t V!V'g ¨ s
Let abT t U 0 U u0 V S T"a 1 T t V0U7s0s0s0URa n T t V!V S abT t V . Then, aPT t V}W i nt T RnX V for all t c 0.
Therefore,a i T t V satisfies

d a i T t V
dt S a i T t V Fi T t UQabT t VIVic�a i T t VKT F0i T t U uo T t V!V=g ¨ VKU t c N ^}s

By thecomparisontheorem,

a i T t Vic�a i T N ^xV et t
N y u F0i u sv u �Åu swÈw � §©w ds U t c N ^�s

In particular, for all n c N,

a i T n̂xVic�a i T N ^'V eu n� N w t9y0 u F0i u sv u �Åu swÆw � §Çw ds s
Then,by thechoiceof ¨ , lim

ndEe a i T n̂xV S
� Y , whichcontradictslim

t dEe T�abT t U 0 U u0 V�g
uo T t V!V S 0. Thiscompletestheproof.
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