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Problem Solver's Toolbox
Polya's 4 stages when you are stuck:
• Understand the problem
• Make a plan
• Carry out the plan
• Look back
(with possible returns to previous stages)

L.C. Larson's Heuristic Tips
1. Search for a Pattern
2. Draw a Figure
3. Formulate an Equivalent Problem
4. Modify the Problem
5. Choose Effective Notation
6. Exploit Symmetry
7. Divide into Cases
8. Work Backwards
9. Argue by Contradiction
10. Pursue Parity
11. Consider Extreme Cases
12. Generalize

Three basic tricks in mathematics:
• Adding zero: we will see many examples of that. Zero is often disguised as
 EE
• Multiplication by 1: 1 is often disguised as EE Þ
 Of course,  may look like a complicated expression.E
• Reduction to a previously solved problem: this will accompany us through the
 course.
• Carl Jacobi's imperative: Invert, always invert!
(OK, that's four tricks.)

Induction
"Short memory" induction: A statement  will be proved for all integers  ifT 8 8   !a b
(1) it is proved for 8 œ !
(2) for every ,   is proved to imply 8   " T 8  " T 8a b a b
"Long memory" induction: A statement   will be proved for all integers  ifT 8 8   !a b
(1) it is proved for 8 œ !
(2) assuming that  is true for every  , we can prove T 7 7  8 T 8 Þa b a b
(Remark: Formally, here part (1) can be skipped. Find out why.)

Of course, induction can be modified to start from or any starting value (with the8 œ "ß
conclusion properly modified).
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Pigeonhole principle
If there are  containers,  objects, if   and every object is in a container then at8 7 7  8
least one container contains more than one object.

Binomial Formula:

a b !Œ "  B œ B
8

!

8œ!

_
8!

If 0  is an integer, the series has only a finite number of non-zero terms.!  
Otherwise, we require   and the series is infinite and convergent.k kB  "
(It may also converge at the endpoints 1 - decide for which  !)„ !

Binomial coefficients   , in particular  Œ  Œ ! !
8 !

œ œ "! ! !a b a b" á 8"
8x

Pascal Identity for binomial coefficients:

Œ  Œ  Œ ! ! !
8 8  " 8  "

 œ
 "

Factorial expression of  binomial coefficients with  integer:! Ÿ 8 Ÿ 7

Œ 7
8

œ 7x
8x 78 xa b

Exercise: What is a simplified form of the series ?a b"  B "Î#

Pascal's Triangle:
1

1   1
1   2   1

1   3   3   1
1   4   6   4   1

1   5  10   10  5   1
á

the pattern coming from Pascal's Identity (missing numbers are taken as 0)

Œ  Œ 7 7
8 8  "

 

Œ 7 "
8  "



Math Problem Solver's Toolbox, page 3 of 3

Bernoulli Inequality:
Suppose   is integer, and  Then8   # B Á !ß B   "Þa b"  B  "  8B8

(No calculus needed, just induction.)

Exercise. Let  be a real number, then for show that! B   "ß

" B >
"B

#
!

"

"B>
!a b a b! !œ "   " B .>! !a b '

"

Now you can extend Bernoulli Inequality to non-integer real !
(distinguishing the cases ! ! ! ! ! !ß œ !ß !   "ß œ "ß  "ÑÞ
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

AGM Inequality (arithmetic-geometric mean inequality):
Suppose   are positive numbers, not all equal. Then+ ß á ß +" 8

+ á+
8 " 8

" 8 8 + á+È
or in sum-product notation,

"
8
4œ" 4œ"

8 8

4 4! #Ë+  +8

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Cauchy-Schwarz Inequality
(Abstract form) In an inner product space, if vectors  and  are linearly independentB C
then k k l ll lØBß CÙ  B C
Standard finite-dimensional case:
Suppose are real scalars, for   , thenB ß C 4 œ "ßá ß 84 4

» »! ! !Ë Ë
4œ" 4œ" 4œ"

8 8 8

4 4 4 4
# #B C Ÿ B C

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _


