Drs.
1
2.
3.
2] 1
2]
[4] 2

Math 1A A3 Test #2

Hurd, Conlon and Baker March 6, 2012

. Only the Casio FX-991 calculator is permitted. Please answer all questions in the booklet

provided.
This test has 7 questions and 2 pages. The total number of marks is 40.

You may use the following facts without proof (except in question 1):

0 ifjrl<1 0 ifk>0
. 1 ifr=1 . 1 .
lim r™ = . lim — = 1 ifk=0
n—00 o0 ifr>1 n—>oonk itk <0
DIV ifr < —1 oo 1

(a) Give the definition of “the sequence {a,}>°; of real numbers converges to the real
number a”.

(b) Prove that lim, .« 57 = 0 according to this definition.

Solution. (a) {a,} converges to a if for every e > 0 there exists N such that whenever
n>N, |a, —a| <e.
(b) Given € > 0, take N > —logy(e). Then for anyn > N, |3z —0] = 27" < 27V <

Pomac — ¢ So b — 0.

. In each of the following examples, show whether or not the sequence converges to a real

number, and find the limit when the sequence converges. Name any test or rule that you
use.

(a)

(b)



Solution. (a)
0 < (-1 +1 < 2
n

Since lim,,_,oo 0 = 0 and lim,,_, % = 2lim,,_, % =2-0=0, the Sandwich Theorem
tells us a1

lim u =

n—oo n

(b) Since —1 <sin(n) < 1:

\/ﬁ+7< Vn+T7 < Vn+T7
14+ 3y/n ~ sin(n) +3y/n — —1+3yn

As:
limM:lim1+‘/LE:1+7.0:1
n—oco 1 4 3y/n n—»oo\/iﬁ—l—?) 1-0+3 3
and: -
fm YT oy APV 1470 L
n—oo —1 + 3y/n nHOO—\/Lﬁ—l—3 —-1-0+3 3

the sandwich theorem tells us

Vn+T7 1

lim ————— =
o sin(n) +3v/n |3
[Alternative Solution: Using Limit Laws,

vn+7 o 147/yn 140
sin(n) +3yn  sin(n)/y/n+3  0+3

since lim,, o sin(n)/\/n = 0 by the Squeeze Theorem and lim,, .o, 1/y/n =0.]

. For each of the following statements, say whether it is true or false. For those statements
6 3. F h of the following stat t y whether it is t false. For th tat t
that are false, give a reason or a counterexample.

Solution. (a) If a, >0 for alln € N, and a,, — a, then a > 0.
(b) The series Y >~ a, converges if its sequence of partial sums (s,) is bounded.

(c) > op_,ar” = a? provided that |r| < 1.

T 1-r

(a) | FALSE|. Counterexample: 1/n >0 for all n but 1/n — 0.
(b) | FALSE | Counterezample: > (—1)" diverges.
(¢) |[TRUE|



3] 4. (a) Determine whether > >°_ In ( +1) converges or diverges, by use of an appropriate
test. In the case the series converges, find its sum.

3] (b) Use the Integral test to determine the values of p for which the following series is

convergent.
o0
>
n(lnn)pP
n=2

Solution. (a) This is a telescoping series.

sn:nZl (n—i—l) Zln —1In(n+1)

= ln:(l) —In(2) + ln(2n)_— In(3) +In(3) —In(4) + --- + In(n) — In(n + 1)
=In(l) —In(n+1)=—In(n+1)

Asn — oo, In(n+ 1) — oo, so the series .

() N
< dx ©du  utP
/e z(In())? :/1 w 1-p|

converges if and only if p > 1.
By the Integral Test, the series converges if and only if .

6] 5. Solve the following initial value problems on the indicated intervals.

(a) 22 =y, y(1) =2.  Give an answer valid for all x.

(b) x% =z+y, y(1) =2.  Give an answer valid for x > 0.

Solution. (a)

In(y) = In(z) + C
y =@ = Ax where A = e©

Using y(1) = 2, we see 2 = A(1), so A =2. The solution is .

" d d 1
Y Y
—r4y — 2 __ 1.
Tae — Y dr 27



The integrating factor is e ~4/* = ¢=n() = 1/x.

1, 1

1
(/o) =+
y/xz/izln(m)jt(?

y=uxzln(z)+ Cx

Since y(1) =2,2=1In(1) + C -1 = C, so the solution is |y = xIn(x) 4+ 2z|.

6. An RC-circuit (resistor-capacitor circuit) consists of a power source of voltage E, a capac-
itor of (constant) capacitance C', and a resistor of (constant) resistance R configured as in
the diagram. The capacitor starts out with charge ¢ = 0 at time ¢ = 0, when the switch
is closed. The circuit then obeys the differential equation:

w_

q dq R
E - —= R_ —e—
c E———_* C *q
a T4
o
5] (a) Determine the charge ¢ on the capacitor as a function of time if £ is a positive
constant. (Your answer should give ¢ in terms of F, R, C,t.)
2] (b) What happens to the charge as time approaches co? (Again, assume E is positive
constant.)

Solution. (a) Solution 1: As Separable Equation

q dq
F=—=+R—
o
dq
EC — q= RC—
C—q Rcdt
RCdq
= [ —adt
/q—EC’

RCIn(q— EC) = —t+k k=const of integration
In(q — EC) = —t/(RC) + ko (where ky = k/(RC))
qg— EC = ¢ Y EO+k2 — pe=t/(RO)  yyhere A = k2
g = EC — Ae V(RO

4



Att=0,0=q=EC — A" = EC — A, so A= EC. Thus|q= EC(1 — e /()|

Solution 2: As Linear Equation

q ., pdq
E=—=-+R—
c
d E ¢
d—;] + R;qC - integrating factor = el 76 = ¢t/ (RO)
dq q E
t/(RC) t/(RC)_1_ _ = t/(RC)
@Y RCTR
E
t/(RC) ) — ot/ (RC)
(e"q) = ge

et/ (B g = /Eet/(Rc)dt/R = ECeBC) 4k k=const of integration

g = EC + ke /(RO)

Whent = 0,0 = q = EC+ke® = EC+Fk, sok = —EC. Thus|q= EC(1 — e /(B |,

(b) Ast — oo, e //C) — e=>° = (. So .

7. Consider the sequence {s,}>°, where s, =1 — ﬁ, n=12....

2] (a) Find the series >~ | a, that has {s,} as its sequence of partial sums.
2] (b) Determine if the series ) a, converges, and if it does, compute its sum.
3] (¢c) What is the minimum number n of terms needed so that the remainder R,, = s — s,

is less than 1047

Solution. (a) a, = s, — s$,-1 = (1 — m) —-1-%)=%- (ni1)2 = (n?;lill))% so the
series whose partial sum 18 s, 1S ZZOZI (n(ngll))Q.

(b) s, — 1 as n — oo, therefore the series and its sum is [ 1].
(c) R, = s — 8, = m < 107 if (n 4+ 1)* > 10, i.e., if n > 99, so the minimum

number of terms is | n =100,

END OF TEST



