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ABSTRACT. We prove a priori bounds for solutions of a class of quasilinear equations of

the form
div A (z,w) Vw = § (z,w) - Vw + f (z,w),
where z = (z1,...,2,), and where f, § = (") and A = (aij), <, j<, are smooth.

1<i<n
The square symmetric matrix A is permitted to vanish to infinite order as a quadratic
form. We show that if w is a continuous weak solution of the Dirichlet problem in a
domain  with smooth data, then w € C* (Q).

1. INTRODUCTION

It is well-known that if A is elliptic, and A and b are smooth functions of their argu-
ments, then quasilinear operators in the divergence form

Lw = div A (z,w, Vw) + b (z,w, Vw)

are hypoelliptic: any weak solution w to Lw = 0 is smooth (see [3]). When L is subelliptic
- i.e. ellipticity fails only to finite order - then hypoellipticity still holds if £ is linear (see
e.g. Treves [9]). When L is linear but fails to be subelliptic, the situation is more delicate.
For example, in [2], Fedii showed that the two dimensional operator

(1.1) 02+ k()0

is hypoelliptic if k is smooth and positive for all  # 0. In this case k is allowed to vanish
at any rate at * = 0. However, 92 + k () 85 + 9?2 is hypoelliptic in R3 only for certain
orders of vanishing (see [4]). A quasilinear version of operators of the form (1.1) arises
when one considers two dimensional Monge-Ampere equations

(1.2) UgsUtt — ugt =k (s, t,u,us,u) , (s,t) € QcC R?,

together with the classical partial Legendre transformation (z,y) = T (s,t) given by

(1.3) {””” -0

y = U

Indeed, assuming that T is invertible, (1.2) and (1.3) lead to the two dimensional quasi-
linear equation

(1.4) 92w+ 0y {k(z,w(z,y),7(z,9),v(z,y),y) Qw} =0, (r,9)€Q=T <S~)) ,

verified in the weak sense by w (z,y) = t, where r (x,y) = u(s,t) and v (z,y) = us (s,t).
In [8], two of the authors extended Fedii’s two dimensional regularity result for linear
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equations to certain solutions w obtained through the transformation (1.3) from a solution
of (1.2). The coefficient k considered in [8] is assumed to satisfy

(1.5) b (s,t,2,0,9)| < Ch(s,t,2,p.0),  (s,t,2,p,q) € Q x R?,

that is, k is required to become more independent of the second variable as it degenerates.
Notice that the coefficient k£ in (1.1) is independent of the second variable, and then (1.5) is
automatically true. The result in [8] establishes that degenerate two dimensional Monge-
Ampere equations (1.2) with smooth right-hand side k satisfying (1.5) are hypoelliptic.
This was the first known hypoellipticity result for infinitely degenerate Monge-Ampere
equations. More general equations than (1.4) are also treated in [8], including the equation
for prescribed Gaussian curvature.
In this work we consider an n-dimensional quasilinear operator of the form

(1.6) Lw (z) =divA (z,w(z)) Vw(z), x€€Q,

where V denotes the gradient operator with respect to the x variable, the matrix A is
symmetric and satisfies

(1.7) D K (2,2)8 <EA(3,2)E <A K (2,2)¢f, forall{ R,

i=1 1=1
for some A > 1, the functions k’ (z, 2) are smooth and nonnegative in a domain I' C R” xR,
and € is the projection of I onto R™. We denote by k the vector (k:l, e k")

Remark 1.1. We assume that k has continuous second order derivatives in T and satisfies
the following:

o There exists C > 1 such that for (x,z) € T,

(1.8) 0<k(z,2)<C, i=1,...,n.
e There exists ¢ > 0 such that for each (x,z) € T,

1. : > :

(1.9) 1r§nlag>%k(x,z)_c>0

o For everyx € Q and € > 0, there exist 0 < Ry,..., R, < & such that if R denotes the
box centered at x defined by

R =[z1 — Ri,z1 4+ R1] X -+ X [, — Ry, xp + Ry,
then
(1.10) k' (y,2) > 0 whenever y € Ty = OR\{y : lyi — xs] = R;}, (y,2) €T,

i.e., k' (y, 2) is positive if (y,z) € T and y lies on any face of the boxr R whose normal
vector is perpendicular to the y;-axis.

Note that if k satisfies (1.8), k' = 1 and k' (z, 2) is positive for x € Q away from the
T;-axis, i.e.,

(1.11) E'(z,2) >0 if )= (z1,..0i 1, Tit1,..20) #0, (z,2) €T,

for 2 <1i <m, then (1.9) and (1.10) are trivially verified.
In practice, since our theorems are local, we assume without loss of generality that

(1.12) E'(z,2) =1, for all (z,z) €T,
which clearly implies (1.9).
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Definition 1.2. Given smooth real functions g = (gl, g%, ... ,g") and f, defined on Q xR,
we say that w (x) is a weak solution of

(1.13) Lw =divA (z,w)Vw =g (z,w) - Vw+ f(z,w), x€Q

m Q if Vw € LlOC(Q) and w belongs to the weighted Sobolev space

HL. (2,A) = {w : /gp (Vw)' A (z,w) Vw dx < co, for all o >0 € C® (Q)},
and if for any ¢ € C°(Q), we have
/(Vgp)tA(x,w)dex = —/[gog’(x,w)~Vw+apf(x,w)] dx.

Definition 1.3. Note that for w € H}_(Q,A) we have (Vw)' A (z,w)Vw € LL_(Q),
and since A is a nonnegative matrix, the vector function

(1.14) Viw = /A (z,w)Vw

is well-defined and Viyw € L% _(Q). We call Viyw the k-gradient of w in Q. Sometimes
we will need to apply the derivation (1.14) to functions other than w; in such a case we
denote

(1.15) Viwe = VA (z,w)Ve.

The subindex k in the definition of Vjw refers to the relation (1.7) between A and the
vector k. This is an abuse of notation since the correspondence between A and k is not
unique (k' is a smooth vector equivalent in size to the eigenvalues of A), but we adopt the
notation for convenience.

Our main result, Theorem 1.8 below, states that under certain hypotheses on the co-
efficients A, every continuous weak solution w of (1.13) is infinitely differentiable, and
all of its derivatives are locally controlled by |w]||.,. The conditions imposed on the co-
efficients allow them to vanish to infinite order, so the quasilinear operator £ is not in
general uniformly elliptic or even subelliptic. This is the first known hypoellipticity result
for infinitely degenerate quasilinear equations in n dimensions.

In our first theorem we establish a priori local control of all the derivatives of a smooth
solution w of (1.13) in 2, the control being in terms of both w and Vw. This theorem, and
its main application in this work, Theorem 1.8, include the results in [8] used to obtain
regularity for Monge-Ampere equation in two dimensions.

Before stating our a priori estimate, it will be convenient to recall the classical inequality

(1.16) |V zk (x,2)| < ByVk(x,2), (x,2) €L,

for a compact subset L of I', and its more general form,
(1.17) Nk (z,2)| < C {H k” + (dist ((z, 2) ,811))7%} k(z,z), (z,2)el,

if k is merely nonnegative with bounded second derivatives on a domain I" (see e.g. the
appendix in [8]). Inequality (1.16) is crucial in our calculations, and although it has an ana-
logue for diagonal matrices, it does not extend to general matrix functions. Consequently,
we ask our coefficient matrix A to satisfy

(1.18) |0, A (z,2) €)* + |0, A (z,2) €| < B*¢'A¢, forall ¢ e R”, (z,2) € L.
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Note that condition (1.18) is equivalent to (9, A (z,2))? + (9.A (z,2))* < B2A in the
sense of bilinear forms, i.e. for all £ € R™,

€ (0. (2.2))” + (0-A (2,2))°| € = |00A (2, 2) € + 10.A (3, 2) €[> < B¢ AL,
Assuming that (1.18) holds,it follows from (1.14) in Definition 1.3 that
(1.19) o (82 A (2,0)) Vol[z2 + ¢ (9:A (x,0)) Vollz2 < B? [[¢Viv| 7

for any v € HL_ (2, A) (see Definition 1.2) and any smooth cutoff function ¢ supported in
Q). For convenience, we assume B > 1 henceforth. For the nonhomogeneous term arising
from g, we assume that

(1.20) G (z,2) - & < B*¢'AL.

Condition (1.20) says that B~'g defines a subunit vector field with respect to A in the
sense that

(1.21) 1B Vo|* < (Vo) AV = |V

We will also need some further terminology. Let P.(I') denote the collection of all
compact subsets of I We will say that a real-valued function f defined on P.(I') is
increasing if f(L1) < f(L2) whenever L, Ly € P.(I') with L1 C La. We denote by
an open bounded connected subset of R”, and we assume that the graph of the solutions
considered is contained in an open bounded connected domain I' € R™*! such that

Qx {0} cI'cQxR,

that is, a solution w satisfies (z,w (z)) € T for all z € Q.

Theorem 1.4. Suppose that E(x,z) is C? in a domain I' as above, A, f(x,2), §(z,2)
are O in T', where A satisfies (1.18), E(ZL',Z) satisfies Hypothesis 1.1, and § satisfies
(1.20). Let ¢, » be smooth cutoff functions supported in Q, with » = 1 on the support
of ¢. Then, for every multi-index «, there is a real-valued function Cq (o, L), defined for
(0,L) € [0,00) X P.(I") and increasing in each variable separately, so that for all smooth
solutions w of (1.18) in Q with (x,w (x)) € L for all x in the support of C,

(1.22) [CD%w]|o, < Ca ([|#Vwlly , L) -
The constant C,, (0, L) depends on T, (, », B and E, but is independent of g and f.

Note that the right-hand side of (1.22) includes an implicit bound on w through the
restriction that (z,w (z)) € L when ( (x) # 0.

Remark 1.5. The special case of Theorem 1.4 that is proved in [8] (n=2, §=0, f =0,
A diagonal and k (x1,x2,2) = (1,k (x1,22,2)) independent of x2) requires, for its main
application to Monge-Ampere equations, an explicit control of the constants C, in terms
of the coefficients k (x,z). More precisely, it is necessary to obtain uniform estimates for
solutions of a family of operators of the form
Lo=0;+0y(k(zw(zy)+7)dy, 0<y<L.

The same explicit control is available in our case. Indeed, C, depends on the ratio M;/d;,
where

5i:min{ki($,z),x€Ti, (z,z) EF},

M; = vakiHLm(r)v
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with T; as in (1.10) for an appropriate fived R; which depends on o and k. This fact is
embedded in the proof of Theorem 1.4, although we omit the routine but tedious details of
its proof for the sake of clarity.

Corollary 1.6. Let D be the divergence form operator

n
Dw = Fw + Z dia’ (z,w) dhw,
i=2
where a' are smooth and nonnegative in T'. Suppose that f (z,2), §(x,z) are C*® in T as
above, and there is a positive constant B such that %g’ 18 subunit with respect to d, i.e.

G(x,2) €7 < B*Y d (2,2) €]
=1

Let C, s be smooth cutoff functions supported in 2, with s =1 on the support of (. Then,
for every multi-index o, there is a real-valued function Co (o, L), defined for (o,L) €
[0,00) x P. (') and increasing in each variable separately, so that for all smooth solutions
w of

Dwzﬁ(x,w)Vw+f(x,w),
in Q with (z,w (x)) € L for all x in the support of ¢,
[¢D%w]|o, < Ca (VW] , L) -

The constant C,, (0, L) depends on T, (, », B and E, but is independent of g and f.

Our main application of these a priori estimates is the following hypoellipticity result
for (infinitely degenerate) quasilinear equations of the form (1.13). Because of the local
character of the theorem, we replace condition (1.9) by (1.12) i.e., we assume that k' ~ 1.
As in the special two dimensional case contained in [8], we assume extra conditions on the
coefficients, namely, we require that the nonlinear and the infinitely degenerate characters
do not occur simultaneously in the following sense.

Remark 1.7. In the next theorem, we assume in addition that A and § satisfy

(1.23) |0-A (,2)€)* < OB (k" (2,2))* Y K (2,2) &,
=1
with k* (x,z) = min—; __» {l{:Z (z, z)},
(1.24) 10: (0A (2,2)) €1 + |0?A (x,2) €| < OB Y K (x,2) €2,
i=1
(1.25) ‘('Lgi (, z)‘2 < B%* (z,2) k' (2, 2), i1=1,...,n,
and
(1.26) |0 (9" (:L",z))}2+ ’afgi (x,z)‘z < B%' (2, 2), i=1,...,n,
where 0 denotes a generic first order partial derivative Oy, , . .. Oy, .

The extra vanishing condition (1.23) on A is a stronger form of the part of (1.18) in-
volving A,. While in the scalar case inequality (1.18) always holds for any C? nonnegative
k (z,z), and it takes the form (1.16), the more restrictive version (1.23) takes the form

(1.27) 0.k (z,2)| < B (k(x,2))2,

(see also (1.5)) in the scalar case and it does not hold in general for nonnegative k (z, z).
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-

Theorem 1.8. Suppose that A, f(x,z), §(x,z2), k(z,2), I are as in Theorem 1.4, and
they also satisfy Hypothesis 1.7. Then, if w is a weak solution of (1.18) in Q, which is
continuous in Q, then w € C*> () and for every multi-index «,

(1.28) [¢D"wll. < Ca (L)

Note that in the case n = 2, A diagonal, (i.e. A (z,z) = diag(1,a(z1,22,2))), f =0and
g = 0, Hypothesis 1.7 reduces to a (x, z) satisfying (1.27) and a (z1, -, 2) A0 in the variable
x9, as T2 ranges through any open interval containing the origin. Indeed, by (1.7) we can
take k2 (z,z) = a(x, z), and since in this case k* = k2, and if A satisfies. Hypotheses 1.1
and 1.7, then from (1.23) we have that a (z, z) satisfies (1.27). Moreover, from (1.10) we
have that for every € > 0, there exists 0 < Rj, R2 < € such that a(z1, Ra,z) > 0 for all
—Ry <x1 < Ry.

As an example, we consider diagonal matrices of the form A = diag (17 k2, ..., k”) ie.
10 - 0
0 k?(z,2) --- 0
A(x,z)=1| . . . )
00 s kM (2, 2)

where &’ are smooth nonnegative functions satisfying Hypothesis 1.1, and such that for
some integer N > 1,

(129)  CU K (@, 2)]" <K (2,2) <C W (2,2)| ", 1<ij<n, (x,2)€T,
and fori=1,...,n,

1
K|<B ()2, i=1,....m,

with N as in (1.29). The A satisfies the hypotheses of Theorem 1.8. In particular,
if k(x,z) is nonnegative and it satisfies |k,| < Bk%, then A = diag(1,k,...,k) is an
admissible matrix for Theorem 1.8.

As a striking consequence of Theorem 1.8 in R?, if k (x,y, ) is smooth, nonnegative,
satisfies

3
(1.30) 0:k| < B (k)2

and k (-,-,0) does not identically vanish on any horizontal line segment in 2, then any
continuous weak solution w to

(1.31) Lw = 8_,%11) + oyk (z,y,w (z,y)) Oyw, (z,y) € Q,

is smooth in Q. Indeed, since in this case k' = 1 and (1.24) is trivially satisfied with
N = 1. It only rests to check that k satisfies (1.10). Since k(-,-,0) does not vanish
on any horizontal segment, given ¢ > 0 and (z,y) € , there exist T < = < Z’ with
|r —Z| = | —Z%'| = R1 < &, such that k(Z,y,0) > 0 and k (z',y,0) > 0. From (1.30)
it follows that k (Z,y,z) > 0 and k (Z',y,2’) > 0 whenever (Z,y, 2), (Z',y,2') € T (see
Lemma 5.1 on the appendix), (1.10) follows then from the continuity of k& with respect to
the second variable.

In [8], a special case of Theorem 1.8 was obtained in two dimensions, and it was used to
treat Monge-Ampeére equations. The techniques used in this work closely follow those in
[8]. The new elements introduced here to establish the n-dimensional results of theorems
1.4 and 1.8 are contained in the proof of Lemma 2.12, and the a priori estimates for the
gradient, Lemma 5.3.
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1.1. Notation. Throughout this paper we will use C' to denote a constant that may
change from line to line, but that is independent of any significant quantities. In general
C may depend on the dimension n, k and the fixed cutoff functions defined below. We will
use calligraphic C to denote a function of one or more variables, increasing in each variable
separately, that may also change from line to line, but that remains independent of any
significant quantities apart from its variables. We will only denote the dependence of C
with respect to variables others than the dimension n, k and the cutoff functions selected.
Given two operators S and T' we denote by [S,T] the commutator operator

[S,T] = ST — TS.

We will abbreviate partial derivatives using subindexes, and superindexes will be re-

served to indicate components of vector fields. In this way, k= (k:l, e k:”), and if we
denote 0, = 0,11, we write
(1.32) k; = 0;k" (x,2), k;»l = 0,0;k" (z,2),

K = 0.k (z,2), k;z = 0,0;k" (z,2), ...ete.

Given two nonnegative cutoff functions ¢, £ € C§° (Q2), we say that £ supports ¢ and
denote £ = ( if

=1 on a neighborhood of support ({) .

Note in particular that if £ > ¢ then (£ = ¢ and [|(]|, & > (. Here and henceforth || f]|
denotes the supremum norm of f and |||, the LP-norm of fin the set €2,

vy = ([ 1£722)"

when 2 = R™ we omit mentioning the set. We also adopt the notation

1fllo = 1Ifllz=-

We will use nonnegative cutoff functions adapted to our operator as in [2], and defined as
follows:

Definition 1.9. Let R = [-R1, R1] X [~ Ra2, Ra] X ... X [-Ry,, Ry] be a rectangular region
centered at the origin in R™. We assume R C Q, and let n;, ¢;, (;, 0i € CX ((—R;, R;))
for 1 < i <n satisfy

1. n;, ¢; and (; equal 1 in a neighborhood of zero,

2. G = ¢ =m; and G > ¢; > 1,

3. 91 S 1, 91 t 17;, 91 i ¢£ and 91 i C;,

4. 0 does not lie in the support of ;.

Set

n(z) =Ly mi (@), ¢ (z) = [Tizy ¢ (%),
¢ (@) = [Tty Gi (i), 0; (z) = 0; (z;) Hj;éi ¢ () -

Finally, let £,c € C° (R) satisfy 2 = £ = (, %> & > ( and £ = ;.

Let k' (z) be smooth and nonnegative in a domain @ C R", ¢ = 1,...,n. We as-
sume k(z) = (k'(z),...,k™(z)) satisfies Hypothesis 1.1, with (1.8) replaced by (1.12), i.e.
k'(z) = 1. Moreover, we choose the functions 7,, §; above so that the following condition
holds:

(133) 9; (.’L’) k’(x,u) < Cl 9; (:U) 1I<nl£l kj(x7u)a (.CC,Z) € Fa 1<:i< n,
S)sn
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for some constant C7 = C4 (E, Ry, ... ,Rn> > 0. This condition can always be met because

k is Lipschitz and satisfies (1.10).

2. PRELIMINARY RESULTS

2.1. The gradient estimate. In this section we establish some estimates on the k-
gradient of Vu for smooth functions u. Our main result is Lemma 2.5, in which ||Vk7]8u||3
is controlled in terms of lower order derivatives and Lu, remember that Ou denotes a
generic first order derivative.

We begin by presenting a “Caccioppoli” type inequality for powers of u as in [5], esti-
mating the energy of the L-gradient of powers u” in terms of Lu and powers of u. We
omit the standard proof (see Lemmas 3.1 and 3.9 in [8] for details).

Lemma 2.1. Suppose L is as in (1.6), where A is a nonnegative definite matriz. For
ue C>®(R) and 3> %, we have

(2.1) /R ‘gvkuﬁfdx < 2;ﬂ_21 ’/R(Cﬁu) (guzﬂ—l) dz

+2 <2,6’2€ 1>2/R\VkC\2 ’uﬁrd:c,

where Viu is given by (1.14) in Definition 1.5.

Remark 2.2. We will often use an absorption technique which is based on the inequality

(2.2) 2ab§5a2+éb2, £>0.

Since this is a standard technique (used for example in the proof of the lemma above), we

will often use it without explicit mention for conciseness.

It will be convenient to set

(23) A = 14| Vil + Vel + IVCIS + Vel + -+ IVenlls
IVl + 190 + 19%¢1%
HIVPnllz + 9% + 191

in order to collect constants in front of the lower order terms in what follows. It is important

to observe that since A > Rl_l, if we wish to show that a certain term is small by applying
the one-dimensional Poincaré inequality in the xq-variable, i.e. by applying the estimate

||SOHL2(R") < CRI ||81<10HL2(R”) )

where ¢ is a function with compact support. In order to gain a factor of R;, we must
ensure that the term to be shown small is not multiplied by a constant which increases
with A. Note that by Definition 1.3, (1.7) and (1.8), we have, using the one dimensional
Poincaré estimate,

(2.4) lello < CRu[IVielly -

Lemma 2.3. For any smooth function ¢ and any smooth cutoff function 1, we have

/ (A (2, 0) Vi) Vi |92 < C1A / Vo [Viowol?

where A is as in (1.7), Cy is given by (1.83) and Vi, is given by (1.15) in Definition
(1.3).
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Proof. From (1.7) we have
[ A )90 V61068 <2 [1 w002 106
j=1

In turn, by (1.33) and (1.7) we get

IN

oAy / 07912 & (2, w) Bl

ij=1
Ay / 10791 [Vl
j=1

— CIA/ IV [Viws] -

/ (A (. w) V) V4 0o

IN

The main lemma of this section establishes control of the L2-norm of the k-gradient of a
derivative of a smooth function w in terms of lower order derivatives and Lu.
First, we define parameter the k (u) as follows

Definition 2.4. Given a smooth function u, we set A, (x) = A (z,u (z)) and define
- 2
2 ‘ (aiA“> g‘
K (u)” = max sup S
ISIST det(A(wu(@)) 0] § A (2, u (7)) €
Note that with x (u) so defined, and ¢ any smooth cutoff function, we have
(2.5) I (0A) (Vu)lly < Cr [leViully -

Lemma 2.5. Suppose L is as in (1.6) with A nonnegative, smooth and satisfies (1.7).
Let 0 denote 0; for some 1 <i <n. Forue C®(R), we have

IR +c' [ o) o

+COR? [[nVull§ + CA®K? [[€ulls

[Vendulls < CA°K?

where k = K (u) is as in Definition 2.4.
To prove Lemma 2.5, we will first need to establish two auxiliary results.

Lemma 2.6. For u € C*(R) set L, = div A (z,u)V where A is nonnegative, smooth
and satisfies (1.7) (note that L,u = Lu where is L as in (1.6)). Let O denote 0; for some
1<i<n. Then for0 < a <1,

CA?
[ ewnion won)| < o [ Smou+ S [ jovial,
R R @ Jr

where k = K (u) s as in Definition 2.4 and Vi, is given by (1.15) in Definition (1.3).

Proof. We compute that
[Lu,n]0u = div A (z,u) Vnou —ndiv A (z,u) Vou
= divouA (z,u) (Vn) + (V) A (z,u) Vou
= 2(Vn)' A (z,u) VOu + (du) (Lun)
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therefore, we have

(26) [ @ewnion) o)

IN

2 '/ ((V@u)tA (z,u) V) (ndu)
R

" ’ [ 0 o ()

IN

3

/ (1V0w)" A (2, u) Vi) (9u) +' / (0u) (Vnou): A (z,u) V|,
R R

where the last inequality was obtained integrating by parts the second term on the second
line. Using the identity nVou = Vndu — (Vn) du, it follows that

/ (£, 7] D) (D)
R

IN

4 ‘ / (0u) (Vnou): A (z, ) vn‘ +3 ' / (V) A (2,u) Vi) (0u)?

= ‘/ (Ou) (Vnou)" A (z,u) ' / |(Viun) Oul? .

By Scwartz inequality we have

)

1
2 ‘(Vn@u)tA (z,u) V| < « |(V778u)tA (w u) (Vnou)| + o ‘(Vn)tA (z,u) (Vn)|
= o|Viunou|* + = |Vk unl?

we apply this inequality and Lemma 2.3 to the ﬁrst term on the right to obtain

| temowmon| < o | (Voo + 5 [ (Vi) oul

C A2
a/ yvk,unauy%—/ |pVjul? .
R « R

Lemma 2.7. Suppose L is as in (1.6) with k; nonnegative, smooth and satisfying (1.16),
j=1,...,n. Let 0 denote 9; for some 1 <i <n. Forue€ C®(R) and 0 < o < 1, we

have ‘fR <\V77\2£u> (Cu)‘

IN

Ck 2

< CcA* + = I¢Vul

' [ wic.01) (o o

/R (nLu) (Cu)
LA |cull2 + Ca Hvknauno .

where k = K (u) is as in Definition 2.4.

Proof. We have [£,0] = —div(0A)V and so, integrating by parts, writing (Vnzau) =
(nVnou) + ((Vn) ndu), and using (2.5) we obtain

‘/72(77 (£, 0] Cu) (nou) ‘/R(na@ (Vcu)' (0A) (Vn)’

. ‘ /R 0 (Veu)! (9A) (Vnu)

< C’A2/ |V77|2|Vku|2+C'/<a2/ InVul?
R R

2
—ﬁ/ ]nVu\Q—i-Ca/ \Vindul?
R R
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We now use (1.17) to write |Vn|* < C A%, and Lemma 2.1 to bound CA? |||V| Viul|2 by

cA + CAY I Cull?,

| o) (€

and this completes the proof of the lemma.

Finally, we can give the proof the main result of this section.
Proof of Lemma 2.5. Replacing u® by ndu in (2.1) and since (Vi¢)n = 0, we have

Venonlf = | |<vknau12§2\ [ (@iow) 6w

Writing
Lnou = [L,n] Ou+ n[L, 0] u+ ndLu,

and replacing on the above expression, we obtain

[Vindul2 < c' [ te.aow ou

+c] [ 1,01 (o)

+C ‘ /R (ndLu) (n0u)

Now we bound the first term on the right by Lemma 2.6, the second term on the right by
Lemma 2.7, and collect terms

CABK?
Viroully < C (a8 [ 1Vimou + S| [ e (o)
Cr? CASK?
+=— InVull + =—— ligull;

+C ‘ /R (ndLu) (n0u)

Finally, taking oo and R; small enough, we can absorb the first term on the right into the
left to obtain the conclusion of the lemma.

2.2. The subunit estimate. In this section we prove some a priori estimates for the
k-gradient of powers of smooth functions u. We show that for all 3 > 1, the L? norm of
Vu” is controlled in terms of the smoothness of A, Lu and the LP norm of u? for some
1 < p < 2 (note the power gain).

Whenever we use 3 to denote a positive real number, we assume that 8 = =
with n odd, so that expressions such as u” make sense. Let R = [[_, [-R;, Ri] be a
rectangle in the plane, and let 7, (, 0, &, > be as in section 1.

We will use the following fractional integral result repeatedly in this effort.

is rational

Proposition 2.8. Suppose T is a pseudodifferential operator of order o € (—n,0]. Then

1 1 «
T <C ny, = > = 4=,
ICTEf Nl Laqrey < CIES I Lo rmy 77 T
provided 1 < p < g < o0, and q < 3} in the case p = 1. If T is in addition a Fourier

multiplier operator, then the cutoff functions & and ¢ can be omitted.
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Lemma 2.9. Let I, denote a Fourier multiplier operator of order —v, let o be a smooth
nonnegative cutoff function supported in R, and v be a smooth function on R, for any
0<a<l1, ande >0, there exists 1 < p < 2 such that

/ Velicof o < / Laf £, 1] 60| + € / Viol? o
R R

+C(A2+D%+§) </R|m\p>i,

1
where D > 1 is a bound for ||o|%, + |Vel., + HVQ.QHOQO, and o furthermore satisfies
dist (x,00) > D2, for all x € support (o).

Proof. We set H = fR |Vk11£v|2 o . Integrating by parts, we have
H = —/ (Ii&v) div A (VI,€v) o°
R

< ‘ | o) eneo) +' [ (o) (7)) A (Vhigo)

(2.7) = I+II

Note that from (1.17) applied to ¢?, we have
5
’8ZQ2} S CDZ V 27
from this, inequality (2.2) and Proposition 2.8, we get

I < C’Dg/ Eheo) + 1H
R

2
coi ([ lelm)" + i,

for some 1 < p; < 2. Now, applying the identity
Lo’ Lh&v = [N, 0°] LENE + 0% [T, £] [&v + 0*LIoEv

(2.8)

IN

where we used that £ = o, we obtain

I < ’ /R (&) ([11, 0*] div AEV I €v) +‘ /R (&) (0® [I1, L] I1€v)

+ ‘/ (&) (0*L1x¢v)
R
(2.9) = IIT+IV+V.

Integrating by parts and applying Holder inequality, we obtain

11T = ‘/R(Vk [11,0°] €v) - € (Vi T1€v)

C </ Vi [11, 0% gv\q)a +C (/R |§vk11§u|‘1’>q .

And from Proposition 2.8, since 1§ and Vj [I 1, 92] have order —1, and £V I; have order
0, there exists 1 < po < 2 and C' = C(n) such that for ¢ above satisfying ¢ > 2 and ¢ close

v

IN
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enough to 2, we have

(2.10) I1T < CA? </R |§up2> "

For IV, we write

IV = ‘/ (I—a [£,11] 0*¢v) In (£0)]
R

for any 0 < o < 1, thus,

v < %/umf L, IH] ngv\2+%/ua§v\2

(2.11) < %/!Il_af (£, 1] g2gv\2+c</R Iévlp‘*)pg,

where 1 < p3 < 2, C = C(n,«) after having applied Proposition 2.8 once more. To treat
V', we write

_ ‘ / (Vio?ev)" (Vilatv)] .
R
Then we use (ng2§v) = (ngzf) v+ (Vo) o€ and apply Holder inequality to obtain
v o< ‘ [ 2oy )| +| [ ()" v (Tutaeo)
2
< e dmaep+ S ([ A mner)’
R € R

I </R (V)" v q/> ‘ ’

for any ¢ > 1 and ¢’ = Ll From Proposition 2.8 on fractional integration, since Vil
have order —1, there exists 1 < ¢’ < ps <2 < g and C = C(n) such that

(2.12) Vgs/ ot |[Vev|* + <g+s<A2—|-D2 > (/ |%v|p4>
R

Collecting the inequalities (2.7), (2.8), (2.9), (2.10) ,(2.11) and (2.12), and since A, D >
1 > ¢, we have

H < /‘]1—a€[£all]92§7)|2+5/ o* Vil
R

2
+C (1 +A2+D%> </ |m|p>p,
€ R

where 1 < p = max{p1,p2,p3,p4} <2, C =C(n,a) and 0 < e < 1.

Lemma 2.10. Let I, denote a Fourier multiplier operator of order —v, then for any

O0<v<1land
2
EIY
1—3%

there exist 0 < a <1 and 1 < p < 2 such that

/ [ _o€ [, 11] Co* da

q>max{
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18 dominated by
2

CK? (/ \C’U]pdac);) ,
R

K= [1>VAllL -

where

Proof. We note that
(£, ] = divAVI —div;AV
= div([A,1V]+ V'A — [;AV)
= div ([A,hV] +1; (VtA)) )

where if A; denotes the i*" row of A, V' A denotes the column vector given by (div Ay, ..., divA,).
Note that

n

A 11V Zaz Il Ilajai]’ = Z [aij,llc'*)j} .
j=1
Following [7], we denote by O7* the collection of rough pseudodifferential operators map-

ping HZ™P  to HYP for 1 < p < oo and s € I, where H*P denotes the Sobolev space

compac
of functions whose fractlonal derivatives up to order s lie in LP. Now for 0 < p < 1 and

€ > 0 we have
»[A, V] € O(_‘fs o) for p+e < v,

with norm |[>A[[cy(gny by Theorem 4 in [7]. Since I1—_q{div has order «, and since
Ediv = Exediv = £div e — £ (V), we thus have

I_o&div[A, V] EO( o) for p+e < v.

Thus Il ag div [A IlV] maps Lcompact H((:)élrgpact to HH=®P1 provided B— Q€ (_578)7
by the Sobolev

i.e. € (@ —e,a+¢). In turn, we have that H#~%P! is embedded in L2 .

embedding theorem with ; = p%_T‘ Note that given v, u, e > 0, satisfying p+e < v < 1,
we can choose o > 0 such that yp—e < o < p+e¢. So all the restrictions on the parameters
«, € and p are met. Moreover, if we take a < pu, that is, if

(2.13) p—e<a<pu<pte<v<l,

then

/ ‘Il—ag [Ev Il] Cv‘z

< C/|Ila£div [A, V] gv|2+c/\11agdiv11 (V'A) gu|2
2 n 2
< Okl (/ \cvrpl) R (/ (v'4) c‘v\’”) ¥
R — \JR
for % = pil — 552 and % = p% — 1770‘ by Proposition 2.8. Now, by Holder inequality, we

have that each term on the sum on the right is bounded by

_2 _2
</ ‘VtA|p3p2>p3”2 (/ |<U‘p§,p2>f’ép2 ’
R R
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for 1 < ps < oo, and pf = Ps T It remains to show that we can choose p3, a, € and pu
p3 —
such that the previous parameter restrictions hold, and moreover
(2.14) p2ps = ¢,
(2.15) popy < 2.
From py = ﬁ, we have that (2.14) holds if, and only if
¢ _q¢(2-aq)
2.16 3= —=—-">1
(2.16) D2 2
where the last inequality follows from the hypothesis on ¢ and o < v. Now,
/ q 2 2
Pp3 = ¢ 7 = 2 2
n 1l 2-a- s 2-a—7
Then, (2.15) holds if, and only if
2
(2.17) a<l-— 5
We choose now
5 v
= £ =20 = —.
H 3

Then (2.13) is satisfied and (2.17) follows from ¢ > ﬁ. Finally, we note that since
q > n(1+v), by the Sobolev’s embedding theorem we have

[3Al[cn < Cl[2VA( [, = CK.
This completes the proof of the lemma upon taking p = max {p1, psp2}.

Lemma 2.11. For each 0 < o < 1, there is 1 < p < 2 such that for all u € C® (R),

n>0,and f>1,
2
/}CV]CUB’ dx
R

18 dominated by

05\ | tcen (@) e > [|-atle.n @02 e’

,j=1

+C(A, B, ) (/R\mﬁ‘p)%.

where I, I, ; denote Fourier multipliers operators of order —v.

Proof. We use Lemma 2.1, and inequality (2.2) to write

@19 [ fenae] <] [ e (@) vao [ P mr,

after we have absorbed the last term into the left-hand side and used 8 > 1. Denote by

A® the multiplier operator with symbol (1 + H2> ’, Using the identity

(2.19) Id=(I-V?*)A?=A"?—divVA?
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, we have

nd (
/ W19l < [ [(a) vie] + [ faie At it

(2.20) < /R ‘(A”guf’) vg‘ﬂci% /R %

= I+1I,

where I ; = 9;A7%, j = 1,...,n. Note that the operators I; ; have order —1 for all
j = 1,...,n. From the hypothesis on &’ (1.33) and the definition of ¢ we have that
k10;¢|? < Ckj|0i¢|?, 1 <4,5 < n, it follows that the second term on the right of (2.20)
is bounded by

a,

IN

2
0;hi6u° |- |

CZ/ o e o <CZ/ Ver e[ foicP.

i,7=1

From (1.16) applied to |9;¢|, we have |8;¢|* < B2(; and applying Lemma 2.9 with v =
and ¢ = 0;(, we obtain

L < cz_ [ [n-ate. i@ e +ecnt | [cva|

+CO (A7 + 1) (/R‘mﬁ)p);,

where we used that D = A2, and we applied Proposition 2.8 to the first term on the right
of (2.20). Majoring with this inequality the right side of (2.18), and absorbing the second

term on the right into the left, we obtain
2

/ ev?|* < 45’/ (cu) (cuzo ) +C’Z /]Il WE 1L T (3i0)? €’

R R 2,j=1

+C (A° 4 BY) </R‘mﬁ‘p>5

This concludes the proof of the lemma.

Lemma 2.12. For each v > 0 and ¢ > max { Tz n n(1+ l/)}, there exists 1 < p < 2 such
that for allw € C° (R) and all § > 1,

/R Vil [u[ e,
C(A) (/@ )(/ ){uﬁ‘ ) +5/R(gvkuﬂ]2,

where 0 < € < 1 is arbitrary and K = ||V A||,.

is dominated by

Proof. We use the identity (2.19) to write

(2.21) /R|VkC|2‘uﬁ‘2§/R|VkC\2‘A2§uﬁ‘2+/7€|vkg“\2‘divVA2§u5‘2.
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By Lemma 2.3, the second term on the right is bounded by
n 2 n
> [ 1wick o (oa-2e)[ < ca2 3 [ joyct? v (ne?)
i=1 7R ij=1"R

where I; = O;A™2, i = 1,...,n, are operators of order —1. Applying Lemma 2.9 with
v=u"and o = 0;¢, we have that the above sum is dominated by

2

)

(2.22) A2 Zn: /(Ilag £, 1)] (ajC)Zﬁuﬁr%—CAQsjé/R‘Vku’gr 19;¢[*

4,5=1

2
2 5 1 BP P
+CA? (A —l—a)(/R‘%u | ) .

where we used that we can take D = A2. In turn, applying Lemma 2.10 to the first term
on the right of (2.22) we obtain

cef )

2 ;
(2.23) < CA%/ ‘Vkuﬁ‘ VC|* + CA2 (4% + K2+ 1) (/ ‘%uﬁ"’>
R R

Now the terms on the first sum on the right of (2.21) satisfies

fomer e <om ([ Ja)

for any 1 < p < 2, by Proposition 2.8 on fractional integration (A~2 has order «a for all
a > —2). From this inequality, (2.21) and (2.23) we get

/ |VkC|2‘u’g‘2§CA25/ ‘V’““ﬂr Vet 4+ cA (A5—|—IC2+%) </ ‘%uﬂ‘p>%
R ® n

Finally, we apply (1.16) to ¢ to obtain ¢} < CA*¢? and replace € by A~2¢ on the above
inequality to finish the proof of the lemma.

3. A QUASILINEAR DEGENERATE SUBELLIPTIC EQUATION

In this section we prove Theorem 1.4 for smooth solutions of the quasilinear equation
(1.13)

Lw =divA (z,w)Vw+§(z,w) Vw+ f(x,w) =0, ze€f.
We recall here the a priori estimates (1.22) we wish to establish:
(3.1 1D 0], < Ca (15Vu] . L)
where w is smooth, satisfies (1.13) and also

(3.2) (x,w(x)) € L for all x € support ().
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We attack the problem by differentiating (1.13), to obtain the equations

(3.3)  —Lw; = div{gjA(z,w)}Vw+> (9ig")wi+ Y _g' (0:05w) + (0;f)
=1 i=1
= div{0;A (z,w)} Vw + f; + fow;

n n n
+D_gpwi+ Y glwaw; + Y g'wi,
=1 =1 i=1

forj=1,...,n.

We will apply Lemma 2.5 to the components of Vw, and we will show that in fact
w € H?, ie., V2w € L? with control. Since the equations (3.3) are not homogeneous, we
must handle with care the terms arising from £LVw in applying Lemma 2.5. We then apply
the results of section 2.2 to obtain that V?w € L7 with control for q large depending on
how small R; is chosen, again handling with care the terms arising from £LVw.

At this point we repeat the above process with V2w in place of Vw. We apply Lemma
2.5 to the components of V2w, and using the facts that Vw is bounded and V2w € L7 with
control, we show that in fact w € H?, i.e., V3w € L? with control. From now on, it turns
out that due to the nature of the quasilinear systems satisfied by higher order gradients
of w, which become progressively less nonlinear, we can continue to alternately apply the
reverse Sobolev embedding and the Moser iteration results of section 2.2 to increase the
index of smoothness of w that is under control by 1 with each repetition. Thus we obtain
the a priori estimates (3.1).

To handle higher order derivatives, it is convenient to develop a special notation:

Definition 3.1. Given a smooth functions w and h = h (z,w), and £ a nonnegative inte-
ger, we denote by Pgl (8w, 0w, ... ,BNw) a generic polynomial with coefficients depending
on deriwatives of h, and such that each monomial Hfavzl (Orw)" of P, satisfies

N
ZTi,« < /.
r=1

With this notation, we have

O'h (z,w) = P} (6w,82w, . .,8£w> .

1 M
We write Pél P hen the coefficients of P depend on more than one function and its
derivatives.

3.1. Reverse Sobolev embedding. Here we show that if w is smooth and Vw satisfies
the system (3.3), then V2w € L2

loc*

Theorem 3.2. Suppose w is a smooth solution of (1.13),
Lw =divA (z,w) Vw = f (z,w) + §(z,w) - Vw,
in R, f and g' are smooth and g' satisfies (1.20) fori=1..... n. Then w € H?

loc and
lcv2wll, < € (A, B, Oy, ||V, . L).

We prove this theorem at the end of the section. First, we establish some results that
will allow us to handle the nonhomogeneous terms in (3.3). The corollary below is a
special case of classic a priori estimates for first derivatives of solutions of divergence form
equations, we included this estimates in the appendix (Lemma 5.3).
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Lemma 3.3. Suppose w is a smooth solution of equation (1.13) in a compact rectangle R
in Q. Then we have

(3.4) / ViCwj|? dz < 032/ {\gvm\?’ + 1} +oAte?,
R R
1< j <n, where B is as in (1.16) and C is given in (1.33).
Proof. From Lemma 2.1, applied with k (z,w (z)) in place of k (z) there, we have
(3.5) [ vicufar<c| [ (ew)@up|+ € [ 19 fu .

For the integral involving Lw;, we have, by (3.3) and integration by parts that

/ (CLw;) (Cwy) = / (V) ({0;A (2, w)} VCPu;) + / () (Cw;)
R R R

" /R (¢Fews) () + 2 /R (Cgiws) (Cuy)

#3 [ Cotw) Gu) + 3 [ (co0m) (v
Using (1.19), (1.20) and inequality (2.2) then yields
CB?
| cewpycun) = S [ {ievel + 1)+ ca2 [ (vl +ca [ Vicw .

On the other hand, from (1.7) and (1.33),
[ 19cP < o [ Sk o
R R =1

0012/R > 101 Ky ;|

,j=1

(3.6)

IN

< CAQO%/ V2.
R
Now we replace this inequality and (3.6) into the right side of (3.5) to obtain
CB?

(3.7) / Vg ? dar < / {levul +1} + CAQO%/ €] + Ca/ V.

R @ Jr R R

On the other hand, from Lemma 2.1 and (1.20)
/ (Vi < C ‘ / (¢f (@,w) + (G (w,2) - Vuw) <<w>‘ +C / V¢l fof?
R R R

CA?

o .

IN

Ca/ ]Ckalz +
R

Absorbing the last term into the left shows that [ |Cka|2 is bounded by CA%. From
this and (3.7)

/ ViCw;|? de < 032/ {\gvm?’ + 1} +oAlc?,
R R

The lemma above shows that when w is a solution of (1.13), the k-gradient of Vw is
controlled locally by the L* norm of Vw and ||w]| . In the next lemma we establish some
similar a priori control for the k-gradient of V2w.
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Lemma 3.4. Suppose w is a smooth solution of (1.13) in R. Then, for any v > 0 we

have
[ @) )

Proof. From Ln = nL + [L,n] we write

< \ [ ntws)

y (3.3) and integration by parts, we get

\ | ntws) oy

CA*
<% [evul + oB? [ ((Tul
Y R R

+y / InV?w|® + CA'B2CE.
R

(35) ' | @) ey

+'/R([£,n] w;) ()|

\ [ (@80 + s @.A)) (Fnu)

+ / (fﬁZg]wz) ;)
+ /Rn<fz+zgiwi> (nw?)
+ / (nzgwu> ;)

Since f, § and A are Lipschitz, by Schwartz inequality we have

< CAQ/ uf+0 [ 1cvul

—I-’y/ !nV2w} +C.
R

(39) [ ) )

On the other hand, since

[£,n] = divAVny—ndivAV
(3.10) = VA (Vn)+ (Vn)' AV,
where we wrote div = V. We have
\ [ @) ()
R
< \ [ (¥ (49m) +\ [ (' 49u5) G
< CA4/ ijIQ—i—C/ |Vk77wj|2
R R
(3.11) < CA4/ |<wj|2+032/ {levuf +1} + catcs.
R R

where the last inequality follows from Lemma 3.3. Then the lemma follows from (3.8),
(3.9) and (3.11).
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Lemma 3.5. Suppose w is a smooth solution of (1.18) in R. Then we have

2
[ o) omp)| < S5 [ {14167l (a2l
R @ Jr
+C(A,B,Cl)

(67

/ {1+|CVw[8}+Ca/ V0w,
R R

Proof. First, we commute 1 and £ to obtain

/ (n0Lnw;) (Inw;)| < / (nonLw;) (Onw;)
R R

From (3.3) and integration by parts, we get

/ (0 Cw;) (Oyw;)
R

(3.12)

+‘ /R (nd [L,n] wy) (Onw;)| -

IN

] [ o (0,4 (0,0} V) @)

/ (?7377 {fg + fow; + Z%w}) (Onw;)

=1

Z / (ndngiwaw;) (Onw;)

(3.13) = I+II+HI+IV.
To treat I, since {0;A (z,w)} = (0;A) + w; (0.A), we only need to consider

/ (non divw; (0,A) Vw) (Onw;)|,
R

since this term has the highest order. Commuting n with 0, and then commuting (9n)n
and n? with the divergence operator, we write
nondivw; (0,A) Vw
= —(0n)ndivw; (0.A) Vw + dn* divw; (9,A) Vw
= —(V(9n)n) w; (9:A) Vw — div (8n) nuw; (9:A) Vw
+0 (V%) w; (0.A) Vw + div dnw; (8, A) V.

From this, the triangle inequality, and integration by parts:

/R ((V (9n) n)" wj (9:A) Vw) (Onw;)

+

776179 wi;) (Onw;)

j:

I <

" / () 1y w)! ((9.A) Vo)
R

N /R ((V02) w; (0:A) V) (6*nu)

+ / (8772wj (0:A) Vw)t (Vonw;)
R

(3.14) = V4 VI+VII+VIII.

Then

(3.15) vg0A4/7z|<w|4+c/Ranwj|2.
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And by (1.20) we have

CB2A?
(3.16) Vi< / CVul* + Ca / IV 2.

Also, since by (1.20) and (1.33) we have

[0:A (Vn*)| < B (Zn: K (8m2)2> % < BC

=1
for any 1 < v < n, then writing 9 = ,:
VIT < /R Vol |0.A (V)] |0%nw;]
< B [ 690l |V [VEduom|
(3.17) < %/ V| +Ca/ Ve, 2.

Operating 0 on the left factor of the integrand in I.X, and applying (1.20) we get

VIIT < ‘ / ((0n%) w;Vw)' ((8.A) Vonuw;)

‘ / (Ow; Vw)") ((9:A) Vonuw;)

+ ‘/ (div n*w; (00, A) Vw) (dnw;)
R
CB%A? CB? 2
Lievult+ € [ et pvul
o R @ Jr

+Ca/ |Vk877wj]2+0/ |Onw;|?
R R

IN

+C'/ ’div n*w; (00, A) Vw‘Q.
R

Since (9 (0,A)) = (0,0:A) +w, (8§A), where we wrote 0 = 0, for some index 1 < v < n,
calculating the divergence on the last term of the right, we see that

/\divnzwj (09.A) Vu|> < CA2/ {\CVw]4+]CVw\6}+C/ V|
R R R
+C'/ ‘nv2w|2{|CVw]2+\CVw|4}.
R

Replacing back into VII gives

B242
(3.18) vir < ¢ /{1+|CVw|8}
R

(67

2
—l——CB / {1 + |CVw]4} ‘nV2w‘2
o Jr

+Ca/ Ve, .
R
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Applying the estimates (3.15), (3.16), (3.17) and (3.18) to (3.14) yields

2
Ci {1+\CVw|4}|nV2w‘2
R

CA'B2C?
+41/ {1 + vl
R

~
(VAN

(3.19)

«

—|—C’a/ |VeOnw;|? .
R

The terms I and I11 in (3.13) are handled in a similar fashion. Indeed, developing the
derivatives in the first factor of the integrands, we have

IT+111 = ‘/R (n{@nfj—i—@fznwj—&-Z@g;(x,z)nwi}) (Onw;)

i=1

/ (nanzgz (,2) wzwj> (Onw;)

i=1
¢/ {77 [P )]+ ¢[PE (v 3 |anwi|} o
i=1

+CA/ ¢|PE! (V)| + 1} o

_l’_

IN

(3.20)

IA

0A2/ {lcvul® +1} +c/ {lcvul® + 1} 992w,
R R

where Pg{f is a polynomial of degree m with smooth coefficients depending on the deriva-
tives of f and g, as given in Definition 3.1. For IV, we write

g’ wij = (0n) g Wij + 1N (agi) diwj + ng’ 90wy,

where we used that n0; = n0;(. We replace this equality into V' and use the triangle
inequality to obtain

v < ‘/ (Zn an) gaw]> (Conw;) (Zn ag 811)]) (COnw;)

A <Z nzgiaicawj> (COnw;)| .
i=1

From (1.20) and |0¢’| = |g}, + giw,| < C (1 + |Vw]), we obtain

(3.21) v < CAQ/ |4vkwj|2+g/ |Onw;|?
R @ Jr

—i—C/ (1+\§Vw])2‘nv2w|2+0a/ |V Ow;|? .
R R
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Collecting the estimates (3.19), (3.20) and (3.21), and replacing into (3.13) yields
‘ / (ndnLw;) (COnw;)
R
CB? CA*B2C?
- {1 + !CVwI4} InV2w|® + ==L / {1 n |cvw\8}
« R & R

+C’C%B2A2/ ]ndwj]2+C’a/ VeOnw;|? .
R R

Applying Lemma 3.3 to the third term on the right yields
‘ / (nonLw;) (COnw;)
R
CB? CA*BAC?
(3.22) < / {1+ y<Vw|4} |17V2w‘2+41/ {1+|<Vw\8}
a Jr a R

+CA°B2C} + Ca / V0w, .
R

Now, we apply (3.10) to the second term in (3.12) to obtain

(3.23) ' [ woic.aw) @0,

< ' | @A) wy) (Vo)

i ’/R (70 (V)" AVw;) (dnw;)| .

The, applying the previous techniques we see that (3.23) is bounded by the right-hand
side of (3.22). Then the lemma follows from this observation, (3.22) and (3.12).

Lemma 3.6. Suppose w is a smooth solution of (1.18) in R, where k (x, z) is nonnegative
and smooth in Q and satisfies (1.16) so that w; = wy;, 1 < j < n, are smooth solutions in
R of the nonlinear system (3.3). Then we have

(3.24)  [[Vidmw, | < 032/ {1+|cvu;|4}\nv2w\2
R
FC(A,B,C) (14 H%kum)‘*/ 14+ 1cvul®}.
R

Proof. We apply Lemma 2.5 with k (x) replaced by k = k (x,w (x)). First, by (1.18), we
have

[(BiA) € +w; (0.A) €]
OB (1+ |Vl ,.)? (A (2, w)€)

(DA (2w (x))) €]

IN

(3.25)

and thus we can bound k = k (w) in Lemma 2.5 by
(3.26) k< B=CB(1+|»Vuw|.),

we obtain

|Vidnuw; ||z < CA'?

[ @) +c\ [ @) o,
LOR Va2 + CAOKR? [ul?
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In turn, applying Lemmas (3.4) and (3.5) to the first two terms on the right, respectively,
yields

CB? s ,C(A,B,Cy)
IVdmugly < = /R{mngﬁ}\w?wy +H4TI/R{1+|CW|8}

+Ca/ VO,
R

where we took v = A~*,72. The lemma follows from (3.26) and absorbing the last term
on the right into the left.

Proof of Theorem 3.2. The Poincaré inequality and Lemma 3.6 yield with w; = 0w, j =

1,...,n,
/{nVQw‘de < Z/ 0imw;|* + CA? ||5Vw| %,
< R%Z/ Vi (D)2 + CA2 V]2,
ij=1"R
<

RiC (B, %5 0l.0) [ [i9%u] + RiC (4.B.C1. V).

Choosing Ry < {2C (B, ||»Vw]|| )} " (note that A is not involved here) permits the first
term on the right above to be absorbed into the left-hand side, and this completes the
proof of the theorem.

3.2. An LP improvement. In this subsection, we improve the index of smoothness of w
that is a priori under control by showing that VZw € Lfoc for large ¢ > 2, with a priori
control.

Definition 3.7. We first define a set of notational abuses that make calculations more
clear, and we will use henceforth. We denote by O a derivative with respect to x; for some
1 < i < n, not necessarily the same for each occurrence of d. In this way D*w = dl*lw
for any multi-index o = (a1. ..., ).

Theorem 3.8. Suppose that w solves (1.13) so that w; = w,, i =1,...,n, give a smooth
solution of the system (3.3) in R. Then for ¢ > 1, we have w;;j, € Li ,1<1i,j <n, and

loc?
6V ]|, < € IVl L)
provided Ry is sufficiently small, depending on q.
Next, we have a technical lemma for second derivatives of solutions.

Lemma 3.9. Suppose that w is a smooth solution of (1.13) in R. Then for 3 > 1, the
integral

[ (ceru (¢ @)
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18 dominated by
ol 505
R

+c/ (0A) VC|2‘82w|26+C/ 7. - V| |0%w[*”
R R

+9/ c2\62w\”+0/ ¢2((09) V (0w)| [0%w|*
a Jr R
+a/ 42)(8A)V(82w)ﬁ‘2+a/ ¢? )g.v(a%)ﬁ‘z.
R R
Proof. By (5.9) in the appendix, we have
L (8210)
= —V'(0*A) Vw+¢; V' (0A) V (0w) + f. (0*w)
+ (0°w) go - Vw + § - V (8°w) + 2 (97) V (Ow) .

Hence,

[ ) ()
‘/R (V! (9%A) V) <C2 (aQw)%—l) /R (V! (0A) V (dw)) (Cz (azw)25—1>
+ ‘/RCQfZ (a2w)26 /RCQ (G, - V) (8210)2’6

+ ‘/ (7 V (6%w)) (<2 (a%)”*l)
R
— I+IT+IT+IV+V+VI.

We proceed to estimate each one of these terms. Integrating by parts, we have

IN

+C

+

ro| [ conv@w) (ce)*)

26—1

o= c’ /R (V (9w)) (0A) V¢ (8%w)

IN

¢ ] [ (v @w) 0m) (9¢2) (0Pu)""
R

+C ’ / (V (0w)) (0A) 2V (9%w)*" ™
R

IN

202 128 C 21492, 1%0 2 2 (B2
C/R]((‘)A)VC\ |02uw| +Q/Rg B2 +04/RC ‘(8A)V(5‘ w) ‘ .
and

117

IN

c/ ¢ [0%w[*”

R

/42 3. - Vol [0%w]”

R

Oé/ C2 gfv(aQw)ﬁr_'_g/ <2}82W‘26
R a JRr

VI < c/ <2|(ag)V(aw)||aZwaﬁ2+c/ ¢ |0%w[* .
R R

v

IN

v

IN

The lemma follows from assembling all these estimates.
The following “Caccioppoli”-type result for second derivatives of solutions, is the essence
of the proof of Theorem 3.8.
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Lemma 3.10. Suppose that w is a smooth solution of (1.13) in R. Then for § > 1, the
k-gradient integral

(3:27) /R ’CW (Vzw)ﬁf
is dominated by
C (A, B, 8, |€Vw| ) {1+/73€2 ‘a2w}2ﬁ2}
+C (B,ﬁ7||€VwHOO)/R{C2+|Vk<‘2}‘821”‘2/6.

A crucial point is that the constants on the second term of the conclusion in the above
lemma do not depend on A, so that in applying the one dimensional Poincaré inequality in
the proof of Theorem 3.8, the product R2C; can be made less than one for R; sufficiently
small. This would be impossible if A? were present since A > Rl_1 - recall (2.3).

Proof. The result follows from applying Lemma 2.1 to the functions 8%w, to obtain
2
(3.28) / i (6%w)°| da
R
< Cp ‘ / (¢LO*w) (g (a%)””)
R
By Lemma 3.9, we have
' [ (e (¢ (@)™
R

(3.29) < C ’ / (Vw) (0%A) V¢ (0%w)™ ™
R

+ 052/ V[ %2
R

+0 [ 108V a4 ¢ [ g ul ot
R R
+g/ ¢ o%w|* + c/ ¢2((09) V (ow)| |[0%w[*
o Jr R
2 2
+a/ ¢? ‘(8A)V (02w)ﬂ‘ + a/ ¢? ‘g'. \V4 (62w)5‘ .
R R
Integrating by parts the first term on the right, we get
’/ (V’U)) (82A) VCQ (8211))26_1
R
‘/ (Vw) (82A) (VC2) (62w)2ﬁfl i '/ (Vw) ((92A) sz (82w)2ﬁfl
R R

¢ [ 1vul |(@24) Vel 0Pl + S [ ¢ joruf
R @ Jr

IN

IN

+ ’ / (V) (0%A) 2V (8%w)*" !
R




28 RIOS, SAWYER, AND WHEEDEN

Replacing back into (3.29) yields

J—

C/R|Vw|2\(a2A) qu\a2w}2ﬁ‘2+c/7€\(aA)vg|2}a%\?ﬁ

IN

+C / CQI(ag’)V(ﬁw)\‘(?Qw‘Qﬁ_Q—i-‘ / ¢ (Vw) (0°A) V (6%w) ™!
R R

+ [ g vulouf + $ [
R @ Jr

+a/Rc2 (@A) (@) + oz/RC2 7V (0w)’|
(330) = I+II+---+VIII
From the chain rule, we have
(3.31) PA=A,, +2(0w) A, + (0w)® A, + (0%w) A,
it follows that

(0A)VC]? < CIALVC)? + Clowl® |A. V¢
2
(2*A)ve|* < oA (1+[oul’) +C|(0%w) A.V¢[*.

IN

Hence, from (1.19)

(3.32) I+II§C(A,H§VwHOO)/ €2 |97 |22
R

2
e (B eVl [ [V ol
Since |0g] < C'|Vw|, it easily follows that
(3.33) I+v<c (||ng||OO)/ ¢ |0%w[* .
R

Now, from (3.31), integration by parts and (1.19), we have

v

IN

‘ /R (020)" 7 V{2 (Vu) (Au +2 (0) Aus + (00)* A ) }'

+ ' /R ¢ (Vw) A,V (0%w)”

(3.34)

IN

28-2 1 2
CalEvuly) [ €t + Le(eTuly) [ ¢ fotuf”
R « R
2
—I—a/ ¢2| v (2%w)”] .
R
Finally, from (1.19) it follows that

(3.35) VII+VIII<Ca / ¢2 ‘Vk (9%w)” )2
R
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Gathering the estimates (3.28) to (3.35) yields
2
/ €V (0%0)” | do
R
262 2
36K C(AleTuly) [ &[0l +eB.6 600l [ {¢+wieP) forul”
1 2
+—C(H§Vw|]oo)/ \a2w\25+ca/ ¢ [vi (0%w)°[ +c
@ R R
Using the one-dimensional Poincaré inequality (2.4), we have that for 8 > 1,
/ ¢2 ]82@0‘%
R
2 2 2, \B|? 2 21492, |20
(3.37) < CcRr? [ ¢ ]vk (6%w) ‘ +COR2 | ¢2|otw|™
R R

where we wrote (; = 01(. Completing the k-gradient on the second term, and replacing
this inequality into the right of (3.36), we conclude

/ v (82w)'8‘2dx
R
< cAlevuly) [ @l remplevuly) [ {2+ 1w} ol
2
+C+C (a + &C (Hwa\oo)) / ¢? ‘Vk (82w)ﬂ‘2.
Q R

The lemma follows from applying this inequality to the right side of (3.28) and absorbing
the last term into the left by taking «, R; small enough.

Proof of Theorem 3.8. From Poincaré inequality (3.37) and Lemma 3.10 we have

/ C2 ‘8211)‘%

R
292,262
(3.38) < C(A,B,5,1EVul,) {1 +/ ¢ [0 }
R
2
HREC(B.B. 6Vl [ {4 Wi} 0Pl

Now, by Lemma 2.12 we have

(3.39) /R|vk<\2182w\wSC<A> <lc2+§) (/R\f(@%)"\p)%ﬂ/?z]cvk (0w)°

v >0 and g > max{l_%,n(l—i—y)}by Lemma 2.12, where 0 < & < 1 is arbitrary,
6

1 <p<2and K =|xVA|,, with ¢ > max {1_%,71(1 + I/)}, v > 0, notice that since we
6
can take ¢ just depending on the dimension n, we have

K <c(lgVuwlly)-
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In turn, by Lemma 3.10 applied to the second term on the right-hand side of (3.39), and
the above inequality, we have

[ 1l < e .55 lgvul.) (/ \6(8%)‘3)1’)5
R R
+C (A, B. B |EV ) {1 [ e !8%\”2}
R

after we absorbed e [ |Vi( |2 ‘82w|26 into the left-hand side, by taken e small enough.
Finally, replacing this inequality into the last term in the right side of (3.38), and absorbing
terms into the left, we obtain

(3.40) /R@\a%ufﬁ < C(AB,B,|€Vul.) (/R‘g(a%)ﬁ‘p)”

+C (A, B, B, |EVw ) {1 + /7252 }8%;]26—2} '

Since from Lemma (3.2) we have that VZu € L2 _(9), i.e. Hgv%”o < C(A,B,||(Vwl ),

loc
we can take 3, = % in the above inequality, and since then 23, — 2 < 2, we obtain

(3.41) /Rg‘2 \82w\% <C(A,B,B,[EVull,) -

Next, taking 3, = min{%ﬂl,ﬁl + 1} in (3.40), (notice that both pfy and 28, — 2 are
dominated by 23, = %), and applying (3.41) yields

[ 1ol <c a5 evul o).
R
We can continue this iteration process to obtain

/gﬂa?w\wmﬂ <C(A,B,B, ||V ), m=1,2,...
R

where (3,,,,; = min {% Bms B + 1}. Since 8, = %, it is easy to see that
2 2 —

Z—+m (_p) ,
p p

[¢V2w]|,, < C(|[#Vwl, L),

V

B

and therefore

for all ¢ > 1, provided R; is sufficiently small, depending on ¢. This finishes the proof oh
the theorem.

3.3. Proof of Theorem 1.4. We use the phrase “under control” to mean bounded by
an increasing function C = C (||»Vw|| ., L, A, B), where L € P, ().

We will estimate the L2 _ norm of (9™w) by the technique of the proof of Theorem 3.2.
In this process, we apply Lemma 2.5 to (0™w), and we will use the expression (5.8) for
L (0™w), computed on the appendix . We will prove by induction on m, that the following
holds
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(3.42)
(3.43)
(3.44)  (Ow),...,(0mw) € LY

loc?
forallm=1,2,3,... .
First, note that these conditions hold for m = 1. Indeed, trivially we have (Qw) € L{°

loc

with control. By Theorem 3.2 we have that (3.43) holds, and Lemma 3.10 implies (3.42).
Now, by Lemma 2.5 we get

(aerl,w) c Lq

loc

(6m+1w) e L2 _ with control,

loc

Vi with control, 2 <gq<oo, q=q(R1),
Vi

with control, 2 < q < oo.

[Vino™w|? < CA%K2

[ weom <<amw>\

e ‘ /R (nOLO™w) (nam+1w)'

(3.45) +COr? Hn@m"'leE + CA%K? ||€0™w] 2,

where kK = Kk (w) is as in Definition 2.4. i.e

[COE

K (w)2 = —_—
det(A(z,u(x)) 20£e] S A (z,w (2)) €

where A, () = A (z,w (z)). Since from (1.18) we have

(08.) ] < 1AuEP +](wn) AueP
< OB (1+ |xVwl?) €'A¢,
then
(3.46) 5 (w)? < OB (14 Vw2,

The third term in (3.45) can be controlled applying (3.26) and the one dimensional Poincaré
inequality (2.4),

Cr? ™ wlg < CB (1+ Vw2 ) B [Wino™ul[;,

and this can be absorbed into the left side for R; small enough. Hence,

(3.47) HVm@meﬂﬁ < CA*%? /(nﬁ@mw) (CO™w)
R

+C' / (nOLI™w) (n@m“w)‘ +C (A, K, [|€0™w]|,) -
R

Now we assume that
(3.48) (3.42), (3.43) and (3.44) hold for m = 1,2,..., M.
From (3.47), to prove that (3.48) holds for M + 1, it is enough to show that

’/ (778£8M+1w) (naM+2w)
R

R
(3.49) < C’(a—i—Rl HCVwHoo—i-El)/ ‘an(aMJr?w)‘?+C(A,B,H%VwHOO).
R
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From (5.8) we have

(3.50) /R (noLoM*tw) (oM 2w)| < C I+ 11+ +1X),
where
(3.51)
I = ([ (109" (2 A) V) (0 +2w)]
I = [fp (09 (0A)V (0Mw)) (90" +2w)
T = | (0. (0M 1)) (0™ +2w)].
IV = ([ (10 (0M ) g - V) (1M +2w)]
Vo= | (095 Y (0¥ w)) (10 2w)]
VI = |fp (1009) Y (0Mw)) (10 2uw)
VII = bysa|f (00 [es V' (0¥ A) ¥ (00) 4 c5 (65) V (0M1w)]) (0™ +2w)]

VIII = 6by>3lfp 00 [ca V! (02A) V (0M 7 w) + ¢ (0MG) V (0w)]) (ndMT2w)|,

X = On>4 ‘fR <77373ﬁ’fj’3f (1,0w, .. .,8Mw)> (n8M+2w)) .
We claim that

‘/ 778£6M+1w) (778M+2w)’
R

30 < {as e . evull. )} [R5 @ 0 ¢ (4 Blevulo).
R
Now, since from Lemma 2.3 and (3.48) it follows that
/ Vil [0M ] < © / V[V (0¥ 1) [F < € (A, B, €Vl
R R
then
ankaM—ﬂng < / ‘anaM-‘v—Qw_ (Vi) 8M+2w|2
R
< C’/ ‘an (8M+2w)‘2 + C'/ Vi |? ’8M+2w‘2
R R
< CAB Vol + [ o V(0" ) .
R
Hence our claim (3.52) implies (3.49) and this proves the theorem. Inequality (3.52) is
obtained by bounding each term in (3.51) separately. We will now just sketch the proof of

(3.52) treating only some representative terms.
Operating the derivative on the left, we have

IS’ [ 60t @+24) v (n8M+2w)‘+‘ [ 00 ¥4 8) ¥ 0u) (20 70)
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We write
(OMT2A) = (0MF2w) A, + (0M T w) P (1,0w) + Phyos (1, 0w, ..., 0Mw)
(OMTIA) = (OMTw) A, + Py, (1,0w,...,0Mw),

and replacing in the above expression, we obtain

(3.53) I < ‘ / (nV" (0MT2w) A, Vw) (naM“w)‘
(nV* ( 8M+1 731 (1,0w) Vw) (nﬁMHw)‘

+

m\x)\

77V PM+2 ., 0 w) Vw) (naM”w)‘
; /R (V! (9M+1w) ALV (9)) (naMHw)’

| [ 07 PR (1. 00) ¥ 0u) (10 )
= X+ XI+XIT+XIIT+XI1V.

Integrating by parts and using (1.18) we have

‘/ (vw)t Az 8M+2

R

1

EC(B,H{VwHOO)/ (77 + | Vin| ) ‘3M+2w‘ —|—a/ n \Vk (3M+2w)}2.
R R

Applying this to the inequality above for X, and from Poincaré inequality we get

X

IN

‘/ aM+2 vw) ; (vaMJrQw)’

IN

Ry
X < {a+—c (B leTull} [ 719 @)+ (4. BVl
Writing

V(0 w) PR (1, 0w) Ve = (0M2w) PE (1, 0w) + (0™ w) P (1, 0w, 9*w)
and replacing in XTI yields

XTI < c<||gw\oo)/Rn2\aM+2w}2+C(II£VwIIOO)/Rn2!(6‘M“w)!2 |0%w]?

IN

Clevully) [ 7|0 uf +c(levuly) [ 7 [0l
+C(lgVull) [ 7" )|’

2¢ ([lVul,) /R 7 [V (0M20)[? 1 C (A, B, |€Vul.).

IN

where in the last inequality we applied (3.48). The other terms in (3.53) are handled
similarly to give

1< far Beievulg)} [ o7 (9@ )+ 4 B 6vul).
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Operating the derivative on the left, using (1.20) and the Poincaré inequality we have
Vo< | [ 000 v @) oM )|+ | [ 7 @) (0" )
R R
< e levol) [ 10l o [ P |9 @)
o R R
R% 2 M+2, |2

< o+ Do levulo | [ (9@ ).

Writing

IPYE (0w 9Mw) = PRI (10w, 0 1),

and replacing in I.X, we get

IX <6p>a

/ (7773]\’6/}’5{ (1, ow, ... ,8M+1w)) (n8M+2w)' .
R

Sincg the above expression is non trivial only for M > 4, and since the leading terms of
P](‘};gr’f (1,0w, ...,0M*w) are of the form (9M+1w) P?’g’f (1, 0w, 9*w, O3w), from (3.48)
we have that

[Pl |, < e B lgvully).

Hence IX is under control. The other terms in (3.51) are handled in a similar fashion to
finish the proof of our claim (3.52). As we already noted, this implies that (3.49) holds,
and therefore (3.48) holds for m = M + 1. By induction on m, we have that (3.48) holds
for all m > 1. From the Sobolev embedding theorem we then conclude

V™w € L, with control, m =1,2,3,...,

as wanted.

4. HYPOELLIPTICITY

In this section we prove Theorem 1.8, which is a hypoellipticity result for quasilinear
operators in divergence form £ = V' AV, where A satisfies Hypotheses (1.1) and (1.7).
We will need the following pointwise a-priori estimate for solutions of (1.13),

(4.1) VES (x,w)\ /K (z,w) |[Ow| < C, i=1,...,n,

where k* = min; {k'}, (see Lemma 5.3 in the appendix). Note that from (1.23) and (4.1)
we have

(Ow) A*Vw| < CBIk* (dw)||Viw]

<

(4.2)

Moreover, since g, is supported where k7 > ¢; = ¢1 (i, R1) for i # j, we have

0k (z,w) < C k" (z,w) < C o,/ E* (z,w)\/ kI (z,w), i,j=1,...,n,
hence, from (4.1) we obtain
(4.3) 0,k (z,w) 0w <C, i,j=1,...,n.

As a consequence of (4.3) and Theorem 1.4, we actually obtain immediate a-priori control
of any higher order derivatives of the solution w on the “elliptic domain” of the coefficients,
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more precisely, for any power [ and multi-index «, there exists C = C (¢1, B*, a, ) such
that

(4.4) 0, | Dw|? < C.

Indeed, from Theorem 1.4 we have that for any compact sets G and Q withGcc G ccT
and multi-index «

10w eg) < Ca (IIVOl gy :G) + lal 20,

whenever (z,w (z)) € G for every z in the projection of G onto Q. Taking G as the support
of g;, we have

Hence,
1D°w] < g) < Ca (|56V].G) = Ca (G)

as wanted. Note that from the proof of Theorem 1.4, it can be seen that C, (||2cVw|| o, ,G)is
only polynomial on |[>Vw|| .

4.1. An a priori estimate for quasilinear equations.

Theorem 4.1. Let w be a smooth solution of (1.13) in Q, where A, f(z,2), §(x,z),

—

k(x,z), are C* functions defined in a domain Q x {0} C ' C Q x R, where A sat-
isfies (1.18); k(x,z) satisfies Hypotheses 1.1 and 1.7, and § satisfies (1.20). Then,
for every multi-index o« = (aq,...,ap) and compact L C ), there exists a constant

Ca (HwHLOO(L) ,A) > 0 such that
(4.5) 1¢D* 0] () = Ca (Il o ) - A) -

For convenience, we will say that a function f is under special control (u.s.c.), if it
satisfies a bound of the form (4.5), that is

HCfHLOO(g) < C (H%wHLoo(g) ,A) .

The theorem is a consequence of the extra integrability of Vw, which follows from the
extra hypotheses on the coefficients, (1.7). We establish this fact first on the following
lemma.

Lemma 4.2. Let w be a smooth solution of (1.13) in 2, and assume that A, f(x,z),

g(x,z) and E(m,z) are as in Theorem (4.1). Then Vw € Lﬁc (Q), foralll < 8 < .
Moreover,

/R \Cvk (aw)ﬁ\2 <C (A,A,B,B*,ﬁ, |yw||Lw(L)) .

Proof. From Lemma 2.1, we have that for all § > 1

(4.6) /R ‘CVk (810)6’2 <Cp ‘/R (CL (Ow)) (C (aw)%—l)

‘ 2

0 [ 1942 |(00)’
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From (3.3), the equality 0A = A, + (0w) A ., and integration by parts, we have

[ e (cow)

< ’ /R (A, + (Ow) A.) V) (vg2 (aw)w—l)

+ /R ((6f)+g(8gi)wi> (gQ(aw)Qﬁ—l)

+ Zl /R (¢o" (@:0w)) (¢ (0w)** )
(4.7) = I+1I+III
Writing

(v¢ @u*) = 2 2¢2 0w (v (@u)”) + (V¢2) (0w

we have
(4.8) I < c’ /R C2(8w)ﬁ_1(Vw)tA”V(8w)ﬁ‘

+C ‘ /R ¢ (0w)” (Vw)' A7V <0w>‘3'

+ '/R(@w)wl (vw)tAVVCQ

+ ' /R (0w)?® (Vw)! A*V (2

From (1.23), (1.7) and (4.1), we have

Vwl* |A*V (8w)ﬁ‘2 < CB? ‘Vk (3w)ﬁ)2

and
IVw|*|A*VC < OB? |ViCl.

Applying these inequalities to (4.8) we obtain

CB? 2
(4.9) I < /Rg2|aw|23+ca/Rg?’vk(aw)ﬂ‘

a

+c/ 1w|?? |Vi.C)? + C.
R

Now, by (1.20) we have

<CB ]vk (aw)ﬂ‘ |Aw|?

En: g* (9 0w) (dw)*
1=1

hence

2
(4.10) I < g/ g2|aw125+a/ gﬂvk (aw)ﬁ‘ .
R R
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Finally, since from (1.25) and (4.1) we have

> giw; (Qw)* T+ ghw; (Ow)*

=1 i=1

n

> (9g") wi (Ow)* !

i=1

CB ow +CB S (Kk)? ] [0w]*?

<
i=1
< OB |ow])*.
Applying this to 11 yields
(4.11) 1T < C’B/ ¢ [owl* +-c.
R

Then ,replacing (4.9), (4.10) and (4.11) on the right of (4.7), and then using (4.6), we
obtain

2 CB? 2
[ v < X [ @lou+ca [ ¢[wiouw]
R @ Jr R
+C/ |0w[* |Vi.¢|? + C.
R

Applying the one dimensional Poincaré inequality to the first sum on the right and com-
pleting the k-gradient, we obtain

/R]Wk (8111)6‘2 < C(a+R% B*Z)/RCQ’W (aw)ﬁf+0/R\aw\25|vk<|2+c.

We absorb into the left the first term (given that o and R; are small enough), to obtain

[ |evowr] <c e [ 1vick|ow)

The second term on the right is u.s.c. because of (4.3). This finishes the proof of the
lemma.
We are now ready to proceed with:

:

Proof of Theorem 4.1. By Theorem (1.4), we only need to show that Vw is under special
control, that is

[¢Vell < ol )
By the Sobolev imbedding theorem, to prove this it is enough to show that
(4.12) [co%w] s < Cs (Ilewl e ) 120

for some 8 > n.
Applying Lemma 2.11 with v = 9?w and then applying Lemma 2.10 with v = (82w)ﬁ,
we obtain

(4.13) /Rg’é”vk (azw)ﬁ‘2
< 05’ /R (CL0%w) (g (aQw)%‘l)

+C (A, B,a) |=VAll}, ( /R \z(a%)ﬁ)”)i,
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forall 3>1,v>0,q> (14 v)n, and where p =p(q,v,n), 1 <p < 2. From Lemma 3.9,
we have

[ et (e

¢ ’/R (Viw) (92A) V¢2 (02w) ™

IN

+0/ (0A) vgﬁ]a%f%c/ ¢ g, - V| [0*w]*’
R R

c _
= [ ol e [ @10n T oul]ote

2
+04/(2‘(8A)V(82w)’g‘ +a/ ¢?
R R
(4.14) = I+1II+-+VIIL
Writing

2
7V (0%w)’|

(02A) =9 (A, +wyA,) = A,y +2(0w) Ay + (Jw)* A, + (0%w) A,
we have that I is bounded by

C ‘ / (Vw)' A, V2 (0%w) >
R

+C ‘/ (Vw)! (0w) A,.V¢? (8210)%_1
R

+C ‘ / (Vw)! (0w)? A, V(2 (9%w)™ ™
R

+C" / (Vw)' A.V¢? (0%w)™
R

(4.15) = VIIT+IX + X + X1.

Integrating by parts and using Holder inequality, we obtain

VIII = C / (V'A,, V) ¢ (8%w)? !
R

< c/ c?\a%f%c/ (1Yl + [Vul) ¢ 0%
R R
(4.16) < c/ ¢2}a2w]25+0/ 21vul* + C.
R R
Similarly,
(4.17) IX 4 X< c/ gﬂa%ﬁ%c/ & |vul% 4 C.
R R

To treat X1, we apply (1.23) to obtain
XI = C ’ / (Vw)! ¢ (0°w)” A V¢ (a%)ﬁ’
R
2
g/ ¢? }8211)’% + a/ |Vw|? ‘AZVC (8211))5‘
@ JR R

2
g/ 42}82w‘2ﬁ+aC’B2/ |k* (2, w) Vw|2‘Vk( (8211))6’ )
« R R

IN

IN

Since by (4.1) we have |k* (z,w) Vw| < C, we get

2
(418)  XI< Ci/ C2‘82w‘2ﬁ+a/ |vk§|2\82w\2’8+a/ |V (%)
R R R

‘ 2
«



INFINITELY DEGENERATE QUASILINEAR EQUATIONS 39

Gathering the estimates (4.15) to (4.18), we have
I < C/ §2|Vw\6’6+0/ V<2 [6%w] >
R R
CB? 2
+—/ ¢? ‘82w|2ﬁ + a/ ¢? ‘Vk (82w)ﬂ‘ +C.
@ JrR R

Using similar techniques to treat the other terms in (4.14), (with (1.23) replaced by (1.25),
(1.20) when treating IT1, VII, respectively), we obtain

(4.19)‘/72(@0%) (¢ (@*0)* )] < C/R§2\wa6ﬁ+c/nwk<\2|82w\25

2 2
+<CB R%+a>/g2)vk (a%)‘i‘ el
R

«

where we applied Poincaré inequality to fR ¢2 !8211)’26 as usual to bound it by
2 2
R%/ ¢ (vk (azw)B] + R%/ V¢ [0%w]*.
R R

Since Vi ( is supported where k* > ¢ = ¢ (l;, Rl) > 0, from (4.4) we have that [ |ViC|? ‘8210‘25
is under special control, i.e.

2
(4.20) /R Vicl? [0%w]” < ¢ (||%wHLw(g~) ,A) .
On the other hand, by (4.4) and Lemma 4.2 and Poincaré inequality,

(4.21) /72§2|Vw\6’6 C/R|Vk§|2|vtu|6ﬂ+c/72§2‘Vk(Vw)Sﬁ‘Q

C (Il o) - A) -
Replacing this and (4.20) into the right of (4.19) yields
4.22

(4.22)
Lo ™

Hence, from (4.13) we obtain
2
/ 2| (6%w)”|
R

< C(A.B.a)|<VA|Z, ( /R )%(6%)6!7’)’2’ +C (Il o gy - A)

after we absorved the proper term into the left. Now, as in (4.21) we have

IA

IN

< (CBQR%M)/RCQ)W (32w)ﬁ]2+0(|!%w\\po(a)aA)7

(o4

%Al <€ [ [Fult+C <€ (ol ) 4).

Replacing in the inequality above yields

foelwe ey’

(4.23) < (H%wum(g),A) (/R)%(a?w)ﬁr?)z+c<]]zw]\Loo(g~),A>,
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Now, from Lemma 2.1 with v = §%w and 8 = 1, and from (4.22) with 8 = 1, we have
/ V00| C ‘/ (¢LO*w) (C('“)Zw)‘ + C/ V¢ [0%w]”
R R R

CB?
< R + a> /RC2 }Vk (8210)‘2 +C (||%w||Loo<g~) ,A) + C’/R V¢ ’8210‘2

IN

IN

o
By (4.4) the last term on the right is u.s.c., thus, after absorbing into the left the first
term on the right by taking «, R small, we get

(4.24) /R Wil < (Jawl g - A)

Now we take 3, = % in (4.23) and use (4.24) to estimate the right side to obtain

[ ¢ v @a)?]
R

C (||%w||Lm(g) ,A) </R P ‘0210‘2)5 +C (H%wHLoo(g) ,A)

2

C (||%w|ym,(g~) ,A) v

N
We repeat this procedure by taking By = <%> ,after N iterations we have

ks

C (H%wHLm(g) ,A) (/R 2P ‘82w‘2(%)N_1 ) P +C (H%wHLoo(g”) ,A)

Ay G

IN

IN

v ()|

IN

IN

¢ (Jlswll e g

N
This establishes (4.12) by taking N so that (%) > n, and the proof of Theorem 4.1 is
complete.

4.2. Proof of the Hypoellipticity Theorem. In this section we provide the proof for
Theorem (1.8). Given a continuous function w on Q, w € Hﬁ)c (Q, k), ie.,

/(p Vew|* dz < 0o, for all p € C°(Q),

where Viwis as in Definition 1.3, such that w satisfies

/(Vgo)tA(:L‘,w)(Vw):—/gog(x,w)-Vw—/gof(:r:,w), for all p € C°(Q),

that is, w is a weak solution of (1.13) in §2 (see Definition (1.2)), we want to prove that
when A satisfies (1.18), ¢ satisfies (1.20), f, > 0 and Hipotheses (1.1) and (1.7) hold, then
w e C™(Q).

It is enough to show that for any positive integer N, there exists R > 0 and Cny > 0
such that

”DawHLoo(R) <Cn ||wHLr><>(Q) 5 a = (ala ce 70411) s |a| <N,
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where R is any cubical region in €2, of sidelength 2R;. Without loss of generality we can
assume R to be centered at the origin, that is,

R=[-Ri, ’1]",

we also assume B = {z, |z| < 2y/nR1} C Q.
For € > 0, and I the n x n identity matrix, we define

A.=A+el

Then the operator M, = divA.V — g -V — f is quasilinear elliptic and satisfies the
hypothesis of Theorem 15.9 in [3], so if w, is the solution of the Dirichlet problem

Mcaw:.=0 in B, w.=w on 0JB,

then w, € C?*7 (B) (" C (B). The classic Schauder regularity theory and a standard boot-
strapping argument imply that w. € C* (B)(C (B) Now, by the maximum principle
(7?7 in [3]), we have

l[wel oo () < well oo (amy = 1wl oo ) = M,

And since the coefficients A, satisfy the hypotheses of Theorem 4.1 uniformly in € > 0,
we have that for any derivative D and € > 0, the family of functions {D%w,,n < e/2}
is equicontinuous and uniformly bounded on B.. Therefore, there is a subsequence {w,},
with e; — 0, which converges in C* (B) to a function wy € C* (B). That is, D“w,, converges
to D%wq uniformly on compact subsets of B, for all multi-indexes a.

We will show that the subsequence {w,} converges to w uniformly in B. Let ¢ be an
arbitrary point on 95, and let h (x) be the barrier function for w at z¢ provided by Lemma
5.4, that is, for ,v > 0, depending only on M, , [|g]l e (ry, ||/l (1), the Lipschitz norm

of A in I' and the modulus of continuity of w in B, and for N5 = {y € B: |y — 20| < 6},
we have h € C* (N5) (N C (Nj), and moreover

h(z) <w(z)—w(x), for all z € N,
h(z) < —v, for all x € ONs (B,
h(xo) =0,

div A (z,u(z)) Vh — §(z,u(x)) - Vh — | f (z,u(z))| >0,
Ah=3"02h >0,

2

in N,

whenever u is continuous in B and (z,u (z)) € T for all x € Q. Now, given n > 0, there
exists 9 > 0 such that |w (z) —w (y)| < nif |x — y| < €0, x,y € Q. Then, for €, < ey we
have

(4.25) —n < we () —w (zg) <, for all = € ON ﬂaB,
and

2M 2M

i < — <= :

h(x) < we () — w(z0) < —= h(z),for x € ON; (B
Therefore,
2M 2M

(4.26) Th () —n < we (x) —w(xg) < _Th () +mn, for all z € ONj.

Note that for any € > 0,
Mch=Mh+eAh>0.



42 RIOS, SAWYER, AND WHEEDEN

We now set A. (2) = Ac (2,2 (2)), g (2) = § (5, w. (2)), f- () = f (&, w. (x)) and
Mev =divA Vv —g(z) Vu— f(z).

Then M. (we — w (zg)) = Mcwe = 0 and

() —n) = 2 v A (o 0)) Vh - o @) ) - £ o ()
> 2R e )] - F o (@) 20,

where we assumed, without loss of generality, that % > 1. Therefore, we have

o (Bh@ =) 2 Ml—wl), WA

2M
h() n < w.—w(xg), x € ON.

From the comparison principle, Lemma 5.5, applied to the operator M. in N5, and from
inequality (4.25), we obtain

2M
h() n < we (z) —w (z0), forall z € N5, 0,6 <eg=c¢g(w,n).

Since h is continuous and h () = 0, we conclude that for €1 < g small enough,
—2n < we () —w (x0), forall z € N5, e <e1,0 <eo=co(w,n).
Similarly, since M. (—22h (z) +n) < 0 we obtain
|we (z) —w (x0)] < 27, forall x € N5, e<e1,0 <egp=-¢ep(w,n).

This proves our claim, and therefore, we have that w = wo = lim;_,o we; uniformly on
0B. From the comparison Principle, Lemma 5.5, applied to M in B, we conclude that
w = wyp in B and therefore, w is smooth in B, with the expected control.

5. APPENDIX

5.1. Some calculations. Let us compute the equation satisfied by 0™w. By simply
commuting 0 and £, we have

)_l

m—

(5.1) 'L, 8] 0™ 1w + 0™ Lw.
/=0
We write
m—1
a@ £ a om— 1— E
=0
m—2
= 0" ML, O w A [L£,0] 0™ w A Smzg Y 0°[L,0] 0™ w
/=1
= I+1II+III

where 0,,>, = 1 if m > p and d,,>, = 0 otherwise. Using the identity
(5.2) [£,0] = —V' (0A)V
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we have
—I = V9" (0A)Vw
m—1
— vt Z (",
¢=0
(5.3) =

VH(O™A) Vw + V' (0A) V (0™
+0mza (m — 1) V' (9°A) V

) (oa) e (o)

"w) + 6mzs (m — 1) V(9™ TA) V (9w)
(0™ %w) + Smz>sPivio (1,0w, ... 0" )

where PéA denotes a generic polynomial with coefficients depending on derivatives of A,
as given in Definition 3.1. Also from (5.2), we obtain

(5.4)

Now, using the identity

'L, 01 0m tw

we have
m—2 £
IIT = =63V Y > (7)
(=1 r=1

—IT =V"'(0A) VO™ w.

) (0 A) v

~V () (@A)

[aﬁ, Ic, a]} 1=ty 4 [£, 8] 0™ L

V4
(01 "Tw) + 11,

r=1

Om_l_rw) + 6m>zc(m) VI (OA)V (am—lw)

Adding the first and last terms separately, the sum on the left can be written as

m—2
/=1 r=1

2

= (5m24c (6

m—3

_l’_

=2 r=2

L
= Gm>ac (0*A) V(0™ w) +
+6m>5Pimiy (L 0w, ...,

V(0" 2w) +

> () (@A) v (0" w)

m— 2
arJrlA v (amflfrw>

r=1

14
Z Z ar—HA am—l—rw)

+ (0™ 1A) V (0w)
8m—2w) 7

where ¢ = ¢(m). Hence, for certain constants ¢; depending only on m,

117

(5.5% >3 [V (2A) V (0™ 2w) + V! (9™ TA) V (Ow) + ¢V (0A) V (0™ w)]

+5m2577$+1 (1, ow, ...

,8m71w).

Assembling the estimates (5.3), (5.4) and (5.5)
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m—1
> oL, o10m ! w
(=0
(5.6) = —V'(0"A)Vw + 1V (0A) V (0™ 1w)
+e20m>3V" (0™ TTA) V (Ow) + 3 6m>4V' (0°A) V (0" 2w)
+om>5 PYJ,S:JFZ (1, ow, ... ,8m71w) .
On the other hand, it similarly follows that
OMLw = OMGVw+Imf
(5.7) = (O™f)+ (0™F) - Vw+ G-V (0™w)
+m (07) V (0" 'w) + m>3 ¢4 (0°G) V (0" %w)
FOmzam (0™7G) V (0w) + S5 PLLL (1, 0w,..., 0™ w)
Finally, from (5.1), (5.6) and (5.7) we obtain
L(0Mw)
(5.8) = —V'(0"A)Vw+c1 VI (0A)V (0™ w) + f. (0™w)
+(0"w) g, - Vw+ G-V (0™w) + 2 (09) V (Om_lw)
+0m>3 [c3 V! (0TTA) V (0w) + ¢5 (0%5) V (0™ *w)]
+Om>a [ea V! (OPA) V (0™ w) + 6 (0™'§) V (w)]
+dm>5 Pﬁfﬁf (1, ow, ... ,8m_1w) .

for all integers m > 1. For our reference, we write the special cases m = 2 and 3:

L (82w)

(5.9) = —V'(0*A) Vw +¢; V' (0A) V (0w) + f. (0*w)
+ (0*w) §. - Vw + G- V (0*w) + ¢2 (09) V (dw) .
L (8310)

(5.10) = —V'(OPA)Vw+c1 V! (0A) V (0*w) + f. (0°w)

+ (0Pw) g. - Vw + G- V (9°w) + ¢2 (09) V (9°w)
+c3 V! (0PA) V (0w) + ¢5 (9°G) V (Ow).
5.2. Quasi-linear coefficients. Here we include a characterization of the functions k(x, z)

which satisfy our extra hypothesis, (1.19) and (1.23), see section 6.4 in the appendix of [8]
for details.

Lemma 5.1. Let k(x, z) be a smooth nonnegative function in a bounded region I' C R™ xR,
assume that for some v > 1 there exists a constant B > 1 such that

(5.11) |0.k(z,2)| < B (k(z,2))7,

then, for every (xo,z0) € I', there exists a smooth function f(x) and a Lipschitz function
h(zx,z), with Lipschitz constant depending only on B, || k||, and I', such that

(5.12) Bw,2) = @) (14 f @) hlw,2)),
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for all (x, z) in a neighborhood of (xo, z0). Moreover, h (xo, 20) = 0. In particular, we have
C 'k (x,z') <k(z,z)<Ck (x,z’) , (z,2), (w,z') erl,

where C' = C (B,I'). Reciprocally, if h (z,z) is smooth and f (x)is a smooth function such
that f (z)7 is smooth, then k(xz,z) given by (5.12) is a smooth function which satisfies
(5.11), for some B = B (h, f,T).

In the next four subsections we develop the tools for proving Theorem 1.8. In 5.3 we
obtain weighted L estimates for the first derivatives of solutions of (1.6). This is done as a
simple application of a priori estimates for elliptic operators, using the maximum principle
applied to the equation satisfied by the derivatives (see [3], Theorem 8.17). In 4.1 we prove
an a priori estimate for smooth solutions, here is where the differential algebra developed
in sections 2 and 3 as a consequence of the structure of our equations comes into play.
In 5.5 we establish a comparison principle adapted to our solutions. In 5.4 we construct
boundary barrier functions from our particular solutions. This barriers are interesting in
themselves since they require very little a priori regularity of the solution they “enclose”.
Finally, all this machinery then is applied in a standard approximation scheme to obtain
the main result of this section.

5.3. A priori estimates for the gradient. In this subsection we establish a priori
estimates for the gradient of solutions of (1.13). These estimates will be obtained as a
consequence of the following classical result ( [3] (Theorem 15.8)).

Theorem 5.2. Let A = (A (y,z2,q))
R x R" satisfying

i1 and g(y,z,p) be smooth functions on € x

(5.13) > 04, A (2 q) &8 = v (|2) (L + [a)T €
ij=1
(5.14) 104A (y,2,9)] < p(lz]) (1 +q])7,
(1+lg|) |0-A| + [0 Al + |9 (y, 2, 9)|
(5.15) < p(l2]) (L+1g)™+2,

for all £ € R™, (y,z,p) € Q x RxR"™ where 7 > —1 and v is a positive, non-increasing
function on R and y is a positive, non-decreasing function on R. Then for any v € C? ()
satisfying
(5.16) Muv =div A (y,v, Vo) = g (y,v, Vv),
we have the estimate

Vo (y)] < C,
for any y € Q, where C' depends on n, 7, v(Mo), u(Mo), Mo/d and My = supp, ) [v|,
d = dist (y, 092).
Lemma 5.3. Let A = (aj; (2, 2))
and (1.18):

ii=1...n» b€ a smooth symmetric matriz satisfying 