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Abstract. We prove a priori bounds for solutions of a class of quasilinear equations of
the form

div A (x,w)∇w = ~g (x,w) · ∇w + f (x,w) ,

where x = (x1, . . . , xn), and where f , ~g =
`
gi
´

1≤i≤n and A = (aij)1≤i,j≤n are smooth.

The square symmetric matrix A is permitted to vanish to infinite order as a quadratic
form. We show that if w is a continuous weak solution of the Dirichlet problem in a
domain Ω with smooth data, then w ∈ C∞ (Ω).

1. Introduction

It is well-known that if A is elliptic, and A and b are smooth functions of their argu-
ments, then quasilinear operators in the divergence form

Lw = div A (x,w,∇w) + b (x,w,∇w)

are hypoelliptic: any weak solution w to Lw = 0 is smooth (see [3]). When L is subelliptic
- i.e. ellipticity fails only to finite order - then hypoellipticity still holds if L is linear (see
e.g. Treves [9]). When L is linear but fails to be subelliptic, the situation is more delicate.
For example, in [2], Fedĭı showed that the two dimensional operator

∂2
x + k (x) ∂2

y(1.1)

is hypoelliptic if k is smooth and positive for all x 6= 0. In this case k is allowed to vanish
at any rate at x = 0. However, ∂2

x + k (x) ∂2
y + ∂2

z is hypoelliptic in R3 only for certain
orders of vanishing (see [4]). A quasilinear version of operators of the form (1.1) arises
when one considers two dimensional Monge-Ampère equations

ussutt − u2
st = k (s, t, u, us, ut) , (s, t) ∈ Ω̃ ⊂ R2,(1.2)

together with the classical partial Legendre transformation (x, y) = T (s, t) given by
{
x = s
y = ut

.(1.3)

Indeed, assuming that T is invertible, (1.2) and (1.3) lead to the two dimensional quasi-
linear equation

∂2
xw + ∂y {k (x,w (x, y) , r (x, y) , v (x, y) , y) ∂yw} = 0, (x, y) ∈ Ω = T

(
Ω̃
)
,(1.4)

verified in the weak sense by w (x, y) = t, where r (x, y) = u (s, t) and v (x, y) = us (s, t).
In [8], two of the authors extended Fedĭı’s two dimensional regularity result for linear
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equations to certain solutions w obtained through the transformation (1.3) from a solution
of (1.2). The coefficient k considered in [8] is assumed to satisfy

|kt (s, t, z, p, q)| ≤ C k (s, t, z, p, q)
3
2 , (s, t, z, p, q) ∈ Ω× R3,(1.5)

that is, k is required to become more independent of the second variable as it degenerates.
Notice that the coefficient k in (1.1) is independent of the second variable, and then (1.5) is
automatically true. The result in [8] establishes that degenerate two dimensional Monge-
Ampère equations (1.2) with smooth right-hand side k satisfying (1.5) are hypoelliptic.
This was the first known hypoellipticity result for infinitely degenerate Monge-Ampère
equations. More general equations than (1.4) are also treated in [8], including the equation
for prescribed Gaussian curvature.

In this work we consider an n-dimensional quasilinear operator of the form

Lw (x) = div A (x,w (x))∇w (x) , x ∈ Ω,(1.6)

where ∇ denotes the gradient operator with respect to the x variable, the matrix A is
symmetric and satisfies

n∑

i=1

ki (x, z) ξ2
i ≤ ξtA (x, z) ξ ≤ Λ

n∑

i=1

ki (x, z) ξ2
i , for all ξ ∈ Rn,(1.7)

for some Λ ≥ 1, the functions ki (x, z) are smooth and nonnegative in a domain Γ ⊂ Rn×R,

and Ω is the projection of Γ onto Rn. We denote by ~k the vector
(
k1, . . . , kn

)
.

Remark 1.1. We assume that ~k has continuous second order derivatives in Γ and satisfies
the following:

• There exists C ≥ 1 such that for (x, z) ∈ Γ,

0 ≤ ki (x, z) ≤ C, i = 1, . . . , n.(1.8)

• There exists c > 0 such that for each (x, z) ∈ Γ,

max
1≤i≤n

ki(x, z) ≥ c > 0.(1.9)

• For every x ∈ Ω and ε > 0, there exist 0 < R1, . . . , Rn ≤ ε such that if R denotes the
box centered at x defined by

R = [x1 −R1, x1 +R1]× · · · × [xn −Rn, xn +Rn] ,

then

ki (y, z) > 0 whenever y ∈ Ti = ∂R\{y : |yi − xi| = Ri} , (y, z) ∈ Γ,(1.10)

i.e., ki (y, z) is positive if (y, z) ∈ Γ and y lies on any face of the box R whose normal
vector is perpendicular to the yi-axis.

Note that if ~k satisfies (1.8), k1 ≡ 1 and ki (x, z) is positive for x ∈ Ω away from the
xi-axis, i.e.,

ki (x, z) > 0 if x′i ≡ (x1, ...xi−1, xi+1, ...xn) 6= 0, (x, z) ∈ Γ,(1.11)

for 2 ≤ i ≤ n, then (1.9) and (1.10) are trivially verified.
In practice, since our theorems are local, we assume without loss of generality that

k1 (x, z) = 1, for all (x, z) ∈ Γ,(1.12)

which clearly implies (1.9).
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Definition 1.2. Given smooth real functions ~g =
(
g1, g2, . . . , gn

)
and f , defined on Ω×R,

we say that w (x) is a weak solution of

Lw = div A (x,w)∇w = ~g (x,w) · ∇w + f (x,w) , x ∈ Ω(1.13)

in Ω if ∇w ∈ L1
loc(Ω) and w belongs to the weighted Sobolev space

H1
loc (Ω,A) =

{
w :

∫
ϕ (∇w)t A (x,w)∇w dx <∞, for all ϕ ≥ 0 ∈ C∞c (Ω)

}
,

and if for any ϕ ∈ C∞c (Ω), we have
∫

(∇ϕ)t A (x,w)∇w dx = −
∫

[ϕ~g (x,w) · ∇w + ϕf (x,w)] dx.

Definition 1.3. Note that for w ∈ H1
loc (Ω,A) we have (∇w)t A (x,w)∇w ∈ L1

loc (Ω),
and since A is a nonnegative matrix, the vector function

∇kw =
√

A (x,w)∇w(1.14)

is well-defined and ∇kw ∈ L2
loc (Ω). We call ∇kw the k-gradient of w in Ω. Sometimes

we will need to apply the derivation (1.14) to functions other than w; in such a case we
denote

∇k,wϕ =
√

A (x,w)∇ϕ.(1.15)

The subindex k in the definition of ∇kw refers to the relation (1.7) between A and the

vector ~k. This is an abuse of notation since the correspondence between A and ~k is not

unique (~k is a smooth vector equivalent in size to the eigenvalues of A), but we adopt the
notation for convenience.

Our main result, Theorem 1.8 below, states that under certain hypotheses on the co-
efficients A, every continuous weak solution w of (1.13) is infinitely differentiable, and
all of its derivatives are locally controlled by ‖w‖∞. The conditions imposed on the co-
efficients allow them to vanish to infinite order, so the quasilinear operator L is not in
general uniformly elliptic or even subelliptic. This is the first known hypoellipticity result
for infinitely degenerate quasilinear equations in n dimensions.

In our first theorem we establish a priori local control of all the derivatives of a smooth
solution w of (1.13) in Ω, the control being in terms of both w and ∇w. This theorem, and
its main application in this work, Theorem 1.8, include the results in [8] used to obtain
regularity for Monge-Ampère equation in two dimensions.

Before stating our a priori estimate, it will be convenient to recall the classical inequality

|∇x,zk (x, z)| ≤ B
√
k (x, z), (x, z) ∈ L,(1.16)

for a compact subset L of Γ, and its more general form,

|∇x,zk (x, z)| ≤ C
{∥∥∇2

x,zk
∥∥ 1

2

∞ + (dist ((x, z) , ∂Γ))−
1
2

}√
k (x, z), (x, z) ∈ Γ,(1.17)

if k is merely nonnegative with bounded second derivatives on a domain Γ (see e.g. the
appendix in [8]). Inequality (1.16) is crucial in our calculations, and although it has an ana-
logue for diagonal matrices, it does not extend to general matrix functions. Consequently,
we ask our coefficient matrix A to satisfy

|∂xA (x, z) ξ|2 + |∂zA (x, z) ξ|2 ≤ B2ξtAξ, for all ξ ∈ Rn, (x, z) ∈ L.(1.18)
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Note that condition (1.18) is equivalent to (∂xA (x, z))2 + (∂zA (x, z))2 ≤ B2 A in the
sense of bilinear forms, i.e. for all ξ ∈ Rn,

ξt
[
(∂xA (x, z))2 + (∂zA (x, z))2

]
ξ = |∂xA (x, z) ξ|2 + |∂zA (x, z) ξ|2 ≤ B2ξtAξ.

Assuming that (1.18) holds,it follows from (1.14) in Definition 1.3 that

‖ϕ (∂xA (x, v))∇v‖2L2 + ‖ϕ (∂zA (x, v))∇v‖2L2 ≤ B2 ‖ϕ∇kv‖2L2(1.19)

for any v ∈ H1
loc (Ω,A) (see Definition 1.2) and any smooth cutoff function ϕ supported in

Ω. For convenience, we assume B ≥ 1 henceforth. For the nonhomogeneous term arising
from ~g, we assume that

|~g (x, z) · ξ|2 ≤ B2 ξtAξ.(1.20)

Condition (1.20) says that B−1~g defines a subunit vector field with respect to A in the
sense that ∣∣B−1~g · ∇v

∣∣2 ≤ (∇v)t A∇v = |∇kv|2 .(1.21)

We will also need some further terminology. Let Pc (Γ) denote the collection of all
compact subsets of Γ. We will say that a real-valued function f defined on Pc (Γ) is
increasing if f (L1) ≤ f (L2) whenever L1, L2 ∈ Pc (Γ) with L1 ⊂ L2. We denote by Ω
an open bounded connected subset of Rn, and we assume that the graph of the solutions
considered is contained in an open bounded connected domain Γ ⊂ Rn+1 such that

Ω× {0} ⊂ Γ ⊂ Ω× R,
that is, a solution w satisfies (x,w (x)) ∈ Γ for all x ∈ Ω.

Theorem 1.4. Suppose that ~k (x, z) is C2 in a domain Γ as above, A, f (x, z), ~g (x, z)

are C∞ in Γ, where A satisfies (1.18), ~k (x, z) satisfies Hypothesis 1.1, and ~g satisfies
(1.20). Let ζ, κ be smooth cutoff functions supported in Ω, with κ = 1 on the support
of ζ. Then, for every multi-index α, there is a real-valued function Cα (σ, L), defined for
(σ, L) ∈ [0,∞) × Pc (Γ) and increasing in each variable separately, so that for all smooth
solutions w of (1.13) in Ω with (x,w (x)) ∈ L for all x in the support of ζ,

‖ζDαw‖∞ ≤ Cα (‖κ∇w‖∞ , L) .(1.22)

The constant Cα (σ, L) depends on Γ, ζ, κ, B and ~k, but is independent of ~g and f .

Note that the right-hand side of (1.22) includes an implicit bound on w through the
restriction that (x,w (x)) ∈ L when ζ (x) 6= 0.

Remark 1.5. The special case of Theorem 1.4 that is proved in [8] (n = 2, ~g = 0, f = 0,

A diagonal and ~k (x1, x2, z) = (1, k (x1, x2, z)) independent of x2) requires, for its main
application to Monge-Ampère equations, an explicit control of the constants Cα in terms

of the coefficients ~k (x, z). More precisely, it is necessary to obtain uniform estimates for
solutions of a family of operators of the form

Lε = ∂2
x + ∂y (k (x,w (x, y)) + γ) ∂y, 0 ≤ γ ≤ 1.

The same explicit control is available in our case. Indeed, Cα depends on the ratio Mi/δi,
where

δi = min
{
ki (x, z) , x ∈ Ti, (x, z) ∈ Γ

}
,

Mi =
∥∥∇xki

∥∥
L∞(Γ)

,
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with Ti as in (1.10) for an appropriate fixed Ri which depends on α and ~k. This fact is
embedded in the proof of Theorem 1.4, although we omit the routine but tedious details of
its proof for the sake of clarity.

Corollary 1.6. Let D be the divergence form operator

Dw = ∂2
1w +

n∑

i=2

∂ia
i (x,w) ∂iw,

where ai are smooth and nonnegative in Γ. Suppose that f (x, z), ~g (x, z) are C∞ in Γ as
above, and there is a positive constant B such that 1

B~g is subunit with respect to ~a, i.e.

|~g (x, z) · ξ|2 ≤ B2
n∑

i=1

ai (x, z) ξ2
i .

Let ζ, κ be smooth cutoff functions supported in Ω, with κ = 1 on the support of ζ. Then,
for every multi-index α, there is a real-valued function Cα (σ, L), defined for (σ, L) ∈
[0,∞)×Pc (Γ) and increasing in each variable separately, so that for all smooth solutions
w of

Dw = ~g (x,w) · ∇w + f (x,w) ,

in Ω with (x,w (x)) ∈ L for all x in the support of ζ,

‖ζDαw‖∞ ≤ Cα (‖κ∇w‖∞ , L) .

The constant Cα (σ, L) depends on Γ, ζ, κ, B and ~k, but is independent of ~g and f .

Our main application of these a priori estimates is the following hypoellipticity result
for (infinitely degenerate) quasilinear equations of the form (1.13). Because of the local
character of the theorem, we replace condition (1.9) by (1.12) i.e., we assume that k1 ≈ 1.
As in the special two dimensional case contained in [8], we assume extra conditions on the
coefficients, namely, we require that the nonlinear and the infinitely degenerate characters
do not occur simultaneously in the following sense.

Remark 1.7. In the next theorem, we assume in addition that A and ~g satisfy

|∂zA (x, z) ξ|2 ≤ CB2 (k∗ (x, z))2
n∑

i=1

ki (x, z) ξ2
i ,(1.23)

with k∗ (x, z) = mini=1,...,n

{
ki (x, z)

}
,

|∂z (∂A (x, z)) ξ|2 +
∣∣∂2
zA (x, z) ξ

∣∣2 ≤ CB2
n∑

i=1

ki (x, z) ξ2
i ,(1.24)

∣∣∂zgi (x, z)
∣∣2 ≤ B2k∗ (x, z) ki (x, z) , i = 1, . . . , n,(1.25)

and ∣∣∂z
(
∂gi (x, z)

)∣∣2 +
∣∣∂2
zg
i (x, z)

∣∣2 ≤ B2ki (x, z) , i = 1, . . . , n,(1.26)

where ∂ denotes a generic first order partial derivative ∂x1 , . . . ∂xn .

The extra vanishing condition (1.23) on Az is a stronger form of the part of (1.18) in-
volving Az. While in the scalar case inequality (1.18) always holds for any C2 nonnegative
k (x, z), and it takes the form (1.16), the more restrictive version (1.23) takes the form

|∂zk (x, z)| ≤ B (k (x, z))
3
2 ,(1.27)

(see also (1.5)) in the scalar case and it does not hold in general for nonnegative k (x, z).
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Theorem 1.8. Suppose that A, f (x, z), ~g (x, z), ~k (x, z), Γ are as in Theorem 1.4, and
they also satisfy Hypothesis 1.7. Then, if w is a weak solution of (1.13) in Ω, which is
continuous in Ω, then w ∈ C∞ (Ω) and for every multi-index α,

‖ζDαw‖∞ ≤ Cα (L) .(1.28)

Note that in the case n = 2, A diagonal, (i.e. A (x, z) = diag (1, a (x1, x2, z))), f = 0 and
~g = 0, Hypothesis 1.7 reduces to a (x, z) satisfying (1.27) and a (x1, ·, z) 6 ≡0 in the variable
x2, as x2 ranges through any open interval containing the origin. Indeed, by (1.7) we can
take k2 (x, z) = a (x, z), and since in this case k∗ = k2, and if A satisfies. Hypotheses 1.1
and 1.7, then from (1.23) we have that a (x, z) satisfies (1.27). Moreover, from (1.10) we
have that for every ε > 0, there exists 0 < R1, R2 < ε such that a (x1, R2, z) > 0 for all
−R1 ≤ x1 ≤ R1.

As an example, we consider diagonal matrices of the form A = diag
(
1, k2, . . . , kn

)
i.e.

A (x, z) =




1 0 · · · 0
0 k2 (x, z) · · · 0
...

...
. . .

0 0 · · · kn (x, z)


 ,

where ki are smooth nonnegative functions satisfying Hypothesis 1.1, and such that for
some integer N ≥ 1,

C−1
∣∣kj (x, z)

∣∣N ≤ ki (x, z) ≤ C
∣∣kj (x, z)

∣∣−N , 1 < i, j ≤ n, (x, z) ∈ Γ,(1.29)

and for i = 1, . . . , n,

∣∣kiz
∣∣ ≤ B∗

(
ki
)N+

1
2 , i = 1, . . . , n,

with N as in (1.29). The A satisfies the hypotheses of Theorem 1.8. In particular,

if k (x, z) is nonnegative and it satisfies |kz| ≤ B k
3
2 , then A = diag (1, k, . . . , k) is an

admissible matrix for Theorem 1.8.
As a striking consequence of Theorem 1.8 in R2, if k (x, y, z) is smooth, nonnegative,

satisfies

|∂zk| ≤ B∗ (k)
3
2 ,(1.30)

and k (·, ·, 0) does not identically vanish on any horizontal line segment in Ω, then any
continuous weak solution w to

Lw = ∂2
xw + ∂yk (x, y, w (x, y)) ∂yw, (x, y) ∈ Ω,(1.31)

is smooth in Ω. Indeed, since in this case k1 ≡ 1 and (1.24) is trivially satisfied with
N = 1. It only rests to check that k satisfies (1.10). Since k (·, ·, 0) does not vanish
on any horizontal segment, given ε > 0 and (x, y) ∈ Ω, there exist x̄ < x < x̄′ with
|x− x̄| = |x− x̄′| = R1 < ε, such that k (x̄, y, 0) > 0 and k (x̄′, y, 0) > 0. From (1.30)
it follows that k (x̄, y, z) > 0 and k (x̄′, y, z′) > 0 whenever (x̄, y, z), (x̄′, y, z′) ∈ Γ (see
Lemma 5.1 on the appendix), (1.10) follows then from the continuity of k with respect to
the second variable.

In [8], a special case of Theorem 1.8 was obtained in two dimensions, and it was used to
treat Monge-Ampère equations. The techniques used in this work closely follow those in
[8]. The new elements introduced here to establish the n-dimensional results of theorems
1.4 and 1.8 are contained in the proof of Lemma 2.12, and the a priori estimates for the
gradient, Lemma 5.3.
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1.1. Notation. Throughout this paper we will use C to denote a constant that may
change from line to line, but that is independent of any significant quantities. In general

C may depend on the dimension n, ~k and the fixed cutoff functions defined below. We will
use calligraphic C to denote a function of one or more variables, increasing in each variable
separately, that may also change from line to line, but that remains independent of any
significant quantities apart from its variables. We will only denote the dependence of C
with respect to variables others than the dimension n, ~k and the cutoff functions selected.

Given two operators S and T we denote by [S, T ] the commutator operator

[S, T ] = ST − TS.
We will abbreviate partial derivatives using subindexes, and superindexes will be re-

served to indicate components of vector fields. In this way, ~k =
(
k1, . . . , kn

)
, and if we

denote ∂z = ∂n+1, we write

kij = ∂jk
i (x, z) , kijl = ∂l∂jk

i (x, z) ,(1.32)

kiz = ∂zk
i (x, z) , kijz = ∂z∂jk

i (x, z) , . . . etc.

Given two nonnegative cutoff functions ζ, ξ ∈ C∞0 (Ω), we say that ξ supports ζ and
denote ξ � ζ if

ξ = 1 on a neighborhood of support (ζ) .

Note in particular that if ξ � ζ then ζ ξ = ζ and ‖ζ‖∞ ξ ≥ ζ. Here and henceforth ‖f‖∞
denotes the supremum norm of f and ‖f‖Lp(Ω) the Lp-norm of f in the set Ω,

‖f‖Lp(Ω) =

(∫

Ω
|f |p dx

) 1
p

,

when Ω = Rn we omit mentioning the set. We also adopt the notation

‖f‖0 = ‖f‖L2 .

We will use nonnegative cutoff functions adapted to our operator as in [2], and defined as
follows:

Definition 1.9. Let R = [−R1, R1]× [−R2, R2]× ...× [−Rn, Rn] be a rectangular region
centered at the origin in Rn. We assume R ⊂ Ω, and let ηi, φi, ζi, θi ∈ C∞c ((−Ri, Ri))
for 1 ≤ i ≤ n satisfy

1. ηi, φi and ζi equal 1 in a neighborhood of zero,
2. ζi � φi � ηi and ζi ≥ φi ≥ ηi,
3. θi ≤ 1, θi � η′i, θi � φ′i and θi � ζ ′i,
4. 0 does not lie in the support of θi.

Set

η (x) =
∏n
i=1 ηi (xi) , φ (x) =

∏n
i=1 φi (xi) ,

ζ (x) =
∏n
i=1 ζi (xi) , %i (x) = θi (xi)

∏
j 6=i ζj (xj) .

Finally, let ξ,κ ∈ C∞c (R) satisfy κ � ξ � ζ, κ ≥ ξ ≥ ζ and ξ � %i.
Let ki (x) be smooth and nonnegative in a domain Ω ⊂ Rn, i = 1, . . . , n. We as-

sume ~k(x) =
(
k1(x), . . . , kn(x)

)
satisfies Hypothesis 1.1, with (1.8) replaced by (1.12), i.e.

k1(x) ≡ 1. Moreover, we choose the functions ηi, θi above so that the following condition
holds:

%i (x) ki(x, u) ≤ C1 %i (x) min
1≤j≤n

kj(x, u), (x, z) ∈ Γ, 1 ≤ i ≤ n,(1.33)
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for some constant C1 = C1

(
~k,R1, . . . , Rn

)
> 0. This condition can always be met because

~k is Lipschitz and satisfies (1.10).

2. Preliminary results

2.1. The gradient estimate. In this section we establish some estimates on the k-
gradient of ∇u for smooth functions u. Our main result is Lemma 2.5, in which ‖∇kη∂u‖20
is controlled in terms of lower order derivatives and Lu, remember that ∂u denotes a
generic first order derivative.

We begin by presenting a “Caccioppoli” type inequality for powers of u as in [5], esti-
mating the energy of the L-gradient of powers uβ in terms of Lu and powers of u. We
omit the standard proof (see Lemmas 3.1 and 3.9 in [8] for details).

Lemma 2.1. Suppose L is as in (1.6), where A is a nonnegative definite matrix. For
u ∈ C∞ (R) and β > 1

2 , we have
∫

R

∣∣∣ζ∇kuβ
∣∣∣
2
dx ≤ 2β2

2β − 1

∣∣∣∣
∫

R
(ζLu)

(
ζu2β−1

)
dx

∣∣∣∣(2.1)

+ 2

(
2β

2β − 1

)2 ∫

R
|∇kζ|2

∣∣∣uβ
∣∣∣
2
dx,

where ∇ku is given by (1.14) in Definition 1.3.

Remark 2.2. We will often use an absorption technique which is based on the inequality

2 ab ≤ ε a2 +
1

ε
b2, ε > 0.(2.2)

Since this is a standard technique (used for example in the proof of the lemma above), we
will often use it without explicit mention for conciseness.

It will be convenient to set

A6 = 1 + ‖∇η‖6∞ + ‖∇φ‖6∞ + ‖∇ζ‖6∞ + ‖∇%1‖6∞ + · · ·+ ‖∇%n‖6∞(2.3)

+
∥∥∇2η

∥∥3

∞ +
∥∥∇2φ

∥∥3

∞ +
∥∥∇2ζ

∥∥3

∞

+
∥∥∇3η

∥∥2

∞ +
∥∥∇3φ

∥∥2

∞ +
∥∥∇3ζ

∥∥2

∞ ,

in order to collect constants in front of the lower order terms in what follows. It is important
to observe that since A ≥ R−1

1 , if we wish to show that a certain term is small by applying
the one-dimensional Poincaré inequality in the x1-variable, i.e. by applying the estimate

‖ϕ‖L2(Rn) ≤ CR1 ‖∂1ϕ‖L2(Rn) ,

where ϕ is a function with compact support. In order to gain a factor of R1, we must
ensure that the term to be shown small is not multiplied by a constant which increases
with A. Note that by Definition 1.3, (1.7) and (1.8), we have, using the one dimensional
Poincaré estimate,

‖ϕ‖0 ≤ CR1 ‖∇kϕ‖0 .(2.4)

Lemma 2.3. For any smooth function ϕ and any smooth cutoff function ψ, we have∫
(A (x, v)∇ψ)∇ψ |∂ϕ|2 ≤ C1Λ

∫
|∇ψ|2 |∇k,wϕ|2 ,

where Λ is as in (1.7), C1 is given by (1.33) and ∇k,wϕ is given by (1.15) in Definition
(1.3).
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Proof. From (1.7) we have

∫
(A (x,w)∇ψ)∇ψ |∂ϕ|2 ≤ Λ

n∑

j=1

∫
kj (x,w) |∂jψ|2 |∂ϕ|2 .

In turn, by (1.33) and (1.7) we get

∫
(A (x,w)∇ψ)∇ψ |∂ϕ|2 ≤ C1Λ

n∑

i,j=1

∫
|∂jψ|2 ki (x,w) |∂iϕ|2

≤ C1Λ
n∑

j=1

∫
|∂jψ|2 |∇k,wϕ|2

= C1Λ

∫
|∇ψ|2 |∇k,wϕ|2 .

The main lemma of this section establishes control of the L2-norm of the k-gradient of a
derivative of a smooth function u in terms of lower order derivatives and Lu.

First, we define parameter the κ (u) as follows

Definition 2.4. Given a smooth function u, we set Ãu (x) = A (x, u (x)) and define

κ (u)2 = max
1≤i≤n

sup
det(A(x,u(x)))6=06=|ξ|

∣∣∣
(
∂iÃu

)
ξ
∣∣∣
2

ξtA (x, u (x)) ξ
.

Note that with κ (u) so defined, and ϕ any smooth cutoff function, we have

‖ϕ (∂A) (∇u)‖0 ≤ Cκ ‖ϕ∇ku‖0 .(2.5)

Lemma 2.5. Suppose L is as in (1.6) with A nonnegative, smooth and satisfies (1.7).
Let ∂ denote ∂i for some 1 ≤ i ≤ n. For u ∈ C∞ (R), we have

‖∇kη∂u‖20 ≤ CA6κ2

∣∣∣∣
∫

R
(ηLu) (ζu)

∣∣∣∣+ C

∣∣∣∣
∫

R
(η∂Lu) (η∂u)

∣∣∣∣
+Cκ2 ‖η∇u‖20 + CA6κ2 ‖ξu‖20 ,

where κ = κ (u) is as in Definition 2.4.

To prove Lemma 2.5, we will first need to establish two auxiliary results.

Lemma 2.6. For u ∈ C∞ (R) set Lu = div A (x, u)∇ where A is nonnegative, smooth
and satisfies (1.7) (note that Luu = Lu where is L as in (1.6)). Let ∂ denote ∂i for some
1 ≤ i ≤ n. Then for 0 < α < 1,

∣∣∣∣
∫

R
([Lu, η] ∂u) (η∂u)

∣∣∣∣ ≤ α
∫

R
|∇k,uη∂u|2 +

CA2

α

∫

R
|φ∇ku|2 ,

where κ = κ (u) is as in Definition 2.4 and ∇k,u is given by (1.15) in Definition (1.3).

Proof. We compute that

[Lu, η] ∂u = div A (x, u)∇η∂u− η div A (x, u)∇∂u
= div ∂uA (x, u) (∇η) + (∇η)t A (x, u)∇∂u
= 2 (∇η)t A (x, u)∇∂u+ (∂u) (Luη)
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therefore, we have∣∣∣∣
∫

R
([Lu, η] ∂u) (η∂u)

∣∣∣∣(2.6)

≤ 2

∣∣∣∣
∫

R

(
(∇∂u)t A (x, u)∇η

)
(η∂u)

∣∣∣∣+

∣∣∣∣
∫

R
(∂u) (Luη) (η∂u)

∣∣∣∣

≤ 3

∣∣∣∣
∫

R

(
(η∇∂u)t A (x, u)∇η

)
(∂u)

∣∣∣∣+

∣∣∣∣
∫

R
(∂u) (∇η∂u)t A (x, u)∇η

∣∣∣∣ ,

where the last inequality was obtained integrating by parts the second term on the second
line. Using the identity η∇∂u = ∇η∂u− (∇η) ∂u, it follows that∣∣∣∣

∫

R
([L, η] ∂u) (η∂u)

∣∣∣∣

≤ 4

∣∣∣∣
∫

R
(∂u) (∇η∂u)t A (x, u)∇η

∣∣∣∣+ 3

∣∣∣∣
∫

R

(
(∇η)t A (x, u)∇η

)
(∂u)2

∣∣∣∣ ,

= 4

∣∣∣∣
∫

R
(∂u) (∇η∂u)t A (x, u)∇η

∣∣∣∣+

∫

R
|(∇k,uη) ∂u|2 .

By Scwartz inequality we have

2
∣∣(∇η∂u)t A (x, u)∇η

∣∣ ≤ α
∣∣(∇η∂u)t A (x, u) (∇η∂u)

∣∣+
1

α

∣∣(∇η)t A (x, u) (∇η)
∣∣

= α |∇k,uη∂u|2 +
1

α
|∇k,uη|2 ,

we apply this inequality and Lemma 2.3 to the first term on the right to obtain∣∣∣∣
∫

R
([L, η] ∂u) (η∂u)

∣∣∣∣ ≤ α

∫

R
|∇k,uη∂u|2 +

C

α

∫

R
|(∇k,uη) ∂u|2

≤ α

∫

R
|∇k,uη∂u|2 +

CA2

α

∫

R
|φ∇ku|2 .

Lemma 2.7. Suppose L is as in (1.6) with kj nonnegative, smooth and satisfying (1.16),
j = 1, . . . , n. Let ∂ denote ∂i for some 1 ≤ i ≤ n. For u ∈ C∞ (R) and 0 < α < 1, we

have
∣∣∣
∫
R

(
|∇η|2 Lu

)
(ζu)

∣∣∣
∣∣∣∣
∫

R
(η [L, ∂]u) (η∂u) dx

∣∣∣∣ ≤ CA4

∣∣∣∣
∫

R
(ηLu) (ζu)

∣∣∣∣+
Cκ2

α
‖ζ∇u‖20

+CA4 ‖ζu‖20 + Cα ‖∇kη∂u‖20 .
where κ = κ (u) is as in Definition 2.4.

Proof. We have [L, ∂] = −div (∂A)∇ and so, integrating by parts, writing
(
∇η2∂u

)
=

(η∇η∂u) + ((∇η) η∂u), and using (2.5) we obtain∣∣∣∣
∫

R
(η [L, ∂] ζu) (η∂u)

∣∣∣∣ ≤
∣∣∣∣
∫

R
(η∂u) (∇ζu)t (∂A) (∇η)

∣∣∣∣

+

∣∣∣∣
∫

R
η (∇ζu)t (∂A) (∇η∂u)

∣∣∣∣

≤ CA2

∫

R
|∇η|2 |∇ku|2 + Cκ2

∫

R
|η∇u|2

+
Cκ2

α

∫

R
|η∇u|2 + Cα

∫

R
|∇kη∂u|2
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We now use (1.17) to write |∇η|2 ≤ CA2η, and Lemma 2.1 to bound CA2 ‖|∇η|∇ku‖20 by

CA4

∣∣∣∣
∫

R
(ηLu) (ζu)

∣∣∣∣+ CA4 ‖ζu‖20 ,

and this completes the proof of the lemma.

Finally, we can give the proof the main result of this section.
Proof of Lemma 2.5. Replacing uβ by η∂u in (2.1) and since (∇kζ) η = 0, we have

‖∇kη∂u‖20 =

∫

R
|ζ∇kη∂u|2 ≤ 2

∣∣∣∣
∫

R
(Lη∂u) (η∂u)

∣∣∣∣ .

Writing

Lη∂u = [L, η] ∂u+ η [L, ∂]u+ η∂Lu,

and replacing on the above expression, we obtain

‖∇kη∂u‖20 ≤ C

∣∣∣∣
∫

R
([L, η] ∂u) (∂u)

∣∣∣∣+ C

∣∣∣∣
∫

R
(η [L, ∂]u) (η∂u)

∣∣∣∣

+C

∣∣∣∣
∫

R
(η∂Lu) (η∂u)

∣∣∣∣ .

Now we bound the first term on the right by Lemma 2.6, the second term on the right by
Lemma 2.7, and collect terms

‖∇kη∂u‖20 ≤ C
(
α+R2

1

) ∫

R
|∇kη∂u|2 +

CA6κ2

α

∣∣∣∣
∫

R
(ηLu) (ζu)

∣∣∣∣

+
Cκ2

α
‖η∇u‖20 +

CA6κ2

α
‖ξu‖20

+C

∣∣∣∣
∫

R
(η∂Lu) (η∂u)

∣∣∣∣ .

Finally, taking α and R1 small enough, we can absorb the first term on the right into the
left to obtain the conclusion of the lemma.

2.2. The subunit estimate. In this section we prove some a priori estimates for the
k-gradient of powers of smooth functions u. We show that for all β > 1, the L2 norm of
∇kuβ is controlled in terms of the smoothness of A, Lu and the Lp norm of uβ for some
1 < p < 2 (note the power gain).

Whenever we use β to denote a positive real number, we assume that β = m
n is rational

with n odd, so that expressions such as uβ make sense. Let R =
∏n
i=1 [−Ri, Ri] be a

rectangle in the plane, and let η, ζ, %, ξ,κ be as in section 1.
We will use the following fractional integral result repeatedly in this effort.

Proposition 2.8. Suppose T is a pseudodifferential operator of order α ∈ (−n, 0]. Then

‖ζTξf‖Lq(R2) ≤ C ‖ξf‖Lp(Rn) ,
1

q
≥ 1

p
+
α

n
,

provided 1 ≤ p ≤ q < ∞, and q < n
n+α in the case p = 1. If T is in addition a Fourier

multiplier operator, then the cutoff functions ξ and ζ can be omitted.
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Lemma 2.9. Let Iγ denote a Fourier multiplier operator of order −γ, let % be a smooth
nonnegative cutoff function supported in R, and v be a smooth function on R, for any
0 < α < 1, and ε > 0, there exists 1 < p < 2 such that

∫

R
|∇kI1ξv|2 %2 ≤

∫ ∣∣I1−αξ [L, I1] %2ξv
∣∣2 + ε

∫

R
|∇kv|2 %4

+C
(
A2 +D

5
2 + 1

ε

)(∫

R
|κv|p

) 2
p

,

where D ≥ 1 is a bound for ‖%‖2∞ + ‖∇%‖∞ +
∥∥∇2%

∥∥1
2
∞, and % furthermore satisfies

dist (x, ∂Ω) ≥ D−2, for all x ∈ support (%) .

Proof. We set H =
∫
R |∇kI1ξv|2 %2 . Integrating by parts, we have

H = −
∫

R
(I1ξv)t div A (∇I1ξv) %2

≤
∣∣∣∣
∫

R
%2 (I1ξv) (LI1ξv)

∣∣∣∣+

∣∣∣∣
∫

R
(I1ξv)

(
∇%2

)t
A (∇I1ξv)

∣∣∣∣
= I + II.(2.7)

Note that from (1.17) applied to %2, we have

∣∣∂i%2
∣∣ ≤ CD

5
4
√
%2,

from this, inequality (2.2) and Proposition 2.8, we get

II ≤ CD
5
2

∫

R
|ξI1ξv|2 + 1

4H

≤ CD
5
2

(∫

R
|ξv|p1

) 2
p1

+ 1
4H,(2.8)

for some 1 < p1 < 2. Now, applying the identity

I1%
2LI1ξv =

[
I1, %

2
]
LξI1ξv + %2 [I1,L] I1ξv + %2LI2ξv

where we used that ξ � %, we obtain

I ≤
∣∣∣∣
∫

R
(ξv)

([
I1, %

2
]

div Aξ∇I1ξv
)∣∣∣∣+

∣∣∣∣
∫

R
(ξv)

(
%2 [I1,L] I1ξv

)∣∣∣∣

+

∣∣∣∣
∫

R
(ξv)

(
%2LI2ξv

)∣∣∣∣
= III + IV + V.(2.9)

Integrating by parts and applying Hölder inequality, we obtain

III =

∣∣∣∣
∫

R

(
∇k
[
I1, %

2
]
ξv
)
· ξ (∇kI1ξv)

∣∣∣∣

≤ C

(∫ ∣∣∇k
[
I1, %

2
]
ξv
∣∣q
) 2
q

+ C

(∫

R
|ξ∇kI1ξv|q

′
) 2
q′
.

And from Proposition 2.8, since I1ξ and ∇k
[
I1, %

2
]

have order −1, and ξ∇kI1 have order
0, there exists 1 < p2 < 2 and C = C(n) such that for q above satisfying q > 2 and q close
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enough to 2, we have

III ≤ CA2

(∫

R
|ξv|p2

) 2
p2

.(2.10)

For IV , we write

IV =

∣∣∣∣
∫

R

(
I1−α [L, I1] %2ξv

)
Iα (ξv)

∣∣∣∣ ,

for any 0 < α < 1, thus,

IV ≤ 1
2

∫ ∣∣I1−αξ [L, I1] %2ξv
∣∣2 + 1

2

∫
|Iαξv|2

≤ 1
2

∫ ∣∣I1−αξ [L, I1] %2ξv
∣∣2 + C

(∫

R
|ξv|p3

) 2
p3

,(2.11)

where 1 < p3 < 2, C = C(n, α) after having applied Proposition 2.8 once more. To treat
V , we write

V =

∣∣∣∣
∫

R

(
∇k%2ξv

)t
(∇kI2ξv)

∣∣∣∣ .

Then we use
(
∇k%2ξv

)
=
(
∇k%2ξ

)
v + (∇kv) %2ξ and apply Hölder inequality to obtain

V ≤
∣∣∣∣
∫

R
%2ξ (∇kv)t (∇kI2ξv)

∣∣∣∣+

∣∣∣∣
∫

R

(
∇k%2ξ

)t
v (∇kI2ξv)

∣∣∣∣

≤ ε

∫

R
%4 |∇kv|2 +

C

ε

(∫

R
κ2 |∇kI2ξv|q

) 2
q

+ε

(∫

R

∣∣∣
(
∇k%2ξ

)t
v
∣∣∣
q′
) 2
q′
,

for any q > 1 and q′ = q
q−1 . From Proposition 2.8 on fractional integration, since ∇kI2

have order −1, there exists 1 < q′ ≤ p4 < 2 < q and C = C(n) such that

V ≤ ε
∫

R
%4 |∇kv|2 +

(
C

ε
+ ε

(
A2 +D

5
2

))(∫

R
|κv|p4

) 2
p4

.(2.12)

Collecting the inequalities (2.7), (2.8), (2.9), (2.10) ,(2.11) and (2.12), and since A, D ≥
1 ≥ ε, we have

H ≤
∫ ∣∣I1−αξ [L, I1] %2ξv

∣∣2 + ε

∫

R
%4 |∇kv|2

+C

(
1

ε
+A2 +D

5
2

)(∫

R
|κv|p

) 2
p

,

where 1 < p = max {p1, p2, p3, p4} < 2, C = C(n, α) and 0 < ε ≤ 1.

Lemma 2.10. Let Iγ denote a Fourier multiplier operator of order −γ, then for any
0 < ν < 1 and

q > max

{
2

1− ν
6

, n (1 + ν)

}
,

there exist 0 < α < 1 and 1 < p < 2 such that∫
|I1−αξ [L, I1] ζv|2 dx
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is dominated by

CK2

(∫

R
|ζv|p dx

)2
p
,

where

K = ‖κ∇A‖Lq .
Proof. We note that

[L, I1] = div A∇I1 − div I1A∇
= div

(
[A, I1∇] + I1∇tA− I1A∇

)

= div
(
[A, I1∇] + I1

(
∇tA

))
,

where if Ai denotes the ith row of A,∇tA denotes the column vector given by (div A1, . . . ,div An).
Note that

([A, I1∇])i =
n∑

j=1

aijI1∂j − I1∂jaij =
n∑

j=1

[
aij , I1∂j

]
.

Following [7], we denote by Om
I the collection of rough pseudodifferential operators map-

ping Hs+m,p
compact to Hs,p

loc for 1 < p < ∞ and s ∈ I, where Hs,p denotes the Sobolev space
of functions whose fractional derivatives up to order s lie in Lp. Now for 0 < µ < 1 and
ε > 0 we have

κ [A, I1∇] ∈ O−µ(−ε,ε), for µ+ ε < ν,

with norm ‖κA‖Cν(Rn) by Theorem 4 in [7]. Since I1−αξ div has order α, and since

ξ div = ξκ div = ξ divκ − ξ (∇κ), we thus have

I1−αξ div [A, I1∇] ∈ Oα−µ(−ε,ε), for µ+ ε < ν.

Thus I1−αξ div [A, I1∇] maps Lp1
compact = H0,p1

compact to Hµ−α,p1 provided µ − α ∈ (−ε, ε),
i.e. µ ∈ (α− ε, α+ ε). In turn, we have that Hµ−α,p1 is embedded in L2

loc by the Sobolev

embedding theorem with 1
2 = 1

p1
−µ−α

2 . Note that given ν, µ, ε > 0, satisfying µ+ε < ν < 1,

we can choose α > 0 such that µ−ε < α < µ+ε. So all the restrictions on the parameters
α, ε and µ are met. Moreover, if we take α < µ, that is, if

µ− ε < α < µ < µ+ ε < ν < 1,(2.13)

then ∫
|I1−αξ [L, I1] ζv|2

≤ C

∫
|I1−αξ div [A, I1∇] ζv|2 + C

∫ ∣∣I1−αξ div I1

(
∇tA

)
ζv
∣∣2

≤ C ‖κk‖2Cν
(∫

R
|ζv|p1

) 2
p1

+ C
n∑

i=2

(∫

R

∣∣(∇tA
)
ζv
∣∣p2

) 2
p2

,

for 1
2 = 1

p1
− µ−α

2 and 1
2 = 1

p2
− 1−α

2 by Proposition 2.8. Now, by Hölder inequality, we

have that each term on the sum on the right is bounded by
(∫

R

∣∣∇tA
∣∣p3p2

) 2
p3p2

(∫

R
|ζv|p′3p2

) 2
p′3p2

,
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for 1 < p3 < ∞, and p′3 =
p3

p3 − 1
. It remains to show that we can choose p3, α, ε and µ

such that the previous parameter restrictions hold, and moreover

p2p3 = q,(2.14)

p2p
′
3 < 2.(2.15)

From p2 = 2
2−α , we have that (2.14) holds if, and only if

p3 =
q

p2
=
q (2− α)

2
> 1(2.16)

where the last inequality follows from the hypothesis on q and α < ν. Now,

p2p
′
3 =

q
q
p2
− 1

=
2

2− α− 2
q

=
2

2− α− 2
q

Then, (2.15) holds if, and only if

α < 1− 2
q .(2.17)

We choose now

µ = ε = 2α =
ν

3
.

Then (2.13) is satisfied and (2.17) follows from q > 2
1−ν/6 . Finally, we note that since

q > n (1 + ν), by the Sobolev’s embedding theorem we have

‖κA‖Cν ≤ C ‖κ∇A‖Lq = C K.
This completes the proof of the lemma upon taking p = max {p1, p

′
3p2}.

Lemma 2.11. For each 0 < α < 1, there is 1 < p < 2 such that for all u ∈ C∞c (R),
η > 0, and β ≥ 1,

∫

R

∣∣∣ζ∇kuβ
∣∣∣
2
dx

is dominated by

Cβ

∣∣∣∣
∫

R
(ζLu)

(
ζu2β−1

)∣∣∣∣+ C (α)
n∑

i,j=1

∫ ∣∣∣I1−αξ [L, I1j ] (∂iζ)2 ξuβ
∣∣∣
2

+C (A,B, α)

(∫

R

∣∣∣κuβ
∣∣∣
p
) 2
p

.

where Iγ, Iγ,j denote Fourier multipliers operators of order −γ.

Proof. We use Lemma 2.1, and inequality (2.2) to write
∫

R

∣∣∣ζ∇kuβ
∣∣∣
2
≤ 2β

∣∣∣∣
∫

R
(ζLu)

(
ζu2β−1

)∣∣∣∣+ 16

∫

R
|u|2β |∇kζ|2 ,(2.18)

after we have absorbed the last term into the left-hand side and used β ≥ 1. Denote by

Λs the multiplier operator with symbol
(

1 + |·|2
) s

2
. Using the identity

Id =
(
I −∇2

)
Λ−2 = Λ−2 − div∇Λ−2,(2.19)
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and (1.7), we have
∫

R
|u|2β |∇kζ|2 ≤

∫

R

∣∣∣
(

Λ−2ξuβ
)
∇kζ

∣∣∣
2

+

∫

R

∣∣div∇Λ−2u
∣∣2β |∇kζ|2

≤
∫

R

∣∣∣
(

Λ−2ξuβ
)
∇kζ

∣∣∣
2

+ C
n∑

i,j=1

∫

R
ki
∣∣∣∂jI1,jξu

β
∣∣∣
2
· |∂iζ|2(2.20)

= I + II,

where I1,j = ∂jΛ
−2, j = 1, . . . , n. Note that the operators I1,j have order −1 for all

j = 1, . . . , n. From the hypothesis on ki (1.33) and the definition of ζ we have that
ki |∂iζ|2 ≤ C kj |∂iζ|2, 1 ≤ i, j ≤ n, it follows that the second term on the right of (2.20)
is bounded by

C
n∑

i,j=1

∫

R
kj

∣∣∣∂jI1,jξu
β
∣∣∣
2
|∂iζ|2 ≤ C

n∑

i,j=1

∫

R

∣∣∣∇kI1,jξu
β
∣∣∣
2
|∂iζ|2 .

From (1.16) applied to |∂iζ|, we have |∂iζ|2 ≤ B2ζ; and applying Lemma 2.9 with v = uβ

and % = ∂iζ, we obtain
∫

R
|u|2β |∇kζ|2 ≤ C

n∑

i,j=1

∫ ∣∣∣I1−αξ [L, I1j ] (∂iζ)2 ξuβ
∣∣∣
2

+ εCB4

∫

R

∣∣∣ζ∇kuβ
∣∣∣
2

+C
(
A5 + 1

ε

)(∫

R

∣∣∣κuβ
∣∣∣
p
) 2
p

,

where we used that D = A2, and we applied Proposition 2.8 to the first term on the right
of (2.20). Majoring with this inequality the right side of (2.18), and absorbing the second
term on the right into the left, we obtain

∫

R

∣∣∣ζ∇kuβ
∣∣∣
2
≤ 4β

∣∣∣∣
∫

R
(ζLu)

(
ζu2β−1

)∣∣∣∣+ C
n∑

i,j=1

∫ ∣∣∣I1−αξ [L, I1j ] (∂iζ)2 ξuβ
∣∣∣
2

+C
(
A5 +B4

)(∫

R

∣∣∣κuβ
∣∣∣
p
) 2
p

.

This concludes the proof of the lemma.

Lemma 2.12. For each ν > 0 and q > max
{

2
1− ν

6
, n (1 + ν)

}
, there exists 1 < p < 2 such

that for all u ∈ C∞c (R) and all β ≥ 1,
∫

R
|∇kζ|2

∣∣∣uβ
∣∣∣
2
dx,

is dominated by

C (A)

(
K2 +

1

ε

)(∫

R

∣∣∣ξuβ
∣∣∣
p
) 2
p

+ ε

∫

R

∣∣∣ζ∇kuβ
∣∣∣
2
,

where 0 < ε ≤ 1 is arbitrary and K = ‖κ∇A‖Lq .
Proof. We use the identity (2.19) to write

∫

R
|∇kζ|2

∣∣∣uβ
∣∣∣
2
≤
∫

R
|∇kζ|2

∣∣∣Λ−2ξuβ
∣∣∣
2

+

∫

R
|∇kζ|2

∣∣∣div∇Λ−2ξuβ
∣∣∣
2
.(2.21)
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By Lemma 2.3, the second term on the right is bounded by

n∑

i=1

∫

R
|∇kζ|2

∣∣∣∂i
(
∂iΛ
−2ξuβ

)∣∣∣
2
≤ CA2

n∑

i,j=1

∫

R
|∂jζ|2

∣∣∣∇k
(
Iiξu

β
)∣∣∣

2
,

where Ii = ∂iΛ
−2, i = 1, . . . , n, are operators of order −1. Applying Lemma 2.9 with

v = uβ and % = ∂jζ, we have that the above sum is dominated by

CA2
n∑

i,j=1

∫ ∣∣∣I1−αξ [L, I1] (∂jζ)2 ξuβ
∣∣∣
2

+ CA2ε
n∑

j=1

∫

R

∣∣∣∇kuβ
∣∣∣
2
|∂jζ|4(2.22)

+CA2
(
A5 + 1

ε

)(∫

R

∣∣∣κuβ
∣∣∣
p
) 2
p

.

where we used that we can take D = A2. In turn, applying Lemma 2.10 to the first term
on the right of (2.22) we obtain

CA2
n∑

i=1

∫

R
|∇ζ|2

∣∣∣∇k
(
Iiξu

β
)∣∣∣

2

≤ CA2ε

∫

R

∣∣∣∇kuβ
∣∣∣
2
|∇ζ|4 + CA2

(
A5 +K2 + 1

ε

)(∫

R

∣∣∣κuβ
∣∣∣
p
) 2
p

(2.23)

Now the terms on the first sum on the right of (2.21) satisfies

∫

R
|∇kζ|2

∣∣∣Λ−2ξuβ
∣∣∣
2
≤ CA2

(∫

R

∣∣∣ξuβ
∣∣∣
p
) 2
p

,

for any 1 < p ≤ 2, by Proposition 2.8 on fractional integration (Λ−2 has order α for all
α > −2). From this inequality, (2.21) and (2.23) we get

∫

R
|∇kζ|2

∣∣∣uβ
∣∣∣
2
≤ CA2ε

∫

R

∣∣∣∇kuβ
∣∣∣
2
|∇ζ|4 + CA2

(
A5 +K2 + 1

ε

)(∫

R

∣∣∣κuβ
∣∣∣
p
) 2
p

Finally, we apply (1.16) to ζ to obtain ζ4
r ≤ CA4ζ2 and replace ε by A−2ε on the above

inequality to finish the proof of the lemma.

3. A Quasilinear Degenerate Subelliptic Equation

In this section we prove Theorem 1.4 for smooth solutions of the quasilinear equation
(1.13)

Lw = div A (x,w)∇w + ~g (x,w) · ∇w + f (x,w) = 0, x ∈ Ω.

We recall here the a priori estimates (1.22) we wish to establish:

‖ζDαw‖∞ ≤ Cα (‖κ∇w‖∞ , L) ,(3.1)

where w is smooth, satisfies (1.13) and also

(x,w (x)) ∈ L for all x ∈ support (κ) .(3.2)
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We attack the problem by differentiating (1.13), to obtain the equations

−Lwj = div {∂jA (x,w)}∇w +
n∑

i=1

(
∂jg

i
)
wi +

n∑

i=1

gi (∂i∂jw) + (∂jf)(3.3)

= div {∂jA (x,w)}∇w + fj + fzwj

+
n∑

i=1

gijwi +
n∑

i=1

gizwiwj +
n∑

i=1

giwij ,

for j = 1, . . . , n.
We will apply Lemma 2.5 to the components of ∇w, and we will show that in fact

w ∈ H2, i.e., ∇2w ∈ L2 with control. Since the equations (3.3) are not homogeneous, we
must handle with care the terms arising from L∇w in applying Lemma 2.5. We then apply
the results of section 2.2 to obtain that ∇2w ∈ Lq with control for q large depending on
how small R1 is chosen, again handling with care the terms arising from L∇w.

At this point we repeat the above process with ∇2w in place of ∇w. We apply Lemma
2.5 to the components of ∇2w, and using the facts that ∇w is bounded and ∇2w ∈ Lq with
control, we show that in fact w ∈ H3, i.e., ∇3w ∈ L2 with control. From now on, it turns
out that due to the nature of the quasilinear systems satisfied by higher order gradients
of w, which become progressively less nonlinear, we can continue to alternately apply the
reverse Sobolev embedding and the Moser iteration results of section 2.2 to increase the
index of smoothness of w that is under control by 1 with each repetition. Thus we obtain
the a priori estimates (3.1).

To handle higher order derivatives, it is convenient to develop a special notation:

Definition 3.1. Given a smooth functions w and h = h (x,w), and ` a nonnegative inte-
ger, we denote by Ph`

(
∂w, ∂2w, . . . , ∂Nw

)
a generic polynomial with coefficients depending

on derivatives of h, and such that each monomial
∏N
r=1 (∂rw)ir of Ph` , satisfies

N∑

r=1

r ir ≤ `.

With this notation, we have

∂`h (x,w) = Ph`
(
∂w, ∂2w, . . . , ∂`w

)
.

We write Ph1,...,hM

` when the coefficients of P depend on more than one function and its
derivatives.

3.1. Reverse Sobolev embedding. Here we show that if w is smooth and ∇w satisfies
the system (3.3), then ∇2w ∈ L2

loc.

Theorem 3.2. Suppose w is a smooth solution of (1.13),

Lw = div A (x,w)∇w = f (x,w) + ~g (x,w) · ∇w,
in R, f and gi are smooth and gi satisfies (1.20) for i = 1. . . . .n. Then w ∈ H2

loc and
∥∥ζ∇2w

∥∥
0
≤ C (A,B,C1, ‖κ∇w‖∞ , L) .

We prove this theorem at the end of the section. First, we establish some results that
will allow us to handle the nonhomogeneous terms in (3.3). The corollary below is a
special case of classic a priori estimates for first derivatives of solutions of divergence form
equations, we included this estimates in the appendix (Lemma 5.3).
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Lemma 3.3. Suppose w is a smooth solution of equation (1.13) in a compact rectangle R
in Ω′. Then we have∫

R
|∇kζwj |2 dx ≤ CB2

∫

R

{
|ξ∇w|3 + 1

}
+ CA4C2

1 .(3.4)

1 ≤ j ≤ n, where B is as in (1.16) and C1 is given in (1.33).

Proof. From Lemma 2.1, applied with k (x,w (x)) in place of k (x) there, we have
∫

R
|∇kζwj |2 dx ≤ C

∣∣∣∣
∫

R
(ζLwj) (ζwj)

∣∣∣∣+ C

∫

R
|∇kζ|2 |wj |2 .(3.5)

For the integral involving Lwj , we have, by (3.3) and integration by parts that
∫

R
(ζLwj) (ζwj) =

∫

R
(∇w)t

(
{∂jA (x,w)}∇ζ2wj

)
+

∫

R
(ζfj) (ζwj)

+

∫

R
(ζfzwj) (ζwj) +

n∑

i=1

∫

R

(
ζgijwi

)
(ζwj)

+
n∑

i=1

∫

R

(
ζgizwiwj

)
(ζwj) +

n∑

i=1

∫

R

(
ζgi∂iwj

)
(ζwj) .

Using (1.19), (1.20) and inequality (2.2) then yields
∣∣∣∣
∫

R
(ζLwj) (ζwj)

∣∣∣∣ =
CB2

α

∫

R

{
|ξ∇w|3 + 1

}
+ CA2

∫

R
|ξ∇kw|2 + Cα

∫

R
|∇kζwj |2 .(3.6)

On the other hand, from (1.7) and (1.33),
∫

R
|∇kζ|2 |wj |2 ≤ C

∫

R

n∑

i=1

ki |∂iζ|2 |wj |2

≤ CC2
1

∫

R

n∑

i,j=1

|∂iζ|2 kj |wj |2

≤ CA2C2
1

∫

R
|ξ∇kw|2 .

Now we replace this inequality and (3.6) into the right side of (3.5) to obtain
∫

R
|∇kζwj |2 dx ≤

CB2

α

∫

R

{
|ξ∇w|3 + 1

}
+ CA2C2

1

∫

R
|ξ∇kw|2 + Cα

∫

R
|∇kζwj |2 .(3.7)

On the other hand, from Lemma 2.1 and (1.20)
∫

R
|ζ∇kw|2 ≤ C

∣∣∣∣
∫

R
(ζf (x,w) + ζ~g (x, z) · ∇w) (ζw)

∣∣∣∣+ C

∫

R
|∇kζ|2 |w|2

≤ Cα

∫

R
|ζ∇kw|2 +

CA2

α
.

Absorbing the last term into the left shows that
∫
R |ζ∇kw|

2 is bounded by CA2. From
this and (3.7) ∫

R
|∇kζwj |2 dx ≤ CB2

∫

R

{
|ξ∇w|3 + 1

}
+ CA4C2

1 .

The lemma above shows that when w is a solution of (1.13), the k-gradient of ∇w is
controlled locally by the L4 norm of ∇w and ‖w‖∞. In the next lemma we establish some

similar a priori control for the k-gradient of ∇2w.
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Lemma 3.4. Suppose w is a smooth solution of (1.13) in R. Then, for any γ > 0 we
have

∣∣∣∣
∫

R
(Lηwj) (ηwj)

∣∣∣∣ ≤
CA4

γ

∫

R
|ζ∇w|2 + CB2

∫

R
|ζ∇w|3

+γ

∫

R

∣∣η∇2w
∣∣2 + CA4B2C2

1 .

Proof. From Lη = ηL+ [L, η] we write
∣∣∣∣
∫

R
(Lηwj) (ηwj)

∣∣∣∣ ≤
∣∣∣∣
∫

R
(ηLwj) (ηwj)

∣∣∣∣+

∣∣∣∣
∫

R
([L, η]wj) (ηwj)

∣∣∣∣ .(3.8)

By (3.3) and integration by parts, we get
∣∣∣∣
∫

R
(ηLwj) (ηwj)

∣∣∣∣ ≤
∣∣∣∣
∫

R
((∂jA)∇w + wj (∂zA))t (∇ηwj)

∣∣∣∣

+

∣∣∣∣∣

∫

R
η

(
fj +

n∑

i=1

gijwi

)
(ηwj)

∣∣∣∣∣+

+

∣∣∣∣∣

∫

R
η

(
fz +

n∑

i=1

gizwi

)
(
ηw2

j

)
∣∣∣∣∣

+

∣∣∣∣∣

∫

R

(
η

n∑

i=1

giwij

)
(ηwj)

∣∣∣∣∣ .

Since f , ~g and A are Lipschitz, by Schwartz inequality we have
∣∣∣∣
∫

R
(ηLwj) (ηwj)

∣∣∣∣ ≤
CA2

γ

∫

R
|ζ∇w|2 + C

∫

R
|ζ∇w|3(3.9)

+γ

∫

R

∣∣η∇2w
∣∣2 + C.

On the other hand, since

[L, η] = div A∇η − η div A∇
= ∇tA (∇η) + (∇η)t A∇,(3.10)

where we wrote div = ∇t. We have
∣∣∣∣
∫

R
([L, η]wj) (ηwj)

∣∣∣∣

≤
∣∣∣∣
∫

R
((∇η)wj) (A∇ηwj)

∣∣∣∣+

∣∣∣∣
∫

R

(
(∇η)tA∇wj

)
(ηwj)

∣∣∣∣

≤ CA4

∫

R
|ζwj |2 + C

∫

R
|∇kηwj |2

≤ CA4

∫

R
|ζwj |2 + CB2

∫

R

{
|ζ∇w|3 + 1

}
+ CA4C2

1 ,(3.11)

where the last inequality follows from Lemma 3.3. Then the lemma follows from (3.8),
(3.9) and (3.11).
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Lemma 3.5. Suppose w is a smooth solution of (1.13) in R. Then we have
∣∣∣∣
∫

R
(η∂Lηwj) (∂ηwj)

∣∣∣∣ ≤
CB2

α

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2

+
C (A,B,C1)

α

∫

R

{
1 + |ζ∇w|8

}
+ Cα

∫

R
|∇k∂ηwj |2

Proof. First, we commute η and L to obtain∣∣∣∣
∫

R
(η∂Lηwj) (∂ηwj)

∣∣∣∣ ≤
∣∣∣∣
∫

R
(η∂ηLwj) (∂ηwj)

∣∣∣∣+

∣∣∣∣
∫

R
(η∂ [L, η]wj) (∂ηwj)

∣∣∣∣ .(3.12)

From (3.3) and integration by parts, we get∣∣∣∣
∫

R
(η∂ηLwj) (∂ηwj)

∣∣∣∣

≤
∣∣∣∣
∫

R
(η∂η div {∂jA (x,w)}∇w) (∂ηwj)

∣∣∣∣

+

∣∣∣∣∣

∫

R

(
η∂η

{
fj + fzwj +

n∑

i=1

gijwi

})
(∂ηwj)

∣∣∣∣∣

+

∣∣∣∣∣
n∑

i=1

∫

R

(
η∂ηgizwiwj

)
(∂ηwj)

∣∣∣∣∣+

∣∣∣∣∣
n∑

i=1

∫

R

(
η∂ηgiwij

)
(∂ηwj)

∣∣∣∣∣
= I + II + III + IV.(3.13)

To treat I, since {∂jA (x,w)} = (∂jA) + wj (∂zA), we only need to consider

Ĩ =

∣∣∣∣
∫

R
(η∂η divwj (∂zA)∇w) (∂ηwj)

∣∣∣∣ ,

since this term has the highest order. Commuting η with ∂, and then commuting (∂η) η
and η2 with the divergence operator, we write

η∂η divwj (∂zA)∇w
= − (∂η) η divwj (∂zA)∇w + ∂η2 divwj (∂zA)∇w
= − (∇ (∂η) η)twj (∂zA)∇w − div (∂η) ηwj (∂zA)∇w

+∂
(
∇η2

)t
wj (∂zA)∇w + div ∂η2wj (∂zA)∇w.

From this, the triangle inequality, and integration by parts:

Ĩ ≤
∣∣∣∣
∫

R

(
(∇ (∂η) η)twj (∂zA)∇w

)
(∂ηwj)

∣∣∣∣

+

∣∣∣∣
∫

R
((∂η) ηwj∇w)t ((∂zA)∇∂ηwj)

∣∣∣∣

+

∣∣∣∣
∫

R

((
∇η2

)t
wj (∂zA)∇w

) (
∂2ηwj

)∣∣∣∣

+

∣∣∣∣
∫

R

(
∂η2wj (∂zA)∇w

)t
(∇∂ηwj)

∣∣∣∣
= V + V I + V II + V III.(3.14)

Then

V ≤ CA4

∫

R
|ζ∇w|4 + C

∫

R
|∂ηwj |2 .(3.15)
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And by (1.20) we have

V I ≤ CB2A2

α

∫

R
|ζ∇w|4 + Cα

∫

R
|∇k∂ηwj |2 .(3.16)

Also, since by (1.20) and (1.33) we have

∣∣∂zA
(
∇η2

)∣∣ ≤ B
(

n∑

i=1

ki
(
∂iη

2
)2
) 1

2

≤ BC1

√
kν
∣∣∇η2

∣∣ ,

for any 1 ≤ ν ≤ n, then writing ∂ = ∂ν :

V II ≤
∫

R
|ζ∇w|2

∣∣∂zA
(
∇η2

)∣∣ ∣∣∂2ηwj
∣∣

≤ BC1

∫

R
|ζ∇w|2

∣∣∇η2
∣∣
∣∣∣
√
kν∂ν∂ηwj

∣∣∣

≤ CA2B2C2
1

α

∫

R
|ζ∇w|4 + Cα

∫

R
|∇k∂ηwj |2 .(3.17)

Operating ∂ on the left factor of the integrand in IX, and applying (1.20) we get

V III ≤
∣∣∣∣
∫

R

((
∂η2
)
wj∇w

)t
((∂zA)∇∂ηwj)

∣∣∣∣

+

∣∣∣∣
∫

R

(
η2 (∂wj∇w)t

)
((∂zA)∇∂ηwj)

∣∣∣∣

+

∣∣∣∣
∫

R

(
div η2wj (∂∂zA)∇w

)
(∂ηwj)

∣∣∣∣

≤ CB2A2

α

∫

R
|ζ∇w|4 +

CB2

α

∫

R
|η∇w|2

∣∣η∇2w
∣∣2

+Cα

∫

R
|∇k∂ηwj |2 + C

∫

R
|∂ηwj |2

+C

∫

R

∣∣div η2wj (∂∂zA)∇w
∣∣2 .

Since (∂ (∂zA)) = (∂ν∂zA)+wν
(
∂2
zA
)
, where we wrote ∂ = ∂ν , for some index 1 ≤ ν ≤ n,

calculating the divergence on the last term of the right, we see that
∫

R

∣∣div η2wj (∂∂zA)∇w
∣∣2 ≤ CA2

∫

R

{
|ζ∇w|4 + |ζ∇w|6

}
+ C

∫

R
|ζ∇w|8

+C

∫

R

∣∣η∇2w
∣∣2
{
|ζ∇w|2 + |ζ∇w|4

}
.

Replacing back into V II gives

V II ≤ CB2A2

α

∫

R

{
1 + |ζ∇w|8

}
(3.18)

+
CB2

α

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2

+Cα

∫

R
|∇k∂ηwj |2 .
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Applying the estimates (3.15), (3.16), (3.17) and (3.18) to (3.14) yields

Ĩ ≤ CB2

α

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2(3.19)

+
CA4B2C2

1

α

∫

R

{
1 + |ζ∇w|8

}

+Cα

∫

R
|∇k∂ηwj |2 .

The terms II and III in (3.13) are handled in a similar fashion. Indeed, developing the
derivatives in the first factor of the integrands, we have

II + III =

∣∣∣∣∣

∫

R

(
η

{
∂ηfj + ∂fzηwj +

n∑

i=1

∂gij (x, z) ηwi

})
(∂ηwj)

∣∣∣∣∣

+

∣∣∣∣∣

∫

R

(
η∂η

n∑

i=1

giz (x, z)wiwj

)
(∂ηwj)

∣∣∣∣∣

≤ C

∫

R

{
η
∣∣∣P~g,f3 (∇w)

∣∣∣+ ζ
∣∣∣P~g,f1 (∇w)

∣∣∣
n∑

i=1

|∂ηwi|
}
|∂ηwj |

+CA

∫

R

{
ζ
∣∣∣P~g,f2 (∇w)

∣∣∣+ 1
}
|∂ηwj |

≤ CA2

∫

R

{
|ζ∇w|6 + 1

}
+ C

∫

R

{
|ζ∇w|2 + 1

} ∣∣η∇2w
∣∣2 .(3.20)

where P~g,fm is a polynomial of degree m with smooth coefficients depending on the deriva-
tives of f and ~g, as given in Definition 3.1. For IV , we write

∂ηgiwij = (∂η) giwij + η
(
∂gi
)
∂iwj + ηgi ∂iζ∂wj ,

where we used that η∂i = η∂iζ. We replace this equality into V and use the triangle
inequality to obtain

IV ≤
∣∣∣∣∣

∫

R

(
n∑

i=1

η (∂η) gi∂iwj

)
(ζ∂ηwj)

∣∣∣∣∣+

∣∣∣∣∣

∫

R

(
n∑

i=1

η2
(
∂gi
)
∂iwj

)
(ζ∂ηwj)

∣∣∣∣∣

+

∣∣∣∣∣

∫

R

(
n∑

i=1

η2gi∂iζ∂wj

)
(ζ∂ηwj)

∣∣∣∣∣ .

From (1.20) and
∣∣∂gi

∣∣ =
∣∣giν + gizwν

∣∣ ≤ C (1 + |∇w|), we obtain

IV ≤ CA2

∫

R
|ζ∇kwj |2 +

C

α

∫

R
|∂ηwj |2(3.21)

+C

∫

R
(1 + |ζ∇w|)2

∣∣η∇2w
∣∣2 + Cα

∫

R
|∇k∂wj |2 .
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Collecting the estimates (3.19), (3.20) and (3.21), and replacing into (3.13) yields
∣∣∣∣
∫

R
(η∂ηLwj) (ζ∂ηwj)

∣∣∣∣

≤ CB2

α

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2 +

CA4B2C2
1

α

∫

R

{
1 + |ζ∇w|8

}

+CC2
1B

2A2

∫

R
|η∇kwj |2 + Cα

∫

R
|∇k∂ηwj |2 .

Applying Lemma 3.3 to the third term on the right yields
∣∣∣∣
∫

R
(η∂ηLwj) (ζ∂ηwj)

∣∣∣∣

≤ CB2

α

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2 +

CA4B4C2
1

α

∫

R

{
1 + |ζ∇w|8

}
(3.22)

+CA6B2C4
1 + Cα

∫

R
|∇k∂ηwj |2 .

Now, we apply (3.10) to the second term in (3.12) to obtain
∣∣∣∣
∫

R
(η∂ [L, η]wj) (∂ηwj)

∣∣∣∣(3.23)

≤
∣∣∣∣
∫

R
(∂A (∇η)wj) (∇η∂ηwj)

∣∣∣∣+

∣∣∣∣
∫

R

(
η∂ (∇η)t A∇wj

)
(∂ηwj)

∣∣∣∣ .

The, applying the previous techniques we see that (3.23) is bounded by the right-hand
side of (3.22). Then the lemma follows from this observation, (3.22) and (3.12).

Lemma 3.6. Suppose w is a smooth solution of (1.13) in R, where k (x, z) is nonnegative
and smooth in Ω and satisfies (1.16) so that wj = wxj , 1 ≤ j ≤ n, are smooth solutions in
R of the nonlinear system (3.3). Then we have

‖∇k∂ηwj‖20 ≤ CB2

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2(3.24)

+C (A,B,C1) (1 + ‖κ∇w‖∞)4
∫

R

{
1 + |ζ∇w|8

}
.

Proof. We apply Lemma 2.5 with k (x) replaced by k = k (x,w (x)). First, by (1.18), we
have

|(∂iA (x,w (x))) ξ|2 = |(∂iA) ξ + wi (∂zA) ξ|2

≤ CB2 (1 + ‖∇w‖∞)2 (ξtA (x,w) ξ
)

(3.25)

and thus we can bound κ = κ (w) in Lemma 2.5 by

κ ≤ B̃ = CB (1 + ‖κ∇w‖∞) ,(3.26)

we obtain

‖∇k∂ηwj‖20 ≤ CA4κ2

∣∣∣∣
∫

R
(Lηwj) (ηwj)

∣∣∣∣+ C

∣∣∣∣
∫

R
(∂Lηwj) (η∂ηwj)

∣∣∣∣
+Cκ2 ‖η∇u‖20 + CA6κ2 ‖ξu‖20
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In turn, applying Lemmas (3.4) and (3.5) to the first two terms on the right, respectively,
yields

‖∇k∂ηwj‖20 ≤ CB2

α

∫

R

{
1 + |ζ∇w|4

} ∣∣η∇2w
∣∣2 + κ4C (A,B,C1)

α

∫

R

{
1 + |ζ∇w|8

}

+Cα

∫

R
|∇k∂ηwj |2 ,

where we took γ = A−4κ−2. The lemma follows from (3.26) and absorbing the last term
on the right into the left.

Proof of Theorem 3.2. The Poincaré inequality and Lemma 3.6 yield with wj = ∂jw, j =
1, . . . , n,

∫

R

∣∣η∇2w
∣∣2 dx ≤

n∑

i,j=1

∫

R
|∂iηwj |2 + CA2 ‖κ∇w‖2∞

≤ R2
1

n∑

i,j=1

∫

R
|∇k (∂iηwj)|2 + CA2 ‖κ∇w‖2∞

≤ R2
1C (B, ‖κ∇w‖∞)

∫

R

∣∣η∇2w
∣∣2 +R2

1C (A,B,C1, ‖κ∇w‖∞) .

Choosing R1 ≤ {2C (B, ‖κ∇w‖∞)}−1 (note that A is not involved here) permits the first
term on the right above to be absorbed into the left-hand side, and this completes the
proof of the theorem.

3.2. An Lp improvement. In this subsection, we improve the index of smoothness of w
that is a priori under control by showing that ∇2w ∈ Lqloc for large q > 2, with a priori
control.

Definition 3.7. We first define a set of notational abuses that make calculations more
clear, and we will use henceforth. We denote by ∂ a derivative with respect to xi for some
1 ≤ i ≤ n, not necessarily the same for each occurrence of ∂. In this way Dαw = ∂|α|w
for any multi-index α = (α1. . . . , αn).

Theorem 3.8. Suppose that w solves (1.13) so that wi = wxi i = 1, . . . , n, give a smooth
solution of the system (3.3) in R. Then for q > 1, we have wij ,∈ Lqloc, 1 ≤ i, j ≤ n, and

∥∥ζ∇2w
∥∥
Lq
≤ C (‖κ∇w‖∞ , L) ,

provided R1 is sufficiently small, depending on q.

Next, we have a technical lemma for second derivatives of solutions.

Lemma 3.9. Suppose that w is a smooth solution of (1.13) in R. Then for β ≥ 1, the
integral

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣
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is dominated by

C

∣∣∣∣
∫

R

((
∂2A

)
∇w
)
· ∇ζ2

(
∂2w

)2β−1
∣∣∣∣

+C

∫

R
|(∂A)∇ζ|2

∣∣∂2w
∣∣2β + C

∫

R
ζ2 |~gz · ∇w|

∣∣∂2w
∣∣2β

+
C

α

∫

R
ζ2
∣∣∂2w

∣∣2β + C

∫

R
ζ2 |(∂~g)∇ (∂w)|

∣∣∂2w
∣∣2β−2

+α

∫

R
ζ2
∣∣∣(∂A)∇

(
∂2w

)β∣∣∣
2

+ α

∫

R
ζ2
∣∣∣~g · ∇

(
∂2w

)β∣∣∣
2
.

Proof. By (5.9) in the appendix, we have

L
(
∂2w

)

= −∇t
(
∂2A

)
∇w + c1∇t (∂A)∇ (∂w) + fz

(
∂2w

)

+
(
∂2w

)
~gz · ∇w + ~g · ∇

(
∂2w

)
+ c2 (∂~g)∇ (∂w) .

Hence,
∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣

≤
∣∣∣∣
∫

R

(
∇t
(
∂2A

)
∇w
) (
ζ2
(
∂2w

)2β−1
)∣∣∣∣+ C

∣∣∣∣
∫

R

(
∇t (∂A)∇ (∂w)

) (
ζ2
(
∂2w

)2β−1
)∣∣∣∣

+

∣∣∣∣
∫

R
ζ2fz

(
∂2w

)2β
∣∣∣∣+

∣∣∣∣
∫

R
ζ2 (~gz · ∇w)

(
∂2w

)2β
∣∣∣∣

+

∣∣∣∣
∫

R

(
~g · ∇

(
∂2w

)) (
ζ2
(
∂2w

)2β−1
)∣∣∣∣+ C

∣∣∣∣
∫

R
(ζ (∂~g)∇ (∂w))

(
ζ
(
∂2w

)2β−1
)∣∣∣∣

= I + II + III + IV + V + V I.

We proceed to estimate each one of these terms. Integrating by parts, we have

II = C

∣∣∣∣
∫

R
(∇ (∂w)) (∂A)∇ζ2

(
∂2w

)2β−1
∣∣∣∣

≤ C

∣∣∣∣
∫

R
(∇ (∂w)) (∂A)

(
∇ζ2

) (
∂2w

)2β−1
∣∣∣∣+ C

∣∣∣∣
∫

R
(∇ (∂w)) (∂A) ζ2∇

(
∂2w

)2β−1
∣∣∣∣

≤ C

∫

R
|(∂A)∇ζ|2

∣∣∂2w
∣∣2β +

C

α

∫

R
ζ2
∣∣∂2w

∣∣2β + α

∫

R
ζ2
∣∣∣(∂A)∇

(
∂2w

)β∣∣∣
2
.

and

III ≤ C

∫

R
ζ2
∣∣∂2w

∣∣2β

IV ≤
∫

R
ζ2 |~gz · ∇w|

∣∣∂2w
∣∣2β

V ≤ α

∫

R
ζ2
∣∣∣~g · ∇

(
∂2w

)β∣∣∣
2

+
C

α

∫

R
ζ2
∣∣∂2w

∣∣2β

V I ≤ C

∫

R
ζ2 |(∂~g)∇ (∂w)|

∣∣∂2w
∣∣2β−2

+ C

∫

R
ζ2
∣∣∂2w

∣∣2β .

The lemma follows from assembling all these estimates.
The following “Caccioppoli”-type result for second derivatives of solutions, is the essence

of the proof of Theorem 3.8.
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Lemma 3.10. Suppose that w is a smooth solution of (1.13) in R. Then for β ≥ 1, the
k-gradient integral

∫

R

∣∣∣ζ∇k
(
∇2w

)β∣∣∣
2

(3.27)

is dominated by

C (A,B, β, ‖ξ∇w‖∞)

{
1 +

∫

R
ξ2
∣∣∂2w

∣∣2β−2
}

+C (B, β, ‖ξ∇w‖∞)

∫

R

{
ζ2 + |∇kζ|2

} ∣∣∂2w
∣∣2β .

A crucial point is that the constants on the second term of the conclusion in the above
lemma do not depend on A, so that in applying the one dimensional Poincaré inequality in
the proof of Theorem 3.8, the product R2

1C1 can be made less than one for R1 sufficiently
small. This would be impossible if A2 were present since A ≥ R−1

1 - recall (2.3).

Proof. The result follows from applying Lemma 2.1 to the functions ∂2w, to obtain

∫

R

∣∣∣ζ∇k
(
∂2w

)β∣∣∣
2
dx(3.28)

≤ Cβ

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣+ Cβ2

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β .

By Lemma 3.9, we have

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣

≤ C

∣∣∣∣
∫

R
(∇w)

(
∂2A

)
∇ζ2

(
∂2w

)2β−1
∣∣∣∣(3.29)

+C

∫

R
|(∂A)∇ζ|2

∣∣∂2w
∣∣2β + C

∫

R
ζ2 |~gz · ∇w|

∣∣∂2w
∣∣2β

+
C

α

∫

R
ζ2
∣∣∂2w

∣∣2β + C

∫

R
ζ2 |(∂~g)∇ (∂w)|

∣∣∂2w
∣∣2β−2

+α

∫

R
ζ2
∣∣∣(∂A)∇

(
∂2w

)β∣∣∣
2

+ α

∫

R
ζ2
∣∣∣~g · ∇

(
∂2w

)β∣∣∣
2
.

Integrating by parts the first term on the right, we get

∣∣∣∣
∫

R
(∇w)

(
∂2A

)
∇ζ2

(
∂2w

)2β−1
∣∣∣∣

≤
∣∣∣∣
∫

R
(∇w)

(
∂2A

) (
∇ζ2

) (
∂2w

)2β−1
∣∣∣∣+

∣∣∣∣
∫

R
(∇w)

(
∂2A

)
ζ2∇

(
∂2w

)2β−1
∣∣∣∣

≤ C

∫

R
|∇w|2

∣∣(∂2A
)
∇ζ
∣∣2 ∣∣∂2w

∣∣2β−2
+
C

α

∫

R
ζ2
∣∣∂2w

∣∣2β

+

∣∣∣∣
∫

R
(∇w)

(
∂2A

)
ζ2∇

(
∂2w

)2β−1
∣∣∣∣ .
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Replacing back into (3.29) yields

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣

≤ C

∫

R
|∇w|2

∣∣(∂2A
)
∇ζ
∣∣2 ∣∣∂2w

∣∣2β−2
+ C

∫

R
|(∂A)∇ζ|2

∣∣∂2w
∣∣2β

+C

∫

R
ζ2 |(∂~g)∇ (∂w)|

∣∣∂2w
∣∣2β−2

+

∣∣∣∣
∫

R
ζ2 (∇w)

(
∂2A

)
∇
(
∂2w

)2β−1
∣∣∣∣

+

∫

R
ζ2 |~gz · ∇w|

∣∣∂2w
∣∣2β +

C

α

∫

R
ζ2
∣∣∂2w

∣∣2β

+α

∫

R
ζ2
∣∣∣(∂A)∇

(
∂2w

)β∣∣∣
2

+ α

∫

R
ζ2
∣∣∣~g · ∇

(
∂2w

)β∣∣∣
2

= I + II+̇ · · ·+ V III.(3.30)

From the chain rule, we have

∂2A = Aνν + 2 (∂w) Aνz + (∂w)2 Azz +
(
∂2w

)
Az(3.31)

it follows that

|(∂A)∇ζ|2 ≤ C |Aν∇ζ|2 + C |∂w|2 |Az∇ζ|2
∣∣(∂2A

)
∇ζ
∣∣2 ≤ CA2

(
1 + |∂w|2

)2
+ C

∣∣(∂2w
)
Az∇ζ

∣∣2 .

Hence, from (1.19)

I + II ≤ C (A, ‖ξ∇w‖∞)

∫

R
ξ2
∣∣∂2w

∣∣2β−2
+ C (B, ‖ξ∇w‖∞)

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β .(3.32)

Since |∂~g| ≤ C |∇w|∞, it easily follows that

III + V ≤ C (‖ξ∇w‖∞)

∫

R
ζ2
∣∣∂2w

∣∣2β .(3.33)

Now, from (3.31), integration by parts and (1.19), we have

IV ≤
∣∣∣∣
∫

R

(
∂2w

)2β−1∇
{
ζ2 (∇w)

(
Aνν + 2 (∂w) Aνz + (∂w)2 Azz

)}∣∣∣∣

+

∣∣∣∣
∫

R
ζ2 (∇w) Az∇

(
∂2w

)2β
∣∣∣∣

≤ C (A, ‖ξ∇w‖∞)

∫

R
ξ2
∣∣∂2w

∣∣2β−2
+

1

α
C (‖ξ∇w‖∞)

∫

R
ζ2
∣∣∂2w

∣∣2β(3.34)

+α

∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2
.

Finally, from (1.19) it follows that

V II + V III ≤ C α
∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

(3.35)
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Gathering the estimates (3.28) to (3.35) yields

∫

R

∣∣∣ζ∇k
(
∂2w

)β∣∣∣
2
dx

≤ C (A, ‖ξ∇w‖∞)

∫

R
ξ2
∣∣∂2w

∣∣2β−2
+ C (B, β, ‖ξ∇w‖∞)

∫

R

{
ζ2 + |∇kζ|2

} ∣∣∂2w
∣∣2β(3.36)

+
1

α
C (‖ξ∇w‖∞)

∫

R

∣∣∂2w
∣∣2β + C α

∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

+ C

Using the one-dimensional Poincaré inequality (2.4), we have that for β > 1,

∫

R
ζ2
∣∣∂2w

∣∣2β

≤ CR2
1

∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

+ CR2
1

∫

R
ζ2

1

∣∣∂2w
∣∣2β ,(3.37)

where we wrote ζ1 = ∂1ζ. Completing the k-gradient on the second term, and replacing
this inequality into the right of (3.36), we conclude

∫

R

∣∣∣ζ∇k
(
∂2w

)β∣∣∣
2
dx

≤ C (A, ‖ξ∇w‖∞)

∫

R
ξ2
∣∣∂2w

∣∣2β−2
+ C (B, β, ‖ξ∇w‖∞)

∫

R

{
ζ2 + |∇kζ|2

} ∣∣∂2w
∣∣2β

+C + C

(
α+

R2
1

α
C (‖ξ∇w‖∞)

)∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2
.

The lemma follows from applying this inequality to the right side of (3.28) and absorbing
the last term into the left by taking α, R1 small enough.

Proof of Theorem 3.8. From Poincaré inequality (3.37) and Lemma 3.10 we have

∫

R
ζ2
∣∣∂2w

∣∣2β

≤ C (A,B, β, ‖ξ∇w‖∞)

{
1 +

∫

R
ξ2
∣∣∂2w

∣∣2β−2
}

(3.38)

+R2
1 C (B, β, ‖ξ∇w‖∞)

∫

R

{
ζ2 + |∇kζ|2

} ∣∣∂2w
∣∣2β ,

Now, by Lemma 2.12 we have

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β ≤ C (A)

(
K2 +

1

ε

)(∫

R

∣∣∣ξ
(
∂2w

)β∣∣∣
p
) 2
p

+ ε

∫

R

∣∣∣ζ∇k
(
∂2w

)β∣∣∣
2

(3.39)

ν > 0 and q > max
{

2
1− ν

6
, n (1 + ν)

}
by Lemma 2.12, where 0 < ε ≤ 1 is arbitrary,

1 < p < 2 and K = ‖κ∇A‖Lq with q > max
{

2
1− ν

6
, n (1 + ν)

}
, ν > 0, notice that since we

can take q just depending on the dimension n, we have

K ≤ C (‖ξ∇w‖∞) .
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In turn, by Lemma 3.10 applied to the second term on the right-hand side of (3.39), and
the above inequality, we have

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β ≤ C (A, β,B, ‖ξ∇w‖∞)

(∫

R

∣∣∣ξ
(
∂2w

)β∣∣∣
p
) 2
p

+C (A,B, β, ‖ξ∇w‖∞)

{
1 +

∫

R
ξ2
∣∣∂2w

∣∣2β−2
}

after we absorbed ε
∫
R |∇kζ|

2
∣∣∂2w

∣∣2β into the left-hand side, by taken ε small enough.
Finally, replacing this inequality into the last term in the right side of (3.38), and absorbing
terms into the left, we obtain

∫

R
ζ2
∣∣∂2w

∣∣2β ≤ C (A, β,B, ‖ξ∇w‖∞)

(∫

R

∣∣∣ξ
(
∂2w

)β∣∣∣
p
) 2
p

(3.40)

+C (A,B, β, ‖ξ∇w‖∞)

{
1 +

∫

R
ξ2
∣∣∂2w

∣∣2β−2
}
.

Since from Lemma (3.2) we have that ∇2u ∈ L2
loc (Ω), i.e.

∥∥ξ∇2u
∥∥

0
≤ C (A,B, ‖ξ∇w‖∞),

we can take β1 = 2
p in the above inequality, and since then 2β1 − 2 < 2, we obtain

∫

R
ζ2
∣∣∂2w

∣∣ 4
p ≤ C (A, β,B, ‖ξ∇w‖∞) .(3.41)

Next, taking β2 = min
{

2
p β1, β1 + 1

}
in (3.40), (notice that both pβ2 and 2β2 − 2 are

dominated by 2β1 = 4
p), and applying (3.41) yields

∫

R
ζ2
∣∣∂2w

∣∣2β2 ≤ C (A, β,B, ‖ξ∇w‖∞) .

We can continue this iteration process to obtain
∫

R
ζ2
∣∣∂2w

∣∣2βm+1 ≤ C (A, β,B, ‖ξ∇w‖∞) , m = 1, 2, . . .

where βm+1 = min
{

2
p βm, βm + 1

}
. Since β1 = 2

p , it is easy to see that

βm ≥
2

p
+m

(
2− p
p

)
,

and therefore
∥∥ζ∇2w

∥∥
Lq
≤ C (‖κ∇w‖∞ , L) ,

for all q > 1, provided R1 is sufficiently small, depending on q. This finishes the proof oh
the theorem.

3.3. Proof of Theorem 1.4. We use the phrase “under control” to mean bounded by
an increasing function C = C (‖κ∇w‖∞ , L,A,B), where L ∈ Pc (Ω).

We will estimate the L2
loc norm of (∂mw) by the technique of the proof of Theorem 3.2.

In this process, we apply Lemma 2.5 to (∂mw), and we will use the expression (5.8) for
L (∂mw), computed on the appendix . We will prove by induction on m, that the following
holds
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∇k
(
∂m+1w

)
∈ Lqloc with control , 2 ≤ q <∞, q = q (R1) ,(3.42)

∇k
(
∂m+1w

)
∈ L2

loc with control ,(3.43)

(∂w) , . . . , (∂mw) ∈ Lqloc, with control , 2 ≤ q ≤ ∞.(3.44)

for all m = 1, 2, 3, . . . .
First, note that these conditions hold for m = 1. Indeed, trivially we have (∂w) ∈ L∞loc

with control. By Theorem 3.2 we have that (3.43) holds, and Lemma 3.10 implies (3.42).
Now, by Lemma 2.5 we get

∥∥∇kη∂m+1w
∥∥2

0
≤ CA6κ2

∣∣∣∣
∫

R
(ηL∂mw) (ζ∂mw)

∣∣∣∣

+C

∣∣∣∣
∫

R
(η∂L∂mw)

(
η∂m+1w

)∣∣∣∣

+Cκ2
∥∥η∂m+1w

∥∥2

0
+ CA6κ2 ‖ξ∂mw‖20 ,(3.45)

where κ = κ (w) is as in Definition 2.4. i.e

κ (w)2 = sup
det(A(x,u(x)))6=06=|ξ|

∣∣∣
(
∂Ãw

)
ξ
∣∣∣
2

ξtA (x,w (x)) ξ
.

where Ãw (x) = A (x,w (x)). Since from (1.18) we have
∣∣∣
(
∂Ãw

)
ξ
∣∣∣
2
≤ |Aνξ|2 + |(wi) Azξ|2

≤ CB2
(

1 + ‖κ∇w‖2∞
)
ξtAξ,

then

κ (w)2 ≤ CB2
(

1 + ‖κ∇w‖2∞
)
.(3.46)

The third term in (3.45) can be controlled applying (3.26) and the one dimensional Poincaré
inequality (2.4),

Cκ2
∥∥η∂m+1w

∥∥2

0
≤ CB2

(
1 + ‖κ∇w‖2∞

)
R2

1

∥∥∇kη∂m+1u
∥∥2

0
,

and this can be absorbed into the left side for R1 small enough. Hence,

∥∥∇kη∂m+1w
∥∥2

0
≤ CA4κ2

∣∣∣∣
∫

R
(ηL∂mw) (ζ∂mw)

∣∣∣∣(3.47)

+C

∣∣∣∣
∫

R
(η∂L∂mw)

(
η∂m+1w

)∣∣∣∣+ C (A, κ, ‖ξ∂mw‖0) .

Now we assume that

(3.42), (3.43) and (3.44) hold for m = 1, 2, . . . ,M.(3.48)

From (3.47), to prove that (3.48) holds for M + 1, it is enough to show that
∣∣∣∣
∫

R

(
η∂L∂M+1w

) (
η∂M+2w

)∣∣∣∣

≤ C

(
α+R1 ‖ζ∇w‖∞ +

R1

α

)∫

R

∣∣∇kη
(
∂M+2w

)∣∣2 + C (A,B, ‖κ∇w‖∞) .(3.49)
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From (5.8) we have
∣∣∣∣
∫

R

(
η∂L∂M+1w

) (
η∂M+2w

)∣∣∣∣ ≤ C (I + II + · · ·+ IX) ,(3.50)

where

I =
∣∣∫
R
(
η∂∇t

(
∂M+1A

)
∇w
) (
η∂M+2w

)∣∣ ,

II =
∣∣∫
R
(
η∂∇t (∂A)∇

(
∂Mw

)) (
η∂M+2w

)∣∣ ,

III =
∣∣∫
R
(
η∂fz

(
∂M+1w

)) (
η∂M+2w

)∣∣ ,

IV =
∣∣∫
R
(
η∂
(
∂M+1w

)
~gz · ∇w

) (
η∂M+2w

)∣∣ ,

V =
∣∣∫
R
(
η∂~g · ∇

(
∂M+1w

)) (
η∂M+2w

)∣∣ ,

V I =
∣∣∫
R
(
η∂ (∂~g)∇

(
∂Mw

)) (
η∂M+2w

)∣∣ ,

V II = δM≥2

∣∣∫
R
(
η∂
[
c3∇t

(
∂MA

)
∇ (∂w) + c5

(
∂2~g
)
∇
(
∂M−1w

)]) (
η∂M+2w

)∣∣ ,

V III = δM≥3

∣∣∫
R
(
η∂
[
c4∇t

(
∂2A

)
∇
(
∂M−1w

)
+ c6

(
∂M~g

)
∇ (∂w)

]) (
η∂M+2w

)∣∣ ,

IX = δM≥4

∣∣∣
∫
R

(
η∂ PA,~g,f

M+3

(
1, ∂w, . . . , ∂Mw

)) (
η∂M+2w

)∣∣∣ .

(3.51)

We claim that∣∣∣∣
∫

R

(
η∂L∂M+1w

) (
η∂M+2w

)∣∣∣∣

≤
{
α+

R2
1

α
C (B, ‖ξ∇w‖∞)

}∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 + C (A,B, ‖ξ∇w‖∞) .(3.52)

Now, since from Lemma 2.3 and (3.48) it follows that
∫

R
|∇kη|2

∣∣∂M+2w
∣∣2 ≤ C

∫

R
|∇η|2

∣∣∇k
(
∂M+1w

)∣∣2 ≤ C (A,B, ‖ξ∇w‖∞) ,

then
∥∥η∇k∂M+2w

∥∥2

0
≤

∫

R

∣∣∇kη∂M+2w − (∇kη) ∂M+2w
∣∣2

≤ C

∫

R

∣∣∇kη
(
∂M+2w

)∣∣2 + C

∫

R
|∇kη|2

∣∣∂M+2w
∣∣2

≤ C (A,B, ‖ξ∇w‖∞) +

∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 .

Hence our claim (3.52) implies (3.49) and this proves the theorem. Inequality (3.52) is
obtained by bounding each term in (3.51) separately. We will now just sketch the proof of
(3.52) treating only some representative terms.

Operating the derivative on the left, we have

I ≤
∣∣∣∣
∫

R

(
η∇t

(
∂M+2A

)
∇w
) (
η∂M+2w

)∣∣∣∣+

∣∣∣∣
∫

R

(
η∇t

(
∂M+1A

)
∇ (∂w)

) (
η∂M+2w

)∣∣∣∣
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We write
(
∂M+2A

)
=

(
∂M+2w

)
Az +

(
∂M+1w

)
PA

1 (1, ∂w) + PA
M+2

(
1, ∂w, . . . , ∂Mw

)

(
∂M+1A

)
=

(
∂M+1w

)
Az + PA

M+1

(
1, ∂w, . . . , ∂Mw

)
,

and replacing in the above expression, we obtain

I ≤
∣∣∣∣
∫

R

(
η∇t

(
∂M+2w

)
Az∇w

) (
η∂M+2w

)∣∣∣∣(3.53)

+

∣∣∣∣
∫

R

(
η∇t

(
∂M+1w

)
PA

1 (1, ∂w)∇w
) (
η∂M+2w

)∣∣∣∣

+

∣∣∣∣
∫

R

(
η∇tPA

M+2

(
1, . . . , ∂Mw

)
∇w
) (
η∂M+2w

)∣∣∣∣

+

∣∣∣∣
∫

R

(
η∇t

(
∂M+1w

)
Az∇ (∂w)

) (
η∂M+2w

)∣∣∣∣

+

∣∣∣∣
∫

R

(
η∇tPA

M+1

(
1, . . . , ∂Mw

)
∇ (∂w)

) (
η∂M+2w

)∣∣∣∣
= X +XI +XII +XIII +XIV.

Integrating by parts and using (1.18) we have

X ≤
∣∣∣∣
∫

R
(∇w)t Az

(
∇η2

) (
∂M+2w

)2
∣∣∣∣+

∣∣∣∣
∫

R
η2
(
∂M+2w

)
(∇w)t Az

(
∇∂M+2w

)∣∣∣∣

≤ 1

α
C (B, ‖ξ∇w‖∞)

∫

R

(
η2 + |∇kη|2

) ∣∣∂M+2w
∣∣2 + α

∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 .

Applying this to the inequality above for X, and from Poincaré inequality we get

X ≤
{
α+

R2
1

α
C (B, ‖ξ∇w‖∞)

}∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 + C (A,B, ‖ξ∇w‖∞) .

Writing

∇t
(
∂M+1w

)
PA

1 (1, ∂w)∇w =
(
∂M+2w

)
PA

2 (1, ∂w) +
(
∂M+1w

)
PA

3

(
1, ∂w, ∂2w

)
,

and replacing in XI yields

XI ≤ C (‖ξ∇w‖∞)

∫

R
η2
∣∣∂M+2w

∣∣2 + C (‖ξ∇w‖∞)

∫

R
η2
∣∣(∂M+1w

)∣∣2 ∣∣∂2w
∣∣2

≤ C (‖ξ∇w‖∞)

∫

R
η2
∣∣∂M+2w

∣∣2 + C (‖ξ∇w‖∞)

∫

R
η2
∣∣∂2w

∣∣4

+C (‖ξ∇w‖∞)

∫

R
η2
∣∣(∂M+1w

)∣∣4

≤ R2
1C (‖ξ∇w‖∞)

∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 + C (A,B, ‖ξ∇w‖∞) .

where in the last inequality we applied (3.48). The other terms in (3.53) are handled
similarly to give

I ≤
{
α+

R2
1

α
C (B, ‖ξ∇w‖∞)

}∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 + C (A,B, ‖ξ∇w‖∞) .
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Operating the derivative on the left, using (1.20) and the Poincaré inequality we have

V ≤
∣∣∣∣
∫

R

(
η (∂~g) · ∇

(
∂M+1w

)) (
η∂M+2w

)∣∣∣∣+

∣∣∣∣
∫

R

(
η~g · ∇

(
∂M+2w

)) (
η∂M+2w

)∣∣∣∣

≤ 1

α
C (B, ‖ξ∇w‖∞)

∫

R
η2
∣∣∂M+2w

∣∣2 + α

∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2

≤
{
α+

R2
1

α
C (B, ‖ξ∇w‖∞)

}∫

R
η2
∣∣∇k

(
∂M+2w

)∣∣2 .

Writing

∂ PA,~g,f
M+3

(
1, ∂w, . . . , ∂Mw

)
= PA,~g,f

M+4

(
1, ∂w, . . . , ∂M+1w

)
,

and replacing in IX, we get

IX ≤ δM≥4

∣∣∣∣
∫

R

(
ηPA,~g,f

M+4

(
1, ∂w, . . . , ∂M+1w

)) (
η∂M+2w

)∣∣∣∣ .

Since the above expression is non trivial only for M ≥ 4, and since the leading terms of

PA,~g,f
M+4

(
1, ∂w, . . . , ∂M+1w

)
are of the form

(
∂M+1w

)
PA,~g,f

3

(
1, ∂w, ∂2w, ∂3w

)
, from (3.48)

we have that ∥∥∥ηPA,~g,f
M+4

∥∥∥
0
≤ C (A,B, ‖ξ∇w‖∞) .

Hence IX is under control. The other terms in (3.51) are handled in a similar fashion to
finish the proof of our claim (3.52). As we already noted, this implies that (3.49) holds,
and therefore (3.48) holds for m = M + 1. By induction on m, we have that (3.48) holds
for all m ≥ 1. From the Sobolev embedding theorem we then conclude

∇mw ∈ L∞, with control , m = 1, 2, 3, . . . ,

as wanted.

4. Hypoellipticity

In this section we prove Theorem 1.8, which is a hypoellipticity result for quasilinear
operators in divergence form L = ∇tA∇, where A satisfies Hypotheses (1.1) and (1.7).

We will need the following pointwise a-priori estimate for solutions of (1.13),

√
k∗ (x,w)

√
ki (x,w) |∂iw| ≤ C, i = 1, . . . , n,(4.1)

where k∗ = mini
{
ki
}

, (see Lemma 5.3 in the appendix). Note that from (1.23) and (4.1)
we have

|(∂w) Az∇w| ≤ CB |k∗ (∂w)| |∇kw|
≤ CB |∇kw| .(4.2)

Moreover, since %i is supported where kj ≥ c1 = c1 (i, R1) for i 6= j, we have

%ik
i (x,w) ≤ C %ik∗ (x,w) ≤ C %i

√
k∗ (x,w)

√
kj (x,w), i, j = 1, . . . , n,

hence, from (4.1) we obtain

%ik
i (x,w) |∂jw| ≤ C, i, j = 1, . . . , n.(4.3)

As a consequence of (4.3) and Theorem 1.4, we actually obtain immediate a-priori control
of any higher order derivatives of the solution w on the “elliptic domain” of the coefficients,
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more precisely, for any power β and multi-index α, there exists C = C (c1, B
∗, α, β) such

that

%i |Dαw|β ≤ C.(4.4)

Indeed, from Theorem 1.4 we have that for any compact sets G and G̃ with G ⊂⊂ G̃ ⊂⊂ Γ
and multi-index α

‖Dαw‖L∞(G) ≤ Cα
(
‖∇w‖L∞(G̃) ,G

)
, |α| ≥ 0,

whenever (x,w (x)) ∈ G̃ for every x in the projection of G̃ onto Ω. Taking G̃ as the support
of %i, we have

‖∇w‖L∞(G̃) ≤
C

inf G̃ k
∗ ≤ C

∗ = C∗
(
~k,R1

)
<∞.

Hence,

‖Dαw‖L∞(G) ≤ Cα (‖κ∇w‖∞ ,G) = Cα
(
G̃
)
,

as wanted. Note that from the proof of Theorem 1.4, it can be seen that Cα (‖κ∇w‖∞ ,G) is
only polynomial on ‖κ∇w‖∞.

4.1. An a priori estimate for quasilinear equations.

Theorem 4.1. Let w be a smooth solution of (1.13) in Ω, where A, f (x, z), ~g (x, z),
~k (x, z), are C∞ functions defined in a domain Ω × {0} ⊂ Γ ⊂ Ω × R, where A sat-

isfies (1.18); ~k (x, z) satisfies Hypotheses 1.1 and 1.7, and ~g satisfies (1.20). Then,
for every multi-index α = (α1, . . . , αn) and compact L ⊂ Ω, there exists a constant

Cα
(
‖w‖L∞(L) ,A

)
> 0 such that

‖ζDαw‖L∞(G) ≤ Cα
(
‖κw‖L∞(G̃) ,A

)
.(4.5)

For convenience, we will say that a function f is under special control (u.s.c.), if it
satisfies a bound of the form (4.5), that is

‖ζf‖L∞(G) ≤ C
(
‖κw‖L∞(G̃) ,A

)
.

The theorem is a consequence of the extra integrability of ∇w, which follows from the
extra hypotheses on the coefficients, (1.7). We establish this fact first on the following
lemma.

Lemma 4.2. Let w be a smooth solution of (1.13) in Ω, and assume that A, f (x, z),

~g (x, z) and ~k (x, z) are as in Theorem (4.1). Then ∇w ∈ Lβloc (Ω), for all 1 ≤ β < ∞.
Moreover,

∫

R

∣∣∣ζ∇k (∂w)β
∣∣∣
2
≤ C

(
A, A,B,B∗, β, ‖w‖L∞(L)

)
.

Proof. From Lemma 2.1, we have that for all β ≥ 1
∫

R

∣∣∣ζ∇k (∂w)β
∣∣∣
2
≤ C β

∣∣∣∣
∫

R
(ζL (∂w))

(
ζ (∂w)2β−1

)∣∣∣∣(4.6)

+ C

∫

R
|∇kζ|2

∣∣∣(∂w)β
∣∣∣
2
.
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From (3.3), the equality ∂A = Aν + (∂w) Az, and integration by parts, we have
∣∣∣∣
∫

R
(ζL (∂w))

(
ζ (∂w)2β−1

)∣∣∣∣

≤
∣∣∣∣
∫

R
((Aν + (∂w) Az)∇w)

(
∇ζ2 (∂w)2β−1

)∣∣∣∣

+

∣∣∣∣∣

∫

R

(
(∂f) +

n∑

i=1

(
∂gi
)
wi

)(
ζ2 (∂w)2β−1

)∣∣∣∣∣

+

∣∣∣∣∣
n∑

i=1

∫

R

(
ζgi (∂i∂w)

) (
ζ (∂w)2β−1

)∣∣∣∣∣
= I + II + III.(4.7)

Writing

(
∇ζ2 (∂w)2β−1

)
=

2β − 1

β
ζ2 (∂w)β−1

(
∇ (∂w)β

)
+
(
∇ζ2

)
(∂w)2β−1

we have

I ≤ C

∣∣∣∣
∫

R
ζ2 (∂w)β−1 (∇w)t Aν∇ (∂w)β

∣∣∣∣(4.8)

+C

∣∣∣∣
∫

R
ζ2 (∂w)β (∇w)t Az∇ (∂w)β

∣∣∣∣

+

∣∣∣∣
∫

R
(∂w)2β−1 (∇w)t Aν∇ζ2

∣∣∣∣

+

∣∣∣∣
∫

R
(∂w)2β (∇w)t Az∇ζ2

∣∣∣∣ .

From (1.23), (1.7) and (4.1), we have

|∇w|2
∣∣∣Az∇ (∂w)β

∣∣∣
2
≤ CB2

∣∣∣∇k (∂w)β
∣∣∣
2

and

|∇w|2 |Az∇ζ|2 ≤ CB2 |∇kζ|2 .
Applying these inequalities to (4.8) we obtain

I ≤ CB2

α

∫

R
ζ2 |∂w|2β + Cα

∫

R
ζ2
∣∣∣∇k (∂w)β

∣∣∣
2

(4.9)

+C

∫

R
|∂w|2β |∇kζ|2 + C.

Now, by (1.20) we have
∣∣∣∣∣
n∑

i=1

gi (∂i∂w) (∂w)2β−1

∣∣∣∣∣ ≤ CB
∣∣∣∇k (∂w)β

∣∣∣ |∂w|β

hence

III ≤ C

α

∫

R
ζ2 |∂w|2β + α

∫

R
ζ2
∣∣∣∇k (∂w)β

∣∣∣
2
.(4.10)
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Finally, since from (1.25) and (4.1) we have
∣∣∣∣∣
n∑

i=1

(
∂gi
)
wi (∂w)2β−1

∣∣∣∣∣ =

∣∣∣∣∣
n∑

i=1

giνwi (∂w)2β−1 +
n∑

i=1

gizwi (∂w)2β

∣∣∣∣∣

≤ CB |∂w|2β + CB
n∑

i=1

(
kik∗

) 1
2 |wi| |∂w|2β

≤ CB |∂w|2β .
Applying this to II yields

II ≤ CB
∫

R
ζ2 |∂w|2β + C.(4.11)

Then ,replacing (4.9), (4.10) and (4.11) on the right of (4.7), and then using (4.6), we
obtain

∫

R

∣∣∣ζ∇k (∂w)β
∣∣∣
2
≤ CB2

α

∫

R
ζ2 |∂w|2β + Cα

∫

R
ζ2
∣∣∣∇k (∂w)β

∣∣∣
2

+C

∫

R
|∂w|2β |∇kζ|2 + C.

Applying the one dimensional Poincaré inequality to the first sum on the right and com-
pleting the k-gradient, we obtain

∫

R

∣∣∣ζ∇k (∂w)β
∣∣∣
2
≤ C

(
α+R2

1 B
∗2
)∫

R
ζ2
∣∣∣∇k (∂w)β

∣∣∣
2

+ C

∫

R
|∂w|2β |∇kζ|2 + C.

We absorb into the left the first term (given that α and R1 are small enough), to obtain
∫

R

∣∣∣ζ∇k (∂w)β
∣∣∣
2
≤ C + C

∫

R
|∇kζ|2

∣∣∣(∂w)β
∣∣∣
2
.

The second term on the right is u.s.c. because of (4.3). This finishes the proof of the
lemma.

We are now ready to proceed with:

Proof of Theorem 4.1. By Theorem (1.4), we only need to show that ∇w is under special
control, that is

‖ζ∇w‖∞ ≤ Cα
(
‖κw‖∞ , ~k

)
.

By the Sobolev imbedding theorem, to prove this it is enough to show that
∥∥ζ∂2w

∥∥
Lβ
≤ Cβ

(
‖κw‖L∞ , ~k

)
‖κw‖∞ ,(4.12)

for some β > n.

Applying Lemma 2.11 with u = ∂2w and then applying Lemma 2.10 with v =
(
∂2w

)β
,

we obtain ∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

(4.13)

≤ C β

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣

+C (A,B, α) ‖κ∇A‖2Lq
(∫

R

∣∣∣κ
(
∂2w

)β∣∣∣
p
) 2
p

,
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for all β ≥ 1, ν > 0, q > (1 + ν)n, and where p = p (q, ν, n), 1 < p < 2. From Lemma 3.9,
we have ∣∣∣∣

∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣

≤ C

∣∣∣∣
∫

R

(
∇tw

) (
∂2A

)
∇ζ2

(
∂2w

)2β−1
∣∣∣∣

+C

∫

R
|(∂A)∇ζ|2

∣∣∂2w
∣∣2β + C

∫

R
ζ2 |~gz · ∇w|

∣∣∂2w
∣∣2β

+
C

α

∫

R
ζ2
∣∣∂2w

∣∣2β + C

∫

R
ζ2 |(∂~g)∇ (∂w)|

∣∣∂2w
∣∣2β−2

+α

∫

R
ζ2
∣∣∣(∂A)∇

(
∂2w

)β∣∣∣
2

+ α

∫

R
ζ2
∣∣∣~g · ∇

(
∂2w

)β∣∣∣
2

= I + II + · · ·+ V II.(4.14)

Writing
(
∂2A

)
= ∂ (Aν + wνAz) = Aνν + 2 (∂w) Aνz + (∂w)2 Azz +

(
∂2w

)
Az

we have that I is bounded by

C

∣∣∣∣
∫

R
(∇w)t Aνν∇ζ2

(
∂2w

)2β−1
∣∣∣∣+ C

∣∣∣∣
∫

R
(∇w)t (∂w) Aνz∇ζ2

(
∂2w

)2β−1
∣∣∣∣

+C

∣∣∣∣
∫

R
(∇w)t (∂w)2 Azz∇ζ2

(
∂2w

)2β−1
∣∣∣∣+ C

∣∣∣∣
∫

R
(∇w)t Az∇ζ2

(
∂2w

)2β
∣∣∣∣

= V III + IX +X +XI.(4.15)

Integrating by parts and using Hölder inequality, we obtain

V III = C

∣∣∣∣
∫

R

(
∇tAνν∇w

)
ζ2
(
∂2w

)2β−1
∣∣∣∣

≤ C

∫

R
ζ2
∣∣∂2w

∣∣2β + C

∫

R

(
|∇w|2 + |∇w|

)
ζ2
∣∣∂2w

∣∣2β−1

≤ C

∫

R
ζ2
∣∣∂2w

∣∣2β + C

∫

R
ξ2 |∇w|4β + C.(4.16)

Similarly,

IX +X ≤ C
∫

R
ζ2
∣∣∂2w

∣∣2β + C

∫

R
ξ2 |∇w|6β + C.(4.17)

To treat XI, we apply (1.23) to obtain

XI = C

∣∣∣∣
∫

R
(∇w)t ζ

(
∂2w

)β
Az∇ζ

(
∂2w

)β
∣∣∣∣

≤ C

α

∫

R
ζ2
∣∣∂2w

∣∣2β + α

∫

R
|∇w|2

∣∣∣Az∇ζ
(
∂2w

)β∣∣∣
2

≤ C

α

∫

R
ζ2
∣∣∂2w

∣∣2β + αCB2

∫

R
|k∗ (x,w)∇w|2

∣∣∣∇kζ
(
∂2w

)β∣∣∣
2
.

Since by (4.1) we have |k∗ (x,w)∇w| ≤ C, we get

XI ≤ CB2

α

∫

R
ζ2
∣∣∂2w

∣∣2β + α

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β + α

∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2
.(4.18)
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Gathering the estimates (4.15) to (4.18), we have

I ≤ C

∫

R
ξ2 |∇w|6β + C

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β

+
CB2

α

∫

R
ζ2
∣∣∂2w

∣∣2β + α

∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

+ C.

Using similar techniques to treat the other terms in (4.14), (with (1.23) replaced by (1.25),
(1.20) when treating III, V II, respectively), we obtain

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣ ≤ C

∫

R
ξ2 |∇w|6β + C

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β(4.19)

+

(
CB2

α
R2

1 + α

)∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

+ C,

where we applied Poincaré inequality to
∫
R ζ

2
∣∣∂2w

∣∣2β as usual to bound it by

R2
1

∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

+R2
1

∫

R
|∇kζ|2

∣∣∂2w
∣∣2β .

Since∇kζ is supported where k∗ ≥ c = c
(
~k,R1

)
> 0, from (4.4) we have that

∫
R |∇kζ|

2
∣∣∂2w

∣∣2β

is under special control, i.e.
∫

R
|∇kζ|2

∣∣∂2w
∣∣2β ≤ C

(
‖κw‖L∞(G̃) , A

)
.(4.20)

On the other hand, by (4.4) and Lemma 4.2 and Poincaré inequality,
∫

R
ξ2 |∇w|6β ≤ C

∫

R
|∇kξ|2 |∇w|6β + C

∫

R
ξ2
∣∣∣∇k (∇w)3β

∣∣∣
2

(4.21)

≤ C
(
‖κw‖L∞(G̃) , A

)
.

Replacing this and (4.20) into the right of (4.19) yields

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ
(
∂2w

)2β−1
)∣∣∣∣ ≤

(
CB2

α
R2

1 + α

)∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

+ C
(
‖κw‖L∞(G̃) , A

)
,

(4.22)

Hence, from (4.13) we obtain
∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

≤ C (A,B, α) ‖κ∇A‖2Lq
(∫

R

∣∣∣κ
(
∂2w

)β∣∣∣
p
) 2
p

+ C
(
‖κw‖L∞(G̃) , A

)
,

after we absorved the proper term into the left. Now, as in (4.21) we have

‖κ∇A‖qLq ≤ C
∫
κq |∇w|q + C ≤ C

(
‖κw‖L∞(G̃) , A

)
.

Replacing in the inequality above yields
∫

R
ζ2
∣∣∣∇k

(
∂2w

)β∣∣∣
2

≤
(
‖κw‖L∞(G̃) ,A

)(∫

R

∣∣∣κ
(
∂2w

)β∣∣∣
p
) 2
p

+ C
(
‖κw‖L∞(G̃) , A

)
,(4.23)
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Now, from Lemma 2.1 with u = ∂2w and β = 1, and from (4.22) with β = 1, we have
∫

R

∣∣ζ∇k∂2w
∣∣2 ≤ C

∣∣∣∣
∫

R

(
ζL∂2w

) (
ζ∂2w

)∣∣∣∣+ C

∫

R
|∇kζ|2

∣∣∂2w
∣∣2

≤
(
CB2

α
R2

1 + α

)∫

R
ζ2
∣∣∇k

(
∂2w

)∣∣2 + C
(
‖κw‖L∞(G̃) , A

)
+ C

∫

R
|∇kζ|2

∣∣∂2w
∣∣2

By (4.4) the last term on the right is u.s.c., thus, after absorbing into the left the first
term on the right by taking α, R1 small, we get∫

R

∣∣ζ∇k∂2w
∣∣2 ≤ C

(
‖κw‖L∞(G̃) , A

)
.(4.24)

Now we take β1 = 2
p in (4.23) and use (4.24) to estimate the right side to obtain

∫

R
ζ2
∣∣∣∇k

(
∂2w

) 2
p

∣∣∣
2

≤ C
(
‖κw‖L∞(G̃) ,A

)(∫

R
κp
∣∣∂2w

∣∣2
) 2
p

+ C
(
‖κw‖L∞(G̃) , A

)

≤ C
(
‖κw‖L∞(G̃) ,A

)1+ 2
p
.

We repeat this procedure by taking βN =
(

2
p

)N
,after N iterations we have

∫

R
ζ2

∣∣∣∣∣∇k
(
∂2w

)“ 2
p

”N ∣∣∣∣∣

2

≤ C
(
‖κw‖L∞(G̃) ,A

)(∫

R
κp
∣∣∂2w

∣∣2
“

2
p

”N−1
) 2

p

+ C
(
‖κw‖L∞(G̃) , A

)

≤ C
(
‖κw‖L∞(G̃) ,A, N

)1+ 2
p

+
“

2
p

”2
+···+

“
2
p

”N

.

This establishes (4.12) by taking N so that
(

2
p

)N
> n, and the proof of Theorem 4.1 is

complete.

4.2. Proof of the Hypoellipticity Theorem. In this section we provide the proof for
Theorem (1.8). Given a continuous function w on Ω, w ∈ H1

loc (Ω, k), i.e.,
∫
ϕ |∇kw|2 dx <∞, for all ϕ ∈ C∞c (Ω) ,

where ∇kw is as in Definition 1.3, such that w satisfies

∫
(∇ϕ)t A (x,w) (∇w) = −

∫
ϕ~g (x,w) · ∇w −

∫
ϕf (x,w) , for all ϕ ∈ C∞c (Ω) ,

that is, w is a weak solution of (1.13) in Ω (see Definition (1.2)), we want to prove that
when A satisfies (1.18), ~g satisfies (1.20), fz ≥ 0 and Hipotheses (1.1) and (1.7) hold, then
w ∈ C∞ (Ω).

It is enough to show that for any positive integer N , there exists R1 > 0 and CN > 0
such that

‖Dαw‖L∞(R) ≤ CN ‖w‖L∞(Ω) , α = (α1, . . . , αn) , |α| ≤ N,
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where R is any cubical region in Ω, of sidelength 2R1. Without loss of generality we can
assume R to be centered at the origin, that is,

R = [−R1, R1]n ,

we also assume B = {x, |x| ≤ 2
√
nR1} ⊂ Ω.

For ε > 0, and I the n× n identity matrix, we define

Aε = A + ε I.

Then the operator Mε = div Aε∇ − ~g · ∇ − f is quasilinear elliptic and satisfies the
hypothesis of Theorem 15.9 in [3], so if wε is the solution of the Dirichlet problem

Mεwε = 0 in B, wε = w on ∂B,

then wε ∈ C2+γ (B)
⋂
C
(
B
)
. The classic Schauder regularity theory and a standard boot-

strapping argument imply that wε ∈ C∞ (B)
⋂
C
(
B
)
. Now, by the maximum principle

(?? in [3]), we have

‖wε‖L∞(B) ≤ ‖wε‖L∞(∂B) = ‖w‖L∞(B) = M,

And since the coefficients Aε satisfy the hypotheses of Theorem 4.1 uniformly in ε > 0,
we have that for any derivative Dα and ε > 0, the family of functions {Dαwη, η < ε/2}
is equicontinuous and uniformly bounded on Bε. Therefore, there is a subsequence {wεi},
with εi → 0, which converges in C∞ (B) to a function w0 ∈ C∞ (B). That is, Dαwεi converges
to Dαw0 uniformly on compact subsets of B, for all multi-indexes α.

We will show that the subsequence {wεi} converges to w uniformly in B. Let x0 be an
arbitrary point on ∂B, and let h (x) be the barrier function for w at x0 provided by Lemma
5.4, that is, for δ, ν > 0, depending only on M , , ‖~g‖L∞(Γ), ‖f‖L∞(Γ), the Lipschitz norm

of A in Γ and the modulus of continuity of w in B, and for Nδ = {y ∈ B : |y − x0| < δ},
we have h ∈ C∞ (Nδ)

⋂
C (Nδ), and moreover





h (x) ≤ w (x)− w (x0) , for all x ∈ Nδ,
h (x) ≤ −ν, for all x ∈ ∂Nδ

⋂B,
h (x0) = 0,
div A (x, u (x))∇h− ~g (x, u (x)) · ∇h− |f (x, u (x))| ≥ 0,
4h =

∑n
i=1 ∂

2
i h ≥ 0,

in Nδ,

whenever u is continuous in B and (x, u (x)) ∈ Γ for all x ∈ Ω. Now, given η > 0, there
exists ε0 > 0 such that |w (x)− w (y)| < η if |x− y| < ε0, x, y ∈ Ω. Then, for ε, δ ≤ ε0 we
have

−η < wε (x)− w (x0) < η, for all x ∈ ∂Nδ
⋂
∂B,(4.25)

and

2M

ν
h (x) ≤ wε (x)− w (x0) ≤ −2M

ν
h (x) , for x ∈ ∂Nδ

⋂
B.

Therefore,

2M

ν
h (x)− η < wε (x)− w (x0) < −2M

ν
h (x) + η, for all x ∈ ∂Nδ.(4.26)

Note that for any ε > 0,

Mεh =Mh+ ε4 h ≥ 0.
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We now set Ãε (x) = Aε (x,wε (x)), g̃ε (x) = ~g (x,wε (x)), f̃ε (x) = f (x,wε (x)) and

M̃εv = div Ãε∇v − g̃ (x) · ∇v − f̃ (x) .

Then M̃ε (wε − w (x0)) =Mεwε = 0 and

M̃ε

(
2M

ν
h (x)− η

)
=

2M

ν
(div Aε (x,wε (x))∇h− ~g (x,wε (x)) · ∇h)− f (x,wε (x))

≥ 2M

ν
|f (x,wε (x))| − f (x,wε (x)) ≥ 0,

where we assumed, without loss of generality, that 2M
ν ≥ 1. Therefore, we have

M̃ε

(
2M

ν
h (x)− η

)
≥ M̃ε (wε − w (x0)) , in Nδ

2M

ν
h (x)− η ≤ wε − w (x0) , x ∈ ∂Nδ.

From the comparison principle, Lemma 5.5, applied to the operator M̃ε in Nδ, and from
inequality (4.25), we obtain

2M

ν
h (x)− η ≤ wε (x)− w (x0) , for all x ∈ Nδ, δ, ε ≤ ε0 = ε0 (w, η) .

Since h is continuous and h (x0) = 0, we conclude that for ε1 ≤ ε0 small enough,

−2η < wε (x)− w (x0) , for all x ∈ Nδ, ε ≤ ε1, δ ≤ ε0 = ε0 (w, η) .

Similarly, since M̃ε

(
−2M

ν h (x) + η
)
≤ 0 we obtain

|wε (x)− w (x0)| < 2η, for all x ∈ Nδ, ε ≤ ε1, δ ≤ ε0 = ε0 (w, η) .

This proves our claim, and therefore, we have that w = w0 = limj→∞wεj uniformly on
∂B. From the comparison Principle, Lemma 5.5, applied to M in B, we conclude that
w = w0 in B and therefore, w is smooth in B, with the expected control.

5. Appendix

5.1. Some calculations. Let us compute the equation satisfied by ∂mw. By simply
commuting ∂ and L, we have

L (∂mw) =
m−1∑

`=0

∂` [L, ∂] ∂m−1−`w + ∂mLw.(5.1)

We write

m−1∑

`=0

∂` [L, ∂] ∂m−1−`w

= ∂m−1 [L, ∂]w + [L, ∂] ∂m−1w + δm≥3

m−2∑

`=1

∂` [L, ∂] ∂m−1−`w

= I + II + III.

where δm≥µ = 1 if m ≥ µ and δm≥µ = 0 otherwise. Using the identity

[L, ∂] = −∇t (∂A)∇,(5.2)
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we have

−I = ∇t∂m−1 (∂A)∇w

= ∇t
m−1∑

`=0

(
m−1
`

) (
∂`+1A

)
∇
(
∂m−1−`w

)

= ∇t (∂mA)∇w +∇t (∂A)∇
(
∂m−1w

)
+ δm≥3 (m− 1)∇t

(
∂m−1A

)
∇ (∂w)(5.3)

+δm≥4 (m− 1)∇t
(
∂2A

)
∇
(
∂m−2w

)
+ δm≥5PA

m+2

(
1, ∂w, . . . , ∂m−1w

)
,

where PA
` denotes a generic polynomial with coefficients depending on derivatives of A,

as given in Definition 3.1. Also from (5.2), we obtain

−II = ∇t (∂A)∇∂m−1w.(5.4)

Now, using the identity

∂` [L, ∂] ∂m−1−`w =
[
∂`, [L, ∂]

]
∂m−1−`w + [L, ∂] ∂m−1w

= −∇t
∑̀

r=1

(
`
r

) (
∂r+1A

)
∇
(
∂m−1−rw

)
+ II,

we have

III = −δm≥3∇t
m−2∑

`=1

∑̀

r=1

(
`
r

) (
∂r+1A

)
∇
(
∂m−1−rw

)
+ δm≥3c (m) ∇t (∂A)∇

(
∂m−1w

)

Adding the first and last terms separately, the sum on the left can be written as

m−2∑

`=1

∑̀

r=1

(
`
r

) (
∂r+1A

)
∇
(
∂m−1−rw

)

= δm≥4 c
(
∂2A

)
∇
(
∂m−2w

)
+
m−2∑

r=1

(
m−2
r

) (
∂r+1A

)
∇
(
∂m−1−rw

)

+
m−3∑

`=2

∑̀

r=2

(
`
r

) (
∂r+1A

)
∇
(
∂m−1−rw

)

= δm≥4c
(
∂2A

)
∇
(
∂m−2w

)
+
(
∂m−1A

)
∇ (∂w)

+δm≥5PA
m+1

(
1, ∂w, . . . , ∂m−2w

)
,

where c = c (m). Hence, for certain constants ci depending only on m,

III

= δm≥3

[
c1∇t

(
∂2A

)
∇
(
∂m−2w

)
+ c2∇t

(
∂m−1A

)
∇ (∂w) + c3∇t (∂A)∇

(
∂m−1w

)]
(5.5)

+δm≥5PA
m+1

(
1, ∂w, . . . , ∂m−1w

)
.

Assembling the estimates (5.3), (5.4) and (5.5)
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m−1∑

`=0

∂` [L, ∂] ∂m−1−`w

= −∇t (∂mA)∇w + c1∇t (∂A)∇
(
∂m−1w

)
(5.6)

+c2δm≥3∇t
(
∂m−1A

)
∇ (∂w) + c3 δm≥4∇t

(
∂2A

)
∇
(
∂m−2w

)

+δm≥5 PA
m+2

(
1, ∂w, . . . , ∂m−1w

)
.

On the other hand, it similarly follows that

∂mLw = ∂m~g∇w + ∂mf

= (∂mf) + (∂m~g) · ∇w + ~g · ∇ (∂mw)(5.7)

+m (∂~g)∇
(
∂m−1w

)
+ δm≥3 c4

(
∂2~g
)
∇
(
∂m−2w

)

+δm≥4 m
(
∂m−1~g

)
∇ (∂w) + δm≥5 P~g,fm+1

(
1, ∂w, . . . , ∂m−2w

)

Finally, from (5.1), (5.6) and (5.7) we obtain

L (∂mw)

= −∇t (∂mA)∇w + c1∇t (∂A)∇
(
∂m−1w

)
+ fz (∂mw)(5.8)

+ (∂mw)~gz · ∇w + ~g · ∇ (∂mw) + c2 (∂~g)∇
(
∂m−1w

)

+ δm≥3

[
c3∇t

(
∂m−1A

)
∇ (∂w) + c5

(
∂2~g
)
∇
(
∂m−2w

)]

+δm≥4

[
c4∇t

(
∂2A

)
∇
(
∂m−2w

)
+ c6

(
∂m−1~g

)
∇ (∂w)

]

+δm≥5 PA,~g,f
m+2

(
1, ∂w, . . . , ∂m−1w

)
.

for all integers m ≥ 1. For our reference, we write the special cases m = 2 and 3:

L
(
∂2w

)

= −∇t
(
∂2A

)
∇w + c1∇t (∂A)∇ (∂w) + fz

(
∂2w

)
(5.9)

+
(
∂2w

)
~gz · ∇w + ~g · ∇

(
∂2w

)
+ c2 (∂~g)∇ (∂w) .

L
(
∂3w

)

= −∇t
(
∂3A

)
∇w + c1∇t (∂A)∇

(
∂2w

)
+ fz

(
∂3w

)
(5.10)

+
(
∂3w

)
~gz · ∇w + ~g · ∇

(
∂3w

)
+ c2 (∂~g)∇

(
∂2w

)

+ c3∇t
(
∂2A

)
∇ (∂w) + c5

(
∂2~g
)
∇ (∂w) .

5.2. Quasi-linear coefficients. Here we include a characterization of the functions k(x, z)
which satisfy our extra hypothesis, (1.19) and (1.23), see section 6.4 in the appendix of [8]
for details.

Lemma 5.1. Let k(x, z) be a smooth nonnegative function in a bounded region Γ ⊂ Rn×R,
assume that for some γ ≥ 1 there exists a constant B ≥ 1 such that

|∂zk(x, z)| ≤ B (k (x, z))γ ,(5.11)

then, for every (x0, z0) ∈ Γ, there exists a smooth function f(x) and a Lipschitz function
h(x, z), with Lipschitz constant depending only on B, ‖k‖∞ and Γ, such that

k (x, z) = f (x)
(

1 + f (x)γ−1 h (x, z)
)
,(5.12)
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for all (x, z) in a neighborhood of (x0, z0). Moreover, h (x0, z0) = 0. In particular, we have

C−1k
(
x, z′

)
≤ k (x, z) ≤ Ck

(
x, z′

)
, (x, z) ,

(
x, z′

)
∈ Γ,

where C = C (B,Γ). Reciprocally, if h (x, z) is smooth and f (x) is a smooth function such
that f (x)γ is smooth, then k (x, z) given by (5.12) is a smooth function which satisfies
(5.11), for some B = B (h, f,Γ).

In the next four subsections we develop the tools for proving Theorem 1.8. In 5.3 we
obtain weighted L∞ estimates for the first derivatives of solutions of (1.6). This is done as a
simple application of a priori estimates for elliptic operators, using the maximum principle
applied to the equation satisfied by the derivatives (see [3], Theorem 8.17). In 4.1 we prove
an a priori estimate for smooth solutions, here is where the differential algebra developed
in sections 2 and 3 as a consequence of the structure of our equations comes into play.
In 5.5 we establish a comparison principle adapted to our solutions. In 5.4 we construct
boundary barrier functions from our particular solutions. This barriers are interesting in
themselves since they require very little a priori regularity of the solution they “enclose”.
Finally, all this machinery then is applied in a standard approximation scheme to obtain
the main result of this section.

5.3. A priori estimates for the gradient. In this subsection we establish a priori
estimates for the gradient of solutions of (1.13). These estimates will be obtained as a
consequence of the following classical result ( [3] (Theorem 15.8)).

Theorem 5.2. Let A =
(
Ai (y, z, q)

)
i=1,...,n

, and g (y, z, p) be smooth functions on Ω ×
R× Rn satisfying

n∑

i,j=1

∂qjA
i (y, z, q) ξiξj ≥ ν (|z|) (1 + |q|)τ |ξ|2 ,(5.13)

|∂qA (y, z, q)| ≤ µ (|z|) (1 + |q|)τ ,(5.14)

(1 + |q|) |∂zA|+ |∂xA|+ |g (y, z, q)|
≤ µ (|z|) (1 + |q|)τ+2 ,(5.15)

for all ξ ∈ Rn, (y, z, p) ∈ Ω × R× Rn where τ > −1 and ν is a positive, non-increasing
function on R and µ is a positive, non-decreasing function on R. Then for any v ∈ C 2 (Ω)
satisfying

Mv = div A (y, v,∇v) = g (y, v,∇v) ,(5.16)

we have the estimate

|∇v (y)| ≤ C,
for any y ∈ Ω, where C depends on n, τ , ν (M0), µ (M0), M0/d and M0 = supBd(y) |v|,
d = dist (y, ∂Ω).

Lemma 5.3. Let A = (aij (x, z))i,j=1,...,n, be a smooth symmetric matrix satisfying (1.7)

and (1.18):
n∑

i=1

ki (x, z) ξ2
i ≤ ξtA (x, z) ξ ≤ Λ

n∑

i=1

ki (x, z) ξ2
i , for all ξ ∈ Rn,

for certain nonnegative functions ki, i = 1, . . . , n, and

|∂A (x, z) ξ|2 + |∂zA (x, z) ξ|2 ≤ B2ξtAξ, for all ξ ∈ Rn,
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in a domain Γ ⊂ Rn×I, Ω ⊂ Rn open, and {0} ⊂ I ⊂ [−M0,M0] ⊂ R. Assume there

exist a constant B∗ > 0 such that (∂zA) ≤ B∗A and (∂zA)2 ≤ B∗
2
A2, in the sense of

quadratic forms, i.e.

ξt (∂zA) ξ ≤ B ξtA ξ,(5.17)

and

ξt (∂zA)2 ξ ≤ B∗2ξtA2ξ,(5.18)

for all ξ ∈ Rn and 1 ≤ r ≤ n. Also, let f (y, z, p) be a smooth function on Ω × R× Rn
satisfying

f (x, z, p) ≤ µ (|z|)
(

1 +
∣∣∣pk
∣∣∣
τ+1
|p|
)

for all (x, z, p) ∈ Γ× Rn,(5.19)

where pk =
√
k∗ (x, z)

(√
k1 (x, z)p1, . . . ,

√
kn (x, z)pn

)
,

k∗ (x, z) = min
{
ki (x, z) , 1 ≤ i ≤ n

}
,

and τ ≥ 0. Then, every smooth solution w to

Lw = div A∇w = f (x,w,∇w) ,(5.20)

where (x,w (x)) ∈ Γ for all x ∈ Ω, satisfies

√
k∗ (x,w)

√
ki (x,w) |∂iw| ≤ C, i = 1, . . . , n,

where C = C
(
n,Λ, τ ,

∥∥∥∇x~k
∥∥∥
∞
,
∥∥∥∇2

x
~k
∥∥∥
∞
, B∗,dist (x, ∂Ω) ,M0

)
.

Proof. Let w be a smooth solution of (5.20), and let x̄ = (x̄1, . . . , x̄n) ∈ Ω be such that
k∗ (x̄, z̄) 6= 0, for z̄ = w (x̄). Note that it is enough to prove the lemma for x̄ of this form,
since the conclusion is otherwise trivial.

Since ki is nonnegative and smooth, by (1.17) there exists B > 0 depending only on∥∥∇2
xk

i
∥∥
∞ and R = 1

2 dist (x̄, ∂Ω) such that

∣∣∂jki (x, z)
∣∣ ≤ B

√
ki (x, z), for all x : |x− x̄| < R, (x, z) ∈ Γ(5.21)

for 1 ≤ i, j ≤ n. We set

W =
{
x ∈ Ω : |xj − x̄j | ≤ a

√
k∗ (x̄, z̄)

}
,(5.22)

where a > 0 is to be chosen later. Now, given ε > 0 and x such that |x− x̄| ≤ ε, set

xi : ki
(
xi, z̄

)
= max

{
ki (y, z̄) : y = θ x+ (1− θ) x̄, 0 ≤ θ ≤ 1

}
,

that is, xi is the point in the segment between x̄ and x where ki (·, z̄) takes its maximum
value Then, by the fundamental theorem of Calculus and (5.21):

ki
(
xi, z̄

)
− ki (x̄, z̄)

=

∫ 1

0
∇ki

(
x̄+ θ

(
xi − x̄

)
, z̄
)
·
(
xi − x̄

)
dθ

≤ CB
∣∣xi − x̄

∣∣
∫ 1

0

√
ki (x̄+ θ (xi − x̄) , z̄)dθ

≤ CBε
√
ki (xi, z̄).
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Hence, if ε = c
√
k∗ (x̄, z̄) and c = (2CB)−1, we have

1

2
ki
(
xi, z̄

)
≤ ki (x̄, z̄) ≤ ki

(
xi, z̄

)
.(5.23)

On the other hand, from (5.17) and Lemma 5.1 we have that for some C = C (B∗,Γ) ≥ 1,
and all ξ ∈ Rn, (x, z), (x, z̃) ∈ Γ,

C−1 ξtA (x, z) ξ ≤ ξtA (x, z̃) ξ ≤ C ξtA (x, z) ξ.(5.24)

In this sense, A is “almost” depends just on the variable x. From this inequality, (1.7)

and (5.23); and taking a ≈ (2CB)−1, we have

ck̄i ≤ ki (x, z) ≤ c−1k̄i, x ∈W, (x, z) ∈ Γ, c = c (n,B) ,(5.25)

where we denote k̄i = ki (x̄, z̄), i = 1, . . . , n.
We now consider the transformation y = Tx, given by

y =
1√
k̄∗

K (x− x̄) , k̄∗ = k∗ (x̄, z̄) .

where K = diag
(

1√
k̄1
, . . . , 1√

k̄n

)
. We note that if W̃ is the image of W under this trans-

formation, then

W̃ =

{
y : |yj | ≤ (2CB)−1 1√

k̄j

}
,

thus W̃ contains a cube of sidelength ` = ` (C,B), centered at the origin. We now define

v (y) = w (x (y)) ,

with

x (y) =
(
k̄∗
) 1

2 K−1y + x̄.

And set

Ã (y, v) = K A (x (y) , v) K.

Then, for ξ = Dµ ∈ Rn, we have

µtÃµ = ξtAξ ≈
n∑

i=1

kiξ2
i =

n∑

i=1

ki (x, z)

k̄i
µ2
i ≈ |µ|2 ,(5.26)

because of (1.7) and (5.25). That is, Ã is uniformly elliptic in W̃ = T (W ). Note that

∇v (y) = ∇κw (x), where ∇κ =
(
k̄∗
) 1

2 K−1∇. Now, with Ã = (ãi,j)i,j=1...,n, we compute

div Ã∇v =
∑

i,j

∂yi ãi,j (y, v) ∂yjv

=
(
k̄∗
) 1

2
∑

i,j

(
k̄j
) 1

2 ∂yi ãi,j (y, v) ∂jw

= k̄∗
∑

i,j

(
k̄j
) 1

2
(
k̄i
) 1

2 ∂i
ai,j (x,w)
(
k̄j
) 1

2 k̄
1
2
i

∂jw

= k∗ (x̄, z̄)Lw (x (y) , v) ,

and thus, v is a solution of

N v = div Ã∇v = g (y, v,∇v) , y ∈ W̃ ,(5.27)
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where

g (y, v,∇v) = k̄∗ f (x (y) , v,∇κv) ,

where ∇κ =
(
k̄∗
)− 1

2 K∇. Note that the operator N is of the form (5.16) with Ai (y, z, q) =∑n
j=1 ãij (y, z) qj . We claim that N satisfies the hypotheses (5.13), (5.14) and (5.15) of

Theorem (5.2). Hence

‖∇v‖
L∞

“
1
2
fW
” ≤ C (n, τ , ν (M1) , µ (M1) , B,B∗,M1) ,

where M1 = supy∈W̃ |v| = supx∈W |w| ≤M0. This implies

√
k∗ (x,w)

√
ki (x,w) |∂iw (x)| ≤ C, x ∈ 1

2W, i = 1, . . . , n,

as wanted.
So it only rests to establish our claim. Since

n∑

i,j=1

∂qjA
i (y, z, q) ξiξj =

n∑

i,j=1

ãij (y, z) ξiξj ≈ |ξ|2 ,

because of (5.26), we have that N satisfies (5.13). Also, since ∂qjAi (y, z, q) = ãi,j (y, z), it
is obvious that N satisfies (5.14). Now, from (5.19) we have

|g (y, z, q)|
= k∗ (x̄, z̄) f

(
x (y) , v,

(
k̄∗
)− 1

2 K q
)

≤ µ (|z|)


k̄∗ +

∣∣∣∣∣

√
k∗ (x, z)

k̄∗

(√
k1 (x, z)

k̄1
q1, . . . ,

√
kn (x, z)

k̄n
qn

)∣∣∣∣∣

τ+1

|q|


 .

And, from (5.25) we obtain

|g (y, z, q)| ≤ C c−(τ+1)µ (|z|)
(

1 + |q|τ+2
)
.(5.28)

On the other hand, from (5.18) and (5.26),

n∑

i=1

|∂zAi|2 =
n∑

i=1

∣∣∣∣∣∣

n∑

j=1

∂zãij (y, z) qj

∣∣∣∣∣∣

2

=
n∑

j,l=1

ql

(
n∑

i=1

∂zãli (y, z) ∂zãij (y, z)

)
qj

=
n∑

l=1

n∑

j=1

ql
(
k̄l
) 1

2

(
n∑

i=1

∂zali (x (y) , z) ∂zaij (x (y) , z)√
k̄i
√
k̄i

)
qj

(
k̄j
) 1

2

= qt (K (∂zA) K)2 q

≤ B∗
2
qt (KAK)2 q = B∗

2
qt
(
Ã
)2
q ≤ CB∗2 |q|2 .(5.29)
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Finally, from (1.18) and (5.26),

n∑

i=1

|∇yAi|2 =
n∑

i=1

n∑

`=1


 ∂

∂y`

n∑

j=1

ãij (y, z) qj




2

=

n∑

i=1

n∑

`=1

k̄∗k̄`

k̄i




n∑

j=1

∂aij
∂x`

qj
(
k̄j
) 1

2




2

≤
n∑

`=1

k̄` |(∂`A) Kq|2

≤ B2
n∑

`=1

k̄`qtKA Kq

= B2
n∑

`=1

k̄` qtÃ q

≤ CB2 |q|2 .
From this inequality, (5.28) and (5.29) it follows that N satisfies (5.15) with τ = 0, which
completes the proof of the lemma.

5.4. Barriers for the Dirichlet problem. On this section we present barriers for contin-
uous weak solutions of the Dirichlet problem in a smooth convex domain. The interesting
aspect of the barriers constructed below is that even though they are specialized to a par-
ticular solution w, they only require continuity of w, while the assumption w ∈ H1 (Ω, k)
is just used to make sense of the equation Lw = 0.

Lemma 5.4. Let Ω be a convex domain with boundary ∂Ω with positive Gaussian curva-
ture bounded below by γ0 > 0. Let w ∈ H1 (Ω, k) be a weak solution of

Lw = ~g (x,w) · ∇w + f (x,w) in Ω.

for L as in (1.13). Let Γ satisfy Ω× [−M,M ] ⊂ Γ ⊂ Ω× R. If A (x, z) =
(
aij (x, z)

)n
i,j=1

is Lipschitz in Γ, ~g (x, z) =
(
g1 (x, z) , . . . , gn (x, z)

)
, f (x, z) are bounded in Γ, and there

exists a positive µ such that

ξtA (x, z) ξ ≥ µ
∣∣ξ2
∣∣ , for all x ∈ ∂Ω, (x, z) ∈ Γ̄.(5.30)

If also w is continuous in Ω, with ‖w‖L∞(Ω) ≤M , then for every boundary point P , there

exists a function h ∈ C
(
Ω
)⋂

C∞ (Ω), a positive constant ν = ν (w) and a neighborhood

N of P , such that for any u ∈ H1 (Ω, k)
⋂
C
(
Ω
)

satisfying (x, u (x)) ∈ Γ for all x ∈ Ω,





h (Q) ≤ w (Q)− w (P ) , for all Q ∈ Ω
⋂N ,

h (Q) ≤ −ν, for all Q ∈ Ω
⋂
∂N ,

h (P ) = 0,
div A (x, u (x))∇h− ~g (x, u (x)) · ∇h− |f (x, u (x))| ≥ 0,
4h =

∑n
i=1 ∂

2
i h ≥ 0,

in Ω
⋂N .

The radius of N depends only on M , ‖~g‖L∞(Γ), ‖f‖L∞(Γ), the Lipschitz norm of A in Γ

and the modulus of continuity of w in Ω.
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Proof. Let P ∈ ∂Ω, translating the solution and the coefficients we may assume without
loss of generality P to be the origin. In that case ∂Ω is given in local coordinates by

yn = γ
∣∣y′
∣∣2 +O

(∣∣y′
∣∣3
)
,(5.31)

with γ ≥ γ0 > 0, and yi =
∑n

j=1 pijxj , where

P = (pij)
n
i,j=1 , is a rotation matrix.

Since ∂i = ∂xi =
∑n

j=1 pij ∂yj , we have that div A (x, u)∇v is given is given in terms of
the new coordinates as

div A (x, u)∇v =
n∑

i,j=1

∂i
(
aij (x, u) ∂jv

)
=

n∑

i,j,`=1

∂i
(
aijp`j (∂y`v)

)

=
n∑

i,j,`=1

(
∂ia

ij
)
p`j (∂y`v) +

n∑

i,j,`=1

aijp`j (∂i (∂y`v))

=
n∑

i,j,`=1

(
(
∂ia

ij
)

+
(
∂za

ij
) n∑

m=1

pmi (∂ymu)

)
p`j (∂y`v) +

n∑

i,j.`,m=1

p`ja
ijpmi (∂ym∂y`v)

=
n∑

i,j,`=1

aiji p`j (∂y`v) +
n∑

i,j,`,m=1

aijz pmip`j (∂ymu) (∂y`v) +
n∑

i,j,`,m=1

p`ja
ijpmi (∂ym∂y`v) .(5.32)

We let φ (r) be the modulus of continuity of w in Ω, that is

φ (r) = sup
x,y∈Ω,|x−y|≤r

|w (x)− w (y)| .

Then, φ is continuous, φ (0) = 0, and (by taking a bigger φ if necessary) we may assume
φ to be concave, strictly increasing on [0, R], and smooth on (0, R] where R > 0 is the
diameter of Ω, hence φ satisfies

φ (r) ≥ a r, r ∈ [0, R] , a =
φ (R)

R
,(5.33)

lim inf
r→0+

φ′ (r) ≥ a > 0,(5.34)

φ′′ (r) ≤ 0, r ∈ [0, R] .(5.35)

Let 0 < α0 ≤ 1 to be determined later, and set r0 = φ−1 (α0) if φ (R) > α0, and r0 = R
otherwise, we now set

ψ (r) =
√
φ (r), 0 ≤ r ≤ r0.

Then, ψ satisfies
√
α0 ≥ ψ (r) ≥ (ψ (r))2 = φ (r) .(5.36)

and because of (5.34) and (5.35) we have

−ψ′′ (r) =
−2φ′′ (r)φ (r) +

(
φ′ (r)

)2

4 (φ (r))
3
2

≥
(
φ′ (r)

)2

4 (φ (r))
3
2

=

(
ψ′ (r)

)2

ψ (r)
,

that is,
(
ψ′ (r)

)2 ≤ −ψ (r) ψ′′ (r) , 0 ≤ r ≤ r0.(5.37)
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Moreover, from φ (0) = 0 and (5.34) it follows that

lim
r→0+

ψ′ (r) =∞.(5.38)

We now define

h (y) = − ψ

(
2

√
yn
γ

)
,

where N ≥ 1 is to be specified later. Now set Nδ = Ω
⋂ {yn < δ}, 0 < δ < R, then from

(5.31) it follows that for y ∈ Nδ and δ small enough, 2
√

yn
γ ≥ |y|, therefore, from (5.36)

we get

h (y)− (w (y)− w (0)) = w (0)− w (y)− ψ
(

2
√

yn
γ

)
(5.39)

≤ φ (|y|)− ψ
(

2
√

yn
γ

)

≤ (ψ (|y|))2 − ψ (|y|) ≤ 0.

We notice that

∂ynh (y) = −
√

1

γyn
ψ′
(

2

√
yn
γ

)

∂2
ynh (y) = − 1

γyn
ψ′′
(

2

√
yn
γ

)
+

1

2

1
√
γy

3
2
n

ψ′
(

2

√
yn
γ

)

∂yjh (y) = 0 j 6= n,

in particular,

4h =
n∑

i=1

∂2
i h ≥ 0.(5.40)

Replacing w by h in (5.32), we obtain

div A (x, u)∇h = −
√

1

γyn
ψ′

n∑

i,j=1

aiji pnj −
√

1

γyn
ψ′

n∑

i,j,m=1

aijz pmipnj (∂ymu)(5.41)

− 1

γyn
ψ′′
∑

i,j

pnja
ijpni +

1

2

1
√
γy

3
2
n

ψ′
∑

i,j

pnja
ijpni.

Since A is smooth, and P is a rotation matrix, we have
∣∣∣∣∣∣
∑

i,j

aiji (x, u) pnj

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑

i,j

aijz (x, u) pnipnj

∣∣∣∣∣∣
≤ C.

Replacing in (5.41) we obtain

div A (x, u)∇h ≥ − C√
γyn

ψ′ +


− 1

γyn
ψ′′ +

1

2

1
√
γy

3
2
n

ψ′


∑

i,j

pnja
ijpni.

From (5.30) and the continuity of A it follows
∑

i,j

pnja
ij (x, u) pni ≥ µ |pn|2 = µ > 0,
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hence,

div A (x, u)∇h ≥ − µ

γyn
ψ′′ +

C√
γyn

ψ′
(
µ

2C

1

yn
− 1

)
.(5.42)

Now, since for x ∈ Ω we have (x, u (x)) ∈ Γ, and |~g| and |f | are bounded in Γ, we have

|~g (x, u) · ∇h| ≤ C

√
1

γyn
ψ′, x ∈ Nδ(5.43)

|f (x, u)| ≤ C, x ∈ Nδ.(5.44)

from (5.42), (5.43), (5.44) and (5.37) we obtain

div A (x, u)∇h− ~g (x, u) · ∇h− |f (x, u)| ≥ − µ

γyn
ψ′′ +

C√
γyn

ψ′
(
µ

2C

1

yn
− 1

)
− C

for all x ∈ Nδ. Since for δ small, we have µ
2C

1
yn
− 1 ≥ 1, by (5.38) ψ′ tends to +∞ as

δ → 0, we have that for δ small enough,

div A (x, u)∇h− ~g (x, u) · ∇h− |f (x, u)| ≥ 0 x ∈ Nδ.

Finally, we set ν = ψ
(

2
√

δ
γ

)
, then obviously h (y) ≤ −ν on Ω

⋂
∂Nδ. The inequality

above, together with (5.39) and (5.40), finish the proof of the lemma.

5.5. A Comparison Principle.

Lemma 5.5. Let w0 and w1 be on the weighted Sobolev H1 (Ω, k), i.e., w0 and w1 satisfy

‖∇kw0‖2L2(Ω) =

∫

Ω
(∇w0)t A∇w2

0 <∞, ‖∇kw1‖2L2(Ω) =

∫

Ω
(∇w1)t A∇w2

1 <∞.

Suppose that w0, w1 ∈ C
(
Ω
)
, w0 ≥ w1 on ∂Ω and

M (w1) ≥M (w0) in Ω, or(5.45)

where

M (w) = div A (x,w)∇w − ~g (x,w) · ∇w − f (x,w) .

We assume that A satisfies the following conditions

ξt (∂zA) ξ ≤ B2 ξtA ξ, ξ ∈ Rn,(5.46)

ξt (∂zA)2 ξ ≤ B2 ξtA2 ξ, ξ ∈ Rn,(5.47)

~g satisfies

|~g (x, z) · ξ|2 ≤ B2 ξtAξ, ξ ∈ Rn,(5.48)

|(∂z~g) · ξ|2 ≤ B2 ξtA ξ, ξ ∈ Rn,(5.49)

and f is nondecreasing in z, i.e.

fz (x, z) ≥ 0, (x, z) ∈ Γ.(5.50)

Then w0 ≥ w1 in Ω. In particular, if Mw0 = Mw1 in Ω, and w0 = w1 on ∂Ω, then
w0 = w1 in Ω.
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Proof. From (5.45) we have

0 ≤ −
∫

Ω
〈M (w0)−M (w1) , ϕ〉

=

∫

Ω
[A (x,w0)∇w0 −A (x,w1)∇w1] ∇ϕ(5.51)

+

∫

Ω
[~g (x,w0)w0 − ~g (x,w1)w1] ∇ϕ

+

∫

Ω
[f (x,w0)− f (x,w1)] ϕ,

whenever ϕ ∈ H1 (Ω, k) is nonnegative. Now let u = w1 − w0, and set

ϕ (x) =
u+

u+ + ε
,

so

∇ϕ (x) = ε
∇u+

(u+ + ε)2

where u+ = max {−u, 0}. We note that since w0 and w1 are continuous in Ω, then ϕ is
continuous in Ω. We claim that ϕ ∈ H1 (Ω, k). Indeed, we have

∫

Ω
|∇kϕ|2 = ε2

∫

Ω

(∇u+)
t
A∇u+

(u+ + ε)4 ≤ C

ε2
‖u‖H1(Ω,k) <∞,

hence ϕ ∈ H1 (Ω, k). Since obviously ϕ ≥ 0, we can replace ϕ into inequality (5.51) to
obtain

0 ≤ ε

∫

Ω
[A (x,w0)∇w0 −A (x,w1)∇w1]

∇u+

(u+ + ε)2(5.52)

+ε

∫

Ω
[~g (x,w0)w0 − ~g (x,w1)w1]

∇u+

(u+ + ε)2 +

∫

Ω
[f (x,w0)− f (x,w1)]

u+

u+ + ε
.

Now, if wt = tw1 + (1− t)w0, 0 ≤ t ≤ 1 (note that wt is well-defined at the end-points)
then (∂twt) = u, and from the fundamental theorem of calculus we have

A (x,w1)∇w1 −A (x,w0)∇w0 =

∫ 1

0
∂t {A (x,wt)∇wt} dt

= u

{∫ 1

0
Az (x,wt)∇wt dt

}
+

{∫ 1

0
A (x,wt) dt

}
∇u,

~g (x,w1)w1 − ~g (x,w0)w0 =

∫ 1

0
∂t {~g (x,wt)wt} dt

= u

{∫ 1

0
~gz (x,wt)wt dt

}
+ u

{∫ 1

0
~g (x,wt) dt

}
.

and, because of (5.50),

[f (x,w0)− f (x,w1)]
u+

u+ + ε
= − (u+)

2

u+ + ε

∫ 1

0
fz (x,wt) dt ≤ 0
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Setting

~a (x) =

{∫ 1

0
Az (x,wt)∇wt dt

}
, Ã (x) =

{∫ 1

0
A (x,wt) dt

}
,

ḡ (x) =

{∫ 1

0
~gz (x,wt)wt dt

}
, g̃ (x) =

{∫ 1

0
~g (x,wt) dt

}
.

Plugging the above expressions into inequality (5.52), and using that on the support of u+

Ω+ = {x ∈ Ω : u (x) ≥ 0} we have u = u+, yields

ε

∫

Ω

(
Ã (x)∇u+

)
· ∇u+

(u+ + ε)2 ≤ −ε
∫

Ω

u+ ~a (x) · ∇u+

(u+ + ε)2 − ε
∫

Ω
u+ ( ḡ (x) + g̃ (x))

∇u+

(u+ + ε)2 .

(5.53)

Now, from Schwartz inequality and (5.46):

∣∣(Az (x,wt)∇wt) · ∇
(
u+
)∣∣ ≤ α

u+

(
A (x,wt)∇

(
u+
))
· ∇
(
u+
)

+
CB2

α
u+ (∇wt)t A (x,wt)∇wt.

Hence,

∣∣∣∣
∫

Ω

u+ ~a (x) · ∇u+

(u+ + ε)2

∣∣∣∣ ≤
∫

Ω

{∫ 1

0

∣∣Az (x,wt)∇wt · ∇u+
∣∣ dt

}
u+

(u+ + ε)2

≤ α

∫

Ω

({∫ 1

0
A (x,wt) dt

}
∇
(
u+
))
· ∇
(
u+
) 1

(u+ + ε)2

+
CB2

α

∫

Ω

{∫ 1

0
(∇wt)t A (x,wt)∇wt dt

}
(u+)

2

(u+ + ε)2

≤ α

∫

Ω

(
Ã (x)∇ (u+)

)
· ∇ (u+)

(u+ + ε)2 +
CB2

α
,(5.54)

where we used that wt ∈ H1 (Ω, k). Now, from our hypothesis (5.47) on Az and Lemma
5.1, we have that for some positive C = C (B,Γ), and all ξ ∈ Rn, (x, z), (x, z̃) ∈ Γ,

C−1 ξtA (x, z) ξ ≤ ξtA (x, z̃) ξ ≤ C ξtA (x, z) ξ.(5.55)
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Then, from (5.48), (5.49) and the fact that wt is bounded for all 0 ≤ t ≤ 1, it follows that
∫

Ω
u+

{∫ 1

0
~gz (x,wt)wt dt

} ∇u+

(u+ + ε)2

≤
∫

Ω

{∫ 1

0

∣∣wt ~gz (x,wt) · ∇u+
∣∣ dt

}
u+

(u+ + ε)2

≤
∫

Ω

{∫ 1

0

∣∣~gz (x,wt) · ∇u+
∣∣2 dt

} 1
2
{∫ 1

0
|wt|2 dt

} 1
2 u+

(u+ + ε)2

≤ C

∫

Ω

{∫ 1

0

((
A (x,wt)∇u+

)
· ∇u+

)
dt

} 1
2 u+

(u+ + ε)2

≤ C

∫

Ω

((
Ã (x)∇

(
u+
))
· ∇
(
u+
)) 1

2 u+

(u+ + ε)2

≤ α

∫

Ω

(
Ã (x)∇ (u+)

)
· ∇ (u+)

(u+ + ε)2 +
CB2

α
,(5.56)

and
∫

Ω
u+

{∫ 1

0
~g (x,wt) dt

} ∇u+

(u+ + ε)2

≤
∫

Ω

{∫ 1

0

∣∣~g (x,wt) · ∇u+
∣∣ dt
}

u+

(u+ + ε)2

≤ B

∫

Ω

{∫ 1

0

((
A (x,wt)∇

(
u+
))
· ∇
(
u+
)) 1

2 dt

}
u+

(u+ + ε)2

≤ B

∫

Ω

((
Ã (x)∇

(
u+
))
· ∇
(
u+
) ) 1

2 u+

(u+ + ε)2

≤ α

∫

Ω

(
Ã (x)∇ (u+)

)
· ∇ (u+)

(u+ + ε)2 +
CB2

α
.(5.57)

Replacing (5.54)–(5.57) into (5.53), and dividing by ε both sides, we get

∫

Ω

(
Ã (x)∇u+

)
· ∇u+

(u+ + ε)2 ≤ α
∫

Ω

(
Ã (x)∇ (u+)

)
· ∇ (u+)

(u+ + ε)2 +
C

α
,

absorbing the first term on the right into the left we obtain

∫

Ω

(
Ã (x)∇u+

)
· ∇u+

(u+ + ε)2 ≤ C <∞,

uniformly in ε > 0, hence, from (5.55) we conclude
∫

Ω

|∇ku+|2

(u+ + ε)2 ≤ C <∞.

In particular, since |∇ku+|2 ≥ |∂1u
+|2 and thus

∫

Ω

∣∣∣∣∂1 ln

(
1 +

u+

ε

)∣∣∣∣
2

≤ C <∞,
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uniformly in ε > 0. Since u is continuous in Ω and u ≤ 0 on ∂Ω, it then follows that u ≤ 0
(a.e.) in Ω. Hence w1 ≤ w0 in Ω as wanted.
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