MATH 3C03
TEST # 2
Short Answers

# 1. (6 marks) Find the normalized eigenstates and eigenvalues of the 2-dimensional time-

independent Schrodinger equation
h

" 2m

in a square [0, 7] x [0, 7] C R? with boundary conditions that ¢ vanishes on all sides of the square.

2
-V =Ey

FEigenvalues = h L (n}4+n3), where ny, na are integers with normalised eigenstates ¢ = 2 sin(nyz)sin(nay)

# 2 (12 marks).

(i) Expand f(z) = 2(1 —x); —1 <z <41 in terms of Legendre polynomials.
Hint: Py(z) =1, P(z) = z, Py(z) = (32% — 1)

(ii) Solve Laplace’s equation:
Au(z,y,2) = —Vu(z,y,2) =0

in the interior of the unit ball 2 + y? + 22 < 1 in R3, with boundary conditions:
u(x,y,2) = z(1 — ) on the unit sphere 22 + y? + 22 = 1.

(i) (1 — ) = =3 Py(z) + Pi(2) — 2Ps(x) (ii) u(r,0,¢) = —% +rPi(cosf) — 2r°Py(cos 0)
# 3 (6 marks). Use the recursion formula:
(n+1)Pypi(x) = 2n+ 1) 2 Py(z) — nPp—1(x)

and the normalization fjll(Pn(x))Qdaz =
integral:

o +1 for Legendre polynomials to compute the following

+1
/_ e PA(@)Py(a)ie

10

Answer 39

# 4 (6 marks). Use the generating function

exp (g(h - h*l)) - i Jo(z) B"

n=—oo

to show the following addition formula for integral Bessel functions:

w(x+y) = Z Ji(x (v)

k=—o00

S0 o Iz +y) A =exp (B (h— b)) = exp (£(h — h71)) exp (4(h — h71))
= (3200 o Je(@) hF) (202 Ji(y) hY). Now equate coefficients.



# 5 (8 marks bonus). Find the normalized wave function with the lowest non-zero energy of
the two-dimensional time-independent Schrédinger operator
h?
A v 2
2m v
acting on functions defined on the unit disk 22 + y? < 1 satisfying Dirichlet boundary conditions:
1) = 0 on the unit circle.

Answer: (r,0) = %ﬁ%(alr) where oy is the first zero of the Bessel function Jy



