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PART I: Multiple choice. Indicate your choice very clearly. There is only one correct

answer in each multiple-choice problem. Circle the letter (a,b,c,d or e) corresponding to your

choice. Ambiguous answers will be marked as wrong.

1. (4 pts.) Compute the length l of the curve C parametrized by the vector function

r(t) = 〈3 cos(t2), 3 sin(t2), 2 t3〉, 0 ≤ t ≤
√

8.

(a) l = 50

→ (b) l = 52

(c) l = 53

(d) l = 54

(e) l = 56

Solution. We have

r′(t) = 〈−6 t sin(t2), 6 t cos(t2), 6 t2〉
and

‖r′(t)‖ =
√

62 t2 sin2(t2) + 62 t2 cos2(t2) + 62 t4 = 6
√

t2 + t4 = 6 t
√

1 + t2.

Therefore,

l =

∫ √
8

0

‖r′(t)‖ dt =

∫ √
8

0

6 t
√

1 + t2 dt =
[
2 (1 + t2)3/2

]√8

0
= 2 (27− 1) = 52.

Continued. . .
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2. (4 pts.) Consider the vector field

F(x, y, z) = x y i + x z2 j + y2 z k.

Compute a = ‖(∇× F)(P )‖ where P = (1, 2, 2).

(a) a = 6

(b) a =
√

5

(c) a =
√

13

(d) → a = 5

(e) a = 8

Solution. We have

(∇× F )(x, y, z) =

∣∣∣∣∣∣

i j k
∂
∂x

∂
∂y

∂
∂z

x y x z2 y2 z

∣∣∣∣∣∣
= (2 y z − 2 x z) i + 0 j + (z2 − x)k

and

(∇× F )(1, 2, 2) = 〈4, 0, 3〉.
Hence

‖(∇× F )(0, 2, 2)‖ =
√

42 + 32 =
√

25 = 5.

Continued. . .
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3. (4 pts.) A surface S contains two curves C1 and C2, which intersect at the point (1, 1, 1).

These curves are parametrized respectively by vector functions r1(t) and r2(s) defined by

r1(t) = 〈t2, t, t3〉, r2(s) = 〈es, 1− s, cos s〉, −∞ < t, s < ∞.

What is the equation of the plane tangent to S at (1, 1, 1)?

(a) 2 x + y + 2 z = 5

(b) x− y + 3 z = 2

→ (c) x + y − z = 1

(d) x + 3 y − 2 z = 2

(e) 3 x + 2 y − z = 4

Solution. We have r′1(t) = 〈2 t, 1, 3 t2〉, and, since r1(1) = 〈1, 1, 1〉, the tangent vector to

the curve C1 at the point (1, 1, 1) is

r′1(1) = 〈2, 1, 3〉.

Similarly, r′2(s) = 〈es, −1, − sin s〉, and, since r2(0) = 〈1, 1, 1〉, the tangent vector to the

curve C2 at the point (1, 1, 1) is

r′2(0) = 〈1, −1, 0〉.
Since both these tangent vectors are also tangent to the surface S at (1, 1, 1), it follows that

the vector 〈2, 1, 3〉 × 〈1, −1, 0〉 is orthogonal to S at (1, 1, 1). We have

〈2, 1, 3〉 × 〈1, −1, 0〉 =

∣∣∣∣∣∣

i j k
2 1 3
1 −1 0

∣∣∣∣∣∣
= 〈3, 3, −3〉

and the equation of the tangent plane to S at (1, 1, 1) is thus 3 (x−1)+3 (y−1)−3 (z−1) = 0

or

x + y − z = 1.

Continued. . .
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4. (4 pts.) Compute the volume V of the parallelepiped generated by the vectors u1, u2,

u3, where

u1 = 〈1, 3, 1〉, u2 = 〈2, 0, 2〉, u3 = 〈−1, 1, −2〉.

(a) V = 4

(b) V = 5

→ (c) V = 6

(d) V = 7

(e) V = 8

Solution. We have ∣∣∣∣∣∣

1 3 1
2 0 2
−1 1 −2

∣∣∣∣∣∣
= 6

Hence, V = |6| = 6.

Continued. . .
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5. (4 pts.) Assume that w = w(x, y) is a differentiable function and that x = u
v

and

y = u2 + v2. Suppose also that

∂w

∂x
(1, 2) = 3,

∂w

∂y
(1, 2) = −2.

Compute T =
∂w

∂u

∣∣∣∣
(u,v)=(−1,−1)

.

(a) T = −2

(b) T = −1

(c) T = 0

→ (d) T = 1

(e) T = 2

Solution. Since x = (−1) (−1) = 1 and y = (−1)2 + (−1)2 = 2 when (u, v) = (−1, −1), it

follows, from the chain rule, that

∂w

∂u

∣∣∣∣
(u,v)=(−1,−1)

=
∂w

∂x
(1, 2)

∂x

∂u
(−1,−1) +

∂w

∂y
(1, 2)

∂y

∂u
(−1,−1)

We have
∂x

∂u
(−1,−1) =

1

v

∣∣∣∣
(u,v)=(−1,−1)

= −1

and
∂y

∂u
(−1,−1) = 2 u|(u,v)=(−1,−1) = −2.

Therefore,

T = 3 (−1) + (−2) (−2) = 1

Continued. . .
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Part II: Provide all details and fully justify your answer in order to receive credit.

6. (10 pts.) Find the point of intersection of the plane tangent to the sphere x2+y2+z2 = 6

at the point (1, 1, 2) and the normal line to the ellipsoid 2 x2 + 3 y2 + 4 z2 = 5 at the point

(1,−1, 0).

Solution. The sphere is the level surface F (x, y, z) = 6 where F (x, y, x) = x2 + y2 + z2.

We have ∇F (x, y, z) = 〈2 x, 2 y, 2 z〉 and a normal vector to the sphere at the point (1, 1, 2)

is the vector ∇F (1, 1, 2) = 〈2, 2, 4〉.
The equation of the plane tangent to the sphere at (1, 1, 2) is thus

2 (x− 1) + 2 (y − 1) + 4 (z − 2) = 0 or x + y + 2 z = 6.

Similarly, the ellipsoid is the level surface G(x, y, z) = 5 where G(x, y, x) = 2 x2 +3 y2 +4 z2.

We have ∇G(x, y, z) = 〈4 x, 6 y, 8 z〉 and a normal vector to the ellipsoid at the point

(1,−1, 0) is the vector ∇F (1,−1, 0) = 〈4, −6, 0〉.
The normal line to the elllipsoid at the point (1,−1, 0) has thus vector equation

r(t) = 〈1,−1, 0〉+ t 〈4, −6, 0〉 = 〈1 + 4 t, −1− 6 t, 0〉, −∞ < t < ∞.

The plane tangent to the sphere and the normal line to the ellipsoid intersect when

(1 + 4 t) + (−1− 6 t) + 2 (0) = 6 or t = −3.

The point of intersection is thus

P = (−11, 17, 0) .

Continued. . .
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7. Suppose that the position of a particle at time t is described by the vector function

r(t) = 〈cos t, sin t, et〉, −∞ < t < ∞.

(a) (8 pts.) Compute the acceleration vector a(t) as well as the tangential and normal

components of the acceleration, aT (t) and aN(t), and the curvature κ(t), at any time t.

Solution. We compute

v(t) = r′(t) = 〈− sin t, cos t, et〉, .

and

a(t) = r′′(t) = 〈− cos t, − sin t, et〉.
We have

‖r′(t)‖ =
√

sin2 t + cos2 t + (et)2 =
√

1 + e2t,

r′(t) · r′′(t) = sin t cos t− sin t cos t + et et = e2t,

and

r′(t)× r′′(t) =

∣∣∣∣∣∣

i j k
− sin t cos t et

− cos t − sin t et

∣∣∣∣∣∣
= et(cos t + sin t) i + et(− cos t + sin t) j + k.

Therefore,

‖r′(t)× r′′(t)‖ =
√

e2t (cos t + sin t)2 + e2t (− cos t + sin t)2 + 1 =
√

1 + 2 e2t.

We have thus

aT (t) =
r′(t) · r′′(t)
‖r′(t)‖ =

e2t

√
1 + e2t

,

aN(t) =
‖r′(t)× r′′(t)‖

‖r′(t)‖ =

√
1 + 2 e2t

√
1 + e2t

,

and

κ(t) =
‖r′(t)× r′′(t)‖

‖r′(t)‖3
=

√
1 + 2 e2t

(1 + e2t)3/2
.

Continued. . .
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(b) (4 pts.) Verify (for r(t) as above) that a2
T (t) + a2

N(t) = ‖a(t)‖2 for any t.

Solution. We have ‖a(t)‖2 = cos2 t + sin2 t + e2t = 1 + e2t.

Thus,

a2
T (t) + a2

N(t) =

(
e2t

√
1 + e2t

)2

+

(√
1 + 2 e2t

√
1 + e2t

)2

=
1 + 2 e2t + e4t

1 + e2t

=
(1 + e2t)2

1 + e2t
= 1 + e2t = ‖a(t)‖2.

Alternatively, we have

a(t) = aT T + aN N,

and the vectors T and N are unit vectors orthogonal to each other.

Thus,

‖a(t)‖2 = a(t) · a(t) = (aT T + aN N) · (aT T + aN N)

= a2
T ‖T‖2 + a2

N ‖N‖2 + 2 aT aN T ·N
= a2

T (t) + a2
N(t)

Continued. . .
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8. (8 pts.) Consider the function F (x, y, z) = x2 + z2 + z ey. Find a point (x0, y0, z0)

on the level surface F (x, y, z) = 4 with the property that F (x, y, z) increases the fastest at

(x0, y0, z0) in the direction of the unit vector u = 〈 2√
5
, 0, 1√

5
〉.

Solution. A function F (x, y, z) increases the fastest at a point P in the direction of ∇F (P ).

If F (x, y, z) = x2 + z2 + z ey, we have

∇F (x, y, z) = 〈2 x, z ey, 2 z + ey〉.

It follows that the vector ∇F (x0, y0, z0) must have the same direction as the vector u =

〈 2√
5
, 0, 1√

5
〉 or the vector 〈2, 0, 1〉. There exists thus λ > 0 such that

〈2 x0, z0 ey0 , 2 z0 + ey0〉 = λ 〈2, 0, 1〉.

This yields x0 = λ, z0 ey0 = 0 and 2 z0 + ey0 = λ.

Since ey0 6= 0, the equation z0 ey0 = 0 yields z0 = 0, which then implies that x0 = ey0 .

Since the point (x0, y0, z0) is on the level surface x2 + z2 + z ey = 4. it follows that x2
0 = 4

so x0 = 2 (since x0 = λ > 0) and y0 = ln x0 = ln 2. We have thus

(x0, y0, z0) = (2, ln 2, 0) .

Continued. . .
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SCRATCH

Continued. . .
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Some formulas you may use:

T(t) =
r′(t)
‖r′(t)‖ , N(t) =

T′(t)
‖T′(t)‖ , κ(t) =

‖T′(t)‖
‖r′(t)‖ =

‖r′(t)× r′′(t)‖
‖r′(t)‖3

.

aT =
v · a

v
=

r′(t) · r′′(t)
‖r′(t)‖ , aN = κv2 =

‖v × a‖
v

=
‖r′(t)× r′′(t)‖

‖r′(t)‖

projb a =
a · b
‖b‖2

b

SCRATCH

THE END


