Solution of Problem set #2
(Solution by F. Su)
Solution 1 Page 94. #2
ForVz € C\y, yis a C! curve. Therefore the set ¥ is closed. So, Ahy > 0, such

that D(z,2hy) Ny = 0. Take h € C and consider the limit h — 0 of the difference
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This shows that

Also, we have



so f is holomorphic on C\y

Consider an example when z € . In case y(t) = t, let 7 = x + iy

! (1 -x)?*+y* 1—x

1 1
f(Z) = . :dl’ = E In _Xj2—+yz + i(arctan y + arctan );C)
When x, € (0,1)
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So, for any xy € (0, 1), f(z) is not continuous (even not defined).

Solution 2 Page 94. #9

Let

f@ = Zakz"
gx) = Zbkzk-

Since both series converge for x € (—1,1), it follows that f and g are holomor-
phic in |z| < 1. Since f(%) = g(%) forn = 2,3,--- and the sequence has an
accumulation point 0 € D(0, 1), then f(z) = g(2).

By the uniqueness of Taylor series coefficients, a; = by, for Vk.

Solution 3 Page 94. #11

a). R = 1, and series diverges for all points on |z] = 1.
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c).

. logk 1 . loglogk 1 : logkloglogh
lim sup |(log k)°¢*|* = lim sup |k |[¥ =limsupe  * =0

k— 00 k—o00 k—o00
R =1, and series diverges for all points on |z| = 1.

e). R = 3, and series diverges for all points on |z| = 1.
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g). R = e, and series diverges for all points on |z| = 1.

Solution 4 Page 94. #17
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Since f(z) has two poles on the circle |z| = 1, the power series diverges outside of

the unit disk.

Solution 5 Page 94. #21

The disc of convergence of series is D(0, 1) = {z,]z] < 1}. On D(0, 1),

| Z 271 < Y 277 < >
j=n+1 Jj=n+1

So, the series converges uniformly on D(0,1). Thus, f(z) is holomorphic

D(0, 1) and continuous on D(0, 1) and for any z € D(0, 1),

F=> 2"
=0
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If wis a 2Nth root of unity, then for j > N, w? = WP =1, and for any

s>0andr=(1—s)2%, thenm — coasr — 1

m m

DW= > m-2"+ (1 -8)

j=2N j=2N
So,
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> m=2Y+1)(1-¢) - Zrz’ — o0 (asr— 1)
=0
Thus, f'(z) is unbounded around the point w. So f’(z) is not holomorphic at the

points w. Since the set Uy{2"Vth roots of unity } is dense on {|z| = 1}, so f(2) can

not extend to a holomorphic function on a larger disc center at z = 0 than D(0, 1).

Solution 6 Page 147. #1

Let F(2) = If% Then F(z) is bounded around the points Py, P,,---, P.. By
assumption, the zeros of p(z) are also zeros of f(2). F(z) is also bounded around
these points. So, the only singular points of F(z) are removable singular points.

This implys that F(z) is an entire function, which is bounded. So, F(z) must be

constant, thus

f(2) = CR(2).



Solution 7 Page 147. #12 Some examples are:

1). 35 nizz” + 27 #ﬂz, This series converges on {% <lz7 <1}
2). 20 nizz" + 27 2,,%,1 This series converges on {% <lz <1}
3). 20+ 2T ﬁ This series converges on {% <zl < 1}.

Solution 8 Page 147. #15

a).
Zli_rgpf(z)=oo
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Im e =
b).

1
el Z ca(z—P)' = (z— P)f Z eaz = P)'"™ = (z - P)'g(2)

n=k+1 n=k

2(z) is holomorphic in D(P,r) and g(P) # 0, then (z— P)* f(z) = é% has removable

singularity point at P.

c). If (z — P)*g(z) is bounded, then P is a removable singularity point of (z —

PY'g(2), so
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and g(z) is bounded, so at least, An < k such that c, # 0. i.e. P is a pole of g(2).

We can see that the least such m is precisely the order of the pole.

Solution 9 Page 147. #24

=1

li =1
ZE}) Zf(Z) zir}) et —1

f(2) has simple pole at z = 0 and has Laurent expansion 3., _, c,z" withc_; = 1

(o)

n o1 1
1= Z cnZ' Z % = Z(Z Ck—lm)Zn

n=—1 n=1 """ n=0 k=0

n—1
1
n = _l;_lck(n+1—k)!

_ _1 _ 1 _ —_1 —
co=-3¢c =1 0=0c=-5¢c=0.

Therefore the first several Bernoulli numbers are By = %, B, =0, B3 = —1,

B4:0

Solution 10 Page 147. #27
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