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Introduction

I Tsunamiwavesaregeneratedrelatively often,from various
sources

I Serioustsunamis(seriousto thepointof lossof lives)takeplace
on theorderof onceevery severaldecades

I I think thatwewereall personallyaffectedby thedeadly2004
BoxingDayTsunamigeneratedby thevery powerful earthquake
off of theSumatracoast.

I Challenge:searchfor acrediblerôle thatmathematicianscan
play in predictingtheir dangeror in alleviating their impact;
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PotentialContributions

I Predictingearthquakes:a grandchallengeproblem, thatis not
presentlywithin reach.

I Whereis it currentlyfeasiblefor mathematicsto contributeto the
problemof tsunamidanger?

I modelingof tsunamiwave generation
I andpropagationacrossoceans
I andtheir impactoncoastlines
I Designof earlywarningsystems(or someof its components)

includingmodelingin fasterthanrealtime
I Clari�cation of thecharacterof tsunamiwaves

in particularthosefeatureswhichaffect tsunami-safe
engineeringandarchitecture
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Descriptionof theSumatraearthquake

I majorearthquake on26December2004,at7h58local time,
centeredapproximately250kmoff thewestcoastof theislandof
Sumatra

I Initially estimatedatMw = 8:5 � 9:0, andsubsequentlyclassed
atMw = 9:3.

RupturealongtheSundaTrenchsubductionzone,of length
1200km.

Slip magnitude21m horizontaldisplacementin thesouthern
region, � 15m in thenorth.

Verticaldisplacementestimatesfrom 2 � 10m in different
regions.
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NortheasternIndianOceantectonicsetting

Figure:USGSwebsite:http://soundwaves.usgs.gov/2005/01/tectonicLG.jpg
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Descriptionof theresultingtsunami

I Tsunamigeneratedby theline sourceof thedisplacementzone

Soonafterwards,wavesimpactupontheSumatracoast
I Wavestravel at � 360km=hr propagatingeastthroughthe

AndamanBasin, andin somewhatover onehourthey impinge
on thewestcoastof theMalayPeninsula,includingportionsof
ThailandandMyanmar.

I Wavestravel at � 720km=hr propagatingwestthroughthelower
Bayof Bengal/IndianOcean, impactingonSri Lankaandsouth
India in approximately2 hours.

I Thetsunamiis detectedglobally; within 7 hourson theAfrican
Coast,20hoursin Rio deJaneiro,23hoursin Chile,and29
hoursin Halifax,Nova Scotia.
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Theglobalreachof the26December2004Sumatratsunami

Figure:ScienceExpresson25August2005:Science23September2005,
Vol. 309.no. 5743,pp. 2045- 2048VasilyTitov, AlexanderB. Rabinovich,
HaroldO. Mofjeld, RichardE. Thomson,FrankI. Gonźalez
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Bathymetryof thenortheasternIndianOcean

Figure:NovosibirskTsunamiLaboratorywebsite:
http://tsun.sscc.ru/tsulab/20041226.htm

NB Depthof theIndianOcean� 3K � 4Km.
Depthof theAndamanBasin� 1Km.

Walter Craig McMaster University

Tsunamisand oceanwaves



Intr oduction Modeling of largeoceanwaves Propagationspeed Coherent wavetrains Near-shore wave dynamics Conclusions

Threeaspectsof modelingof largeoceanwaves

I Generationof thedisturbance

point sources

line sources

focusingeffects
I Propagationover largedistances,athighvelocities

varyingbottomdepth

waveguideeffectsby mid-oceanicridges
I Incidenceon thecoastalregions

re�ection by thecontinentalshelf

refraction

run-upampli�cation onshorelines

resonanceeffects
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Equationsof motion

I potential�o w r � u = 0 , r � u = 0 , implying u = r ' .

� ' = 0 (1)

in a threedimensional�uid region f h(x) < y < � (x; t); x 2 R2g.
I freesurfaceboundaryconditions; N = (� @x� ; 1) outward

normal

@t� � N � r ' ; @t ' = � g� � 1
2 jr ' j2 (2)

I bottomboundaryconditions; N = (@xh(x); � 1) outwardnormal

N � r ' = 0 (3)

I moving bottomboundaryconditions; let N outwardunit normal

N � r ' = � @th(x; t) thesource (4)

Walter Craig McMaster University

Tsunamisand oceanwaves



Intr oduction Modeling of largeoceanwaves Propagationspeed Coherent wavetrains Near-shore wave dynamics Conclusions

Equationsof motion

I potential�o w r � u = 0 , r � u = 0 , implying u = r ' .

� ' = 0 (1)

in a threedimensional�uid region f h(x) < y < � (x; t); x 2 R2g.
I freesurfaceboundaryconditions; N = (� @x� ; 1) outward

normal

@t� � N � r ' ; @t ' = � g� � 1
2 jr ' j2 (2)

I bottomboundaryconditions; N = (@xh(x); � 1) outwardnormal

N � r ' = 0 (3)

I moving bottomboundaryconditions; let N outwardunit normal

N � r ' = � @th(x; t) thesource (4)

Walter Craig McMaster University

Tsunamisand oceanwaves



Intr oduction Modeling of largeoceanwaves Propagationspeed Coherent wavetrains Near-shore wave dynamics Conclusions

Equationsof motion

I potential�o w r � u = 0 , r � u = 0 , implying u = r ' .

� ' = 0 (1)

in a threedimensional�uid region f h(x) < y < � (x; t); x 2 R2g.
I freesurfaceboundaryconditions; N = (� @x� ; 1) outward

normal

@t� � N � r ' ; @t ' = � g� � 1
2 jr ' j2 (2)

I bottomboundaryconditions; N = (@xh(x); � 1) outwardnormal

N � r ' = 0 (3)

I moving bottomboundaryconditions; let N outwardunit normal

N � r ' = � @th(x; t) thesource (4)

Walter Craig McMaster University

Tsunamisand oceanwaves



Intr oduction Modeling of largeoceanwaves Propagationspeed Coherent wavetrains Near-shore wave dynamics Conclusions

Equationsof motion

I potential�o w r � u = 0 , r � u = 0 , implying u = r ' .

� ' = 0 (1)

in a threedimensional�uid region f h(x) < y < � (x; t); x 2 R2g.
I freesurfaceboundaryconditions; N = (� @x� ; 1) outward

normal

@t� � N � r ' ; @t ' = � g� � 1
2 jr ' j2 (2)

I bottomboundaryconditions; N = (@xh(x); � 1) outwardnormal

N � r ' = 0 (3)

I moving bottomboundaryconditions; let N outwardunit normal

N � r ' = � @th(x; t) thesource (4)

Walter Craig McMaster University

Tsunamisand oceanwaves



Intr oduction Modeling of largeoceanwaves Propagationspeed Coherent wavetrains Near-shore wave dynamics Conclusions

Linearwavespeed
I Thewavespeedof longwaves(Stokes1847)

c =
p

gh ; h = depth (5)

I Freesurfacehydrodynamicalequations,linearized

�� = 0 ; N � r � jbottom = 0 ;

@t� = @y� ; @t� = � g� ; on y = � h

I Describe@y� with theDirichlet - Neumannoperator

G : �( x; 0) 7! �( x; y) = thePoissonextension

7! r � � N� := (G�)( x)

ThelinearoperatorG = G(h(x)) dependsuponh(x)
I In caseh is aconstantdepth,

G = jDj tanh(hjDj) ; where D =
1
i
@x
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Phaseandgroupvelocities

I Theabove linearanalysisgivesto thedispersionrelation

! (k) =
p

gkj tanh(hjkj) ; cp =
! (k)
jkj

k
jkj

; cg = @k! (k)

(6)
I For largewavelengthdisturbances

jcpj = limk! 0
! (k)
jkj

=
p

gh = jcgj
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Comparisonwith observations

I Groupandphasevelocitiesof longestwaves;

jcpj = limk! 0
! (k)
jkj

=
p

gh = jcgj

Theaccelerationof gravity is g = 9:8m=sec2

I In theBayof Bengal/IndianOcean, whereh � 4Km.

cp =
q

9:8 � 4 � 103m2=sec2 � 200m=sec= 720km=hour

Travel time from epicenterto thecoastof Sri Lanka(1550km) is
2.2hours.

I AndamanBasin, h � 1Km.

cp =
q

9:8 � 103m2=sec2 � 100m=sec= 360km=hour

Travel time to theMalayPeninsula(700Km) is 1.9hours.
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Modelingof nonlinearwaves

I Nonlinearityin theequationsof surfacewave propagationgives
riseto thepossibilitythatwavescanpropagatein coherentwave
packet,with little lossof amplitude.

I Observersof theimpactof theSumatratsunamireportedthe
arrival of 6 or 7 majorcrests(one.g.theThai coast),with
periodsof 20 to 30minutes.

I Wave amplitudesobserved80cmatsea,ampli�ed to 3 � 7m on
thecoast.

I Deducingthegeneralcharacterof thewaveformfrom this data

wavelength ` = 180km,

slope @x� � 2 � 10� 5 := " .
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Comparingdispersionandnonlinearity
I Dimensionlessscalingparameters� := a=h and� := h=`,

wherea is theamplitude,h thetypicaldepth,and` the
characteristicwavelength.

dispersive nonlinearregime� � � 2 << 1
weaklynonlinearshallow waterregime� � � << 1

I Modelequationswith dispersive andnonlinearcharacter- KdV
(or Boussinesq)equations.

@tr = c0@xr �
3�
2

c1r@xr �
� 2

6
c2@3

x r + � 2f (r) (7)

I Linearwavespeedc0 = c0(x; ! ) =
q

g(h) + � c1
0 + � 2c2

0 is
variable,a functionof thebathymetryh(x). Similarly c1 andc2.
Thesourcef is anintegral termtakinginto accountre�ected
wavesof of thetopographicalfeaturesof theoceanbasin.
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Determingscalingregime

I IndianOcean/Bayof Bengal: depthh � 4Km, amplitude
a � 1m, hence� = a=h � 2:5 � 10� 4.

wavelength180Km, hence� = h=` � 4Km=180Km � 2 � 10� 2

� 2 � �
I AndamanBasin: depthh � 1Km amplitudea � 1m, hence

� = a=h � 10� 3

wavelength180Km, hence� = h=` � 6 � 10� 3

� 2 << � << �
I Thisanalysisindicatesthatwave propagationon thesescalesin

theIndianOceanis of nonlineardispersive character, while in
theAndamanBasinit is moreambiguous.
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Dispersionindicatedin satellitetelemetry

(a) (b)

Figure:(a) from E. Kulikov, Shirshov Instituteof Oceanography, Moscow
andInstituteof OceanSciences,Sydney, BC: `Dispersionof theSumatra
tsunamiwavesin theIndianOceandetectedby satellitealtimetry', Fisheries
andOceansCanada,Science- Paci�c Regionwebsite(2005)
(b) FromtheTsunamisandtsunamiresearchwebsiteof theInstituteof
OceanSciences,Sidney BC.
This time/frequency plot of theSumatratsunamisupportsthewavepacket
hypothesis.
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Complexity of thenear-shorewavedynamics

Figure:E. Pelinovsky: Dynamicsof tsunamiwaves(1996)[Russian]
Nihonkai- Chubu earthquake tsunamion thenorthAkita coast.
N. Shuto,CoastalEng.Japan(1985),vol. 28pp. 255- 264
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Sri Lankaimages

Figure:Shorelineof Kalutara,Sri Lankaon26December2004.Photo:
DigitalGlobe
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Conclusions

I Furtherstudyis crucial,andmathematicaltheoryandscienti�c
computationscanplayamajorrôle

I Thegenerationof (major)tsunamisis akey
(seeA. Lerner-Lam, in this AAAS Symposium).

I Therearemethodswhichpredicttsunamipropagationin the
openocean.Task- to verify their accuracy, improve their speed.

Speci�c questions:propagationover randombottomtopography,
re�ection at thecontinentalshelf.

I Muchneedsto bedoneon run-upandotheraspectsof impact
whena majortsunamiis incidentonacoastline.

Edgewaves,andphenomenaassociatedwith othercoast
geometrieswhich focusandotherwiseamplify anincidentlarge
wave.
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