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T
rials

are
increasingly

often
designed

based
on

counts
or

recurrentevents.

�

prem
ature

ventricularcontractions
[Farew

elland
Sprott,1988]

�

episodes
of

transientm
yocardialischem

ia
[A

C
IP

Investigators,1992]

�

seizures
in

epilepsy
patients

[T
halland

V
ail,1988]

�

asthm
a

exacerbations
[Sears

etal,1992]

�

vasovagalsyncope
[C

onnelly
etal,2002]

A
nalyses

are
typically

based
on

robustm
arginalm

ethods.

�

W
ei,L

in
W

eissfeld
(1989)

�

A
ndersen

and
G

ill(1982)

�

L
aw

less
and

N
adeau

(1995)

O
B

JE
C

T
IV

E
:

To
considerw

hether
m

ore
pow

erfulrobusttests
for

treatm
enteffects

can
be

developed
in

settings
w

ith
m

ultiple
treatm

entperiods.
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T
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G
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A
M

W
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H
R

E
C

U
R

R
E

N
T

E
V

E
N

T
S

0
t1

t2
t3

τ

W
ith

recurrentevents:

�

events
are

allof
the

sam
e

type
and

hence
of

“equalim
portance”

�

exam
ples

include

–
epileptic

attacks

–
asthm

a
attacks

–
respiratory

exacerbations
in

cystic
fibrosis

��� �

tim
e

of
1stevent;�� �

tim
e

of
2nd

event;�� �

tim
e

of
3rd

event���

�

subsequenteventtim
es

are
rightcensored
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E
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(W

ei,L
in

and
W

eissfeld,1989)

1
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3

1234

t
t

t

tttt

τ

D
eveloped

for
settings

in
w

hich

�

correlated
failure

tim
es

w
ith

events
differentin

nature

�

N
o

ordering
am

ong
eventtypes

E
X

A
M

PL
E

S

��� �

vertebralcom
pression

��� �

vertebralfracture

��� �
non-vertebralfracture

��� �

infection

��� �

graftrejection
episode

��� �
graftversus

hostdisease
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A
N

A
LY

SE
S

B
A

SE
D

O
N

IN
T

E
R

-E
V

E
N

T
T

IM
E

S
(A

alen
and

H
usebye,1991)

1
2

3
t

t
t

τ

sss s1234

Q
U

E
ST

IO
N

:
U

nder
w

hatm
odelassum

ptions
should

analyses
based

on
the

inter-eventtim
es

be
carried

outin
the

contextof
random

ized
controlled

trials?

A
N

SW
E

R
:

N
ever.

�

D
ependentcensoring

arises
for

second
and

subsequentgaps

�

Selection
effects

arise
for

second
and

subsequentgaps.

�

R
andom

ization
does

notprotectinferences
for

second
and

subsequentgaps.
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N
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e
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M
E

T
H

O
D

S
B

A
SE

D
O

N
R

A
T

E
FU

N
C

T
IO

N
S

(A
ndersen

and
G

ill,1982;L
aw

less
and

N
adeau,1995)

��	 denotes
the

duration
of

follow
-up

for
subject
,
 ��� �����

����
	���� ���
� ��

is
the

counting
process

for
events

��	���� ����
� �	�

is
the

“atrisk”
indicator

�

L
et �� ����� ��� ��

� ��� ��� ��
� �� ���

be
the

rate
function

evaluated
attim

e �

��� ��

is
a

m
arginalquantity

(i.e.unlike
and

intensity
function,itis

notconditionalon
the

process
history)

�

For
Poisson

processes,the
rate

function
is

the
sam

e
as

the
intensity

function

�

A
n

unbiased
estim

ate
of�� ��

is
given

by

 �� ����� � ��
!� ��

�!� ��

w
here

��
!� �� �

"#	 $� ��
	� ��

is
the

totalnum
ber

of
events

at�

�!� �� �
"#	 $� �	� ��

is
the

size
of

the
risk

setat�
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SE
T-U

P
O

F
IN

T
E

R
E

ST

Frequently
baseline

data
are

available
on

the
incidence

of
events

for
a

fixed
period

prior
to

the
startof

therapy.

B
A

SE
L

IN
E

PE
R

IO
D

%

&

FO
L

L
O

W
-U

P
PE

R
IO

D

%

&

A
lternatively,subjects

m
ay

be
observed

overm
ultiple

treatm
entperiods

involving
differentm

edicationsorinterventions.

PE
R

IO
D

I

%

&
PE

R
IO

D
II

%

&

H
ere

w
e

focus
on

the
firstscenario.

�

W
e

adopta
w

orking
assum

ption
of

m
ixed

Poisson
processes.

�

R
obustvariance

estim
ates

w
illbe

developed.
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N
O

TA
T

IO
N

B
aseline

Period�('�)���*

Follow
-up

Period� �� �	*

D
ata

+	 , 
 ��� ���� 

�	� �-,,,
� �	./ � �
	� �	� , 
 ��� ���� 

C
onditionalM

ean/R
ate

�� +	0�1	� �1	2

�	���0�1	� �1	 �3�����45
6� 7�8
	�

Population
M

ean
�� +	� �2

9	� �� �: ;3 �3�����45
6� 7�8
	� �� �93� ���45
6� 7 8
	�

R
andom

E
ffect

1	=<

G
am

m
a

w
ith

�� 1	� �� ,
var� 1	� �>

M
arginalN

egative
B

inom
ialM

odel(L
aw

less,1987)

�� �
	 �?	@7� �3� ,� �>� �
A� >CB
�D ?	�

A� >EB
�� ?	 F
G

�
�D 9	> H I

JKG
9	>

�D 9	> H L
/ML
/NO $� �3� �	O �

93� �	�

(1)

C
onditionalN

egative
B

inom
ialM

odel(C
ook

and
W

ei,2003)

���PQ� �
	 �?	0�R	@7�2 � �3� ,� �>� �
A� >CB
�D R	 D ?	�

A� >SB
�D R	� ?	 F
� �D2 >� I JKT U
/� 9	>� L/

� �D� 2 D 9	� >� I JKT U
/ T L/ , L

/NO $� �3� �	O �
93� �	�

(2)
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A
N

A
LT

E
R

N
A

T
IV

E
C

O
N

D
IT

IO
N

IN
G

A
R

G
U

M
E

N
T

�� R	� P	� ?	0�1	@7�2 � �3� ,�� �
� 1	2� U/45
6�('1	2�

R	 F

,
� 1	 9	� �	�� L/45
6�('1	 9	� �	��

?	 F

L
/NO $� �3� �	O �

93� �	�

�
1 U
/ T L/

	
2 U
/� 9	� �	�� L/45

6�('1	� 2 D 9	� �	���

R	 F?	 F

L
/NO $� �3� �	O �

93� �	�

Since
the

Poisson
distribution

is
in

the
exponentialfam

ily

1.R	 D ?	 is
sufficientfor1	

2.
If

w
e

condition
on R	 D ?	 ,w

e
w

illelim
inate 1	

If
w

e
letV �� 7�2 � �3� ,��XW,w

e
obtain

a
conditionalbinom

ialm
odel

�� R	� ?	0�R	 D ?	@ V� � Y
Z R	 D ?	
R	

[\ Y
Z

2
2 D 9	� �	� [\ U

/Y
Z

9	� �	�

2 D 9	� �	� [\ L
/

(3)

Q
U

E
ST

IO
N

S

1.
W

hatis
the

efficiency
com

pared
to

m
arginaland

conditional/jointanalyses
for

m
ixed

Poisson
processes?

2.
C

an
this

approach
be

m
ade

robust?
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A
SY

M
PT

O
T

IC
V

A
R

IA
N

C
E

S

Suppose�) ��	 �� �� ,
 ��� ���� 

,and
denote93� �� �93 .

T
hen,based

on
the

Fisher
inform

ation
m

atrices,w
e

find

M
arginalN

egative
B

inom
ial

]^_
]`�ba7� �
cR

� c> D 9 B
�3� �D 45

6� 7�� B
��

C
onditionalN

egative
B

inom
ial
]^_
]`� a7� �
cR
� 2 >� �D 45
6� 7�� D �D� c93> D ���45
6� 7��

�3� �D2 >��45
6� 7�

C
onditionalB

inom
ial

]^_
]`� a7� �
cR

� c2 B
�D 9 B
�3� �D 45

6� 7�� B
��

�

From
these

expressions
w

e
can

derive
asym

ptotic
relative

efficiencies.

�

H
ere

w
e

considerm
ixed

Poisson
processes

and
the

follow
ing

param
eterconfigurations

�93 D2 �c

(C
A

SE
1)

and
5

(C
A

SE
2)

�

D
efined �93e� 93 D2�

and
let�

� d� �

��
�> �gf

�

E
xam

ine
R

E
contours

50%
,99%

100%
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R
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Λ
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0
+

µ
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φ

R
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F

F
IC

IE
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C
Y
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LO

T
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O

R
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O
N

D
IT
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N

A
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O

M
IA
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S
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R
G
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O

D
E

LS



SE
M

IPA
R

A
M

E
T

R
IC

M
E

T
H

O
D

S
14

N
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TA
T

IO
N

����
	���� ���
� ��

is
the

counting
process

for
events

aftertreatm
ent

��	���� ����
� �	�

is
“atrisk”

indicator

A
R

O
B

U
ST

PSE
U

D
O

-SC
O

R
E

STA
T

IST
IC

(A
ndersen

and
G

ill,1982;C
ook,L

aw
less

and
N

adeau,1996)

"#	 $� : h3 �	���� � ��
	���� '�93�����45
6� 7�8
	� � 8
	

Inserting
the

B
reslow

estim
ate

�  93���� �
i "	 $� �	���� ��
	� ��

i "	 $� �	�����45
6� 7 8
	�

for�93����

gives

j� 7� �
"#	 $� : h3 �	� ���k

	� 7� 1����
	� 1�

(4)

w
here

k
	� 7� 1� �8
	 '
i "O $� �O � 1��45
6� 8O 7� 8O

i "O $� �O � 1��45
6� 8O 7�

A
robustsandw

ich
type

variance
estim

ate
can

be
obtained.

A
robustteststatistic

(l3nm7
��

)
can

be
derived

from
(4)

by
noting

that

o  B
�j� ��

p_]`� o  B
�j� ��� <
�
� �� �� ]^q�r
6�stsuv
]wwq�x
yz4`
l3 �



SE
M

IPA
R

A
M

E
T

R
IC

M
E

T
H

O
D

S
15

A
N

O
T

H
E

R
R

O
B

U
ST

PSE
U

D
O

-SC
O

R
E

STA
T

IST
IC

(C
ook,W

eiand
Y

i,2003)

L
etV �� 7�{� W

and{
�� 2 � �3�|W}� V� �

"#	 $� ?	 wt
~� 9	� �	� e 2� D� R	 D ?	 wt
~� �e� �D 9	� �	� e 2��

j�� V� �
"#	 $� � ?	 '

� R	 D ?	� YZ
9	� �	�

2 D 9	� �	� [\ � 8	

j��� V� �
"#	 $� � R	 '

2�

j��� V� �
"#	 $� : ;3 �	����� ��

	���� '�9	� ���

T
hen,

o  B
�j�� 7 3� �{�

� p���
� o  B

�j�� <
�
� �� ��

asym
ptotically

w
here

(B
reslow

,1990),

p� ��
� o  B

�j�� ���� '
���� ���* B
���� '
���� � B
���* ;� ���* ;

D ���� ���* B
����� � B
���* ;� ���* ;

��� �
"#O $� j ��O � 7 3�{� ��� �i "O $� j�O � 7 3� �{���

�O � 7 3� �{� �� ���� ;
��� �

"#O $� �
�O � 7 3� �{��� ;�O � 7 3� �{�

��� �
i "O $���
j�O e �{S���

� ��������

��� �
"#O $� � �

�O e �{ ������
� ����C���
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M
IX

E
D

PO
ISSO

N
PR

O
C

E
SSE

S

�

R
andom

ize
subjects

to
treatm

entor
controlconditions

such
that

8
	 ���
�6 �� �� ]yz8
	 �� ts�4`�u^4�

�1	 <
� ]rr
]

w
ith�� 1	� ��

and_
]`� 1	� �>

[> �� ��� �� c� f

]

�

Sim
ulate

baseline
counts

and
follow

-up
eventtim

es
w

ith �� ��� ��,according
to

�+	0�1	 <

Poisson
w

ith
m

ean1	2
[2 ��� f

]

����
	� 1� � 1� ��0 1	 <

Poisson
process

w
ith

rate �	���0�1	� �1	 �3 45
6� 7�8
	�

[ �3 ��� f

]

�

sm
all,m

oderate
and

large
treatm

enteffects
[ 45

6� 7� �� ������ ���� � ���

]

�

Subjects
are

censored
according

to
an

exponentialdistribution
to

give
0

or
10%

censoring.
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E
m

pirical
Type

I
error

rates
of

robust
m

arginal
and

conditional
pseudo-score

statistics
under

m
ixed

Poisson
m

odels
(2 ��)

" $�33

" $�33

" $�33

�3
>

%
C

E
N

S
�K
�M

M
C

B

�K
�M

M
C

B

�K
�M

M
C

B

1
0.5

10%
0.048

0.057
0.068

0.057
0.041

0.042
0.059

0.05
0.046

0.046
0.058

0.055
1

0.5
0%

0.05
0.053

0.074
0.052

0.049
0.052

0.048
0.056

0.061
0.063

0.054
0.064

1
1

10%
0.051

0.058
0.08

0.056
0.054

0.057
0.069

0.051
0.052

0.054
0.058

0.048
1

1
0%

0.053
0.057

0.073
0.047

0.05
0.053

0.064
0.047

0.055
0.055

0.051
0.05

1
2

10%
0.057

0.061
0.089

0.053
0.049

0.05
0.07

0.054
0.051

0.052
0.065

0.046
1

2
0%

0.046
0.051

0.085
0.051

0.044
0.045

0.073
0.059

0.044
0.044

0.061
0.05

1
4

10%
0.052

0.058
0.103

0.044
0.05

0.052
0.083

0.05
0.047

0.048
0.062

0.047
1

4
0%

0.046
0.053

0.114
0.053

0.047
0.05

0.081
0.045

0.059
0.059

0.071
0.051

�d� -
robust,pooled

variance
estim

ates

�d�

-
robust,unpooled

variance
estim

ates.

�

M
-

sem
iparam

etric
m

arginal

�

C
B

-
sem

iparam
etric

conditionalbinom
ial



SIM
U

L
A

T
IO

N
ST

U
D

IE
S

18

E
m

piricalpow
er

of
robustm

arginaland
conditionalpseudo-score

statistics
under

m
ixed

Poisson
m

odels
(2 ��3 �� )


����


�c��


�f
��

45
6� 7�
>

%
C

E
N

S

d�
d�

M
C

B

d�
d�

M
C

B

d�
d�

M
C

B

0.70
0.5

10%
0.263

0.275
0.148

0.215
0.463

0.469
0.256

0.355
0.763

0.763
0.384

0.650
0.70

0.5
0%

0.273
0.284

0.169
0.223

0.464
0.47

0.26
0.371

0.774
0.774

0.446
0.653

0.70
1

10%
0.195

0.209
0.148

0.218
0.371

0.379
0.207

0.35
0.652

0.652
0.342

0.626
0.70

1
0%

0.196
0.21

0.14
0.225

0.368
0.377

0.219
0.405

0.669
0.669

0.352
0.661

0.70
2

10%
0.146

0.159
0.147

0.203
0.262

0.269
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