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Abstract. In this paper, we study alternating links in thickened surfaces in terms
of the lattices of integer flows on their Tait graphs. We use this approach to give
a short proof of the first two generalised Tait conjectures. We also prove that the
flow lattice is an invariant of alternating links in thickened surfaces and is further
invariant under disc mutation. For classical links, the flow lattice and d-invariants
are complete invariants of the mutation class of an alternating link. For links in
thickened surfaces, we show that this is no longer the case by finding a stronger
mutation invariant, namely the Gordon-Litherland linking form. In particular, we
find alternating knots in thickened surfaces which have isometric flow lattices but
with non-isomorphic linking forms.

1. Introduction

This paper investigates the lattice of integer flows of the Tait graphs of a link dia-
gram, and their d-invariants, as mutation invariants of alternating links in thickened
surfaces.

Our motivation is to generalise to the setting of virtual links, insofar as possi-
ble, Greene’s results classifying alternating links up to mutation in terms of their
d-invariants [Gre11]. To this end, we study mutation invariants of alternating links in
thickened surfaces. We establish that the lattices of integer flows of the Tait graphs
are mutation invariants of alternating surface links, and thus so are their d-invariants.
We show that a range of other virtual link invariants – such as the mock Alexander
polynomials and signatures – are also invariants of mutation. We use this result to
prove that, in contrast to the classical case, for alternating links in thickened sur-
faces, the d-invariants and lattices of integer flows are not complete invariants of the
mutation class. As a further application, we give a short proof for the first and sec-
ond generalised Tait conjectures for non-split alternating links in thickened surfaces,
following the approach of [Gre17]. For other recent results on the generalised Tait
conjectures, see [BK22,BKS20,Kin22].

Conway mutation and branched double covers. Conway mutation is the oper-
ation of cutting along a 2-sphere S that meets the link L transversely in four points,
and regluing after performing an involution that permutes the four points of S ∩ L.
Two links are called mutants if they can be related by a finite sequence of mutations.
For classical links, most invariants (such as the Alexander, Jones, and HOMFLY
polynomials, and the signature) are unable to distinguish mutant links. Indeed, pos-
itive mutant knots have S-equivalent Seifert matrices [KL01, Theorem 2.1]. Positive
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mutants were also conjectured to be concordant [Kir78, Problem 1.53], though coun-
terexamples to this conjecture were found in [KL99,KL01]. In [Tra22], Traldi proves
a general result classifying links up to mutation in terms of their Goeritz matrices.

Branched covering spaces of links in S3 have been a rich source of link invariants.
Among them, the branched double cover X2(L) plays the preeminent role. For exam-
ple, when L is a two-bridge knot or link, the branched double cover X2(L) is a lens
space. Schubert gave a complete classification of two-bridge knots and links in terms
of the topological classification of lens spaces [Bro60]. In [Gre11], Greene proved a
highly non-trivial generalisation of Shubert’s theorem to alternating links. Mutation
enters the picture since a theorem of Viro asserts that if L and L′ are mutant links,
then X2(L) ∼= X2(L′) [Vir76]. Thus the homeomorphism type of X2(L) is also unable
to distinguish mutant links.

Greene’s lattice-theoretic approach. In [Gre11, Theorem 1.1], Greene proved a
converse to Viro’s theorem: two non-split alternating links L and L′ are mutants if
and only if their branched double coversX2(L) andX2(L′) are homeomorphic. Greene
also identified a complete invariant of the homeomorphism type of the branched
double cover X2(L), namely, the Heegaard Floer homology groups ĤF (X2(L)), or
equivalently, the d-invariants. The d-invariants were originally defined by Ozsváth
and Szabó [OS03] and can be described as follows. For non-split alternating links,
the branched double cover X2(L) is an L-space, which means that the Heegaard
Floer homology group ĤF (X2(L), t) has rank one for each spinc structure t. The d-
invariant d(X2(L), t) ∈ Q records the absolute grading of a preferred generator. Thus,
ĤF (X2(L)) is completely determined by the d-invariant map d : Spinc(X2(L)) −→ Q,
and by Greene’s Theorem they give a complete set of invariants for the homeomor-
phism type of X2(L).

For alternating links, there is a purely lattice-theoretic definition of the d-invariants,
also due to Greene [Gre11] (we review this in detail in Section 3.3). The lattice
theoretic d-invariant, dF, is constructed from the lattice of integer flows F(G) of a
Tait graphG of an alternating link diagram, and it can be identified with the Heegaard
Floer d-invariant. Greene showed that dF is a complete invariant of the flow lattice
up to isometry, and a complete invariant of the graph G up to 2-isomorphism [Gre11,
Theorem 1.3].

In turn, Greene proves [Gre11, Section 3.4] that the 2-isomorphism class of the Tait
graph uniquely determines the mutation class of L. This is established by studying
planar embeddings of two-edge-connected planar graphs and using a classical theorem
of Whitney to show that any two planar embeddings of 2-isomorphic graphs differ by
a finite sequence of basic moves (flips, planar switches, swaps, and isotopies). Each
of these moves can be translated into either a mutation or a planar isotopy on the
link diagram D. Therefore, dF – and equivalently, the Heegaard-Floer d-invariant –
is a complete mutation invariant of alternating links.

In a subsequent paper [Gre17], Greene gave a geometric characterisation of alter-
nating links: a non-split link L is alternating if and only if there exist a pair of
spanning surfaces for L, which are positive and negative definite with respect to the
Gordon-Litherland pairing. A similar result was also obtained by Howie [How17]. As
an application, also exploiting the equivalence between mutation of alternating knots
and 2-isomorphisms of the Tait graphs, Greene gave a geometric proof for the first
two Tait conjectures, namely that any two connected reduced alternating diagrams
of the same link have equal crossing number and writhe.
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Summary of results. In this paper, we study analogous questions for alternating
links in thickened surfaces. Given an alternating link diagram in a closed surface
Σ, we use the Tait graphs embedded in Σ to obtain lattices of integer flows F and
corresponding d-invariants.

For planar graphs, there is a classical duality theorem [BdlHN97] for the cut (C)
and flow lattices: if G and G∗ are planar duals, then C(G∗) ∼= F(G). In Theorem 3.6
we prove the analogous theorem for graphs G and G∗ which are duals on a closed
surface Σ: there is a short exact sequence 0→ C(G∗)→ F(G)→ H1(Σ;Z)→ 0. We
deduce a chromatic duality theorem for d-invariants (Theorem 3.11).

The Gordon-Litherland pairing was extended to links in thickened surfaces in
[BCK22]. Greene’s geometric characterisation of alternating links [Gre17] was also
generalised to alternating links in thickened surfaces in [BK23a]. In the present paper
we show that the flow lattice F(G) of a Tait graph G associated to a checkerboard
coloured reduced alternating link diagram coincides with the Gordon-Litherland pair-
ing on the first homology of the corresponding checkerboard surface (Theorem 4.6).
We then combine these results with the Discrete Torelli theorem [CV10, SW10] – a
completeness result for lattices of integer flows – to give a short proof of the first two
generalised Tait conjectures (Theorem 5.2). Namely, any two reduced, alternating
diagrams of a non-split link in a thickened surface have the same crossing number
and writhe.

In Theorem 5.3, we show that the Gordon-Litherland pairings on the positive
and negative definite checkerboard surfaces are invariants of non-split alternating
links. Thus, so are lattices of integer flows of the Tait graphs, and the corresponding
d-invariants (Corollary 5.4). Furthermore, we show that the flow lattices and d-
invariants are, in fact, invariant under disc mutation of alternating links in thickened
surfaces (Theorem 5.5).

For classical alternating links, Greene [Gre11] proved that the d-invariants are
complete invariants of the mutation class, and it is natural to ask whether the same
is true for alternating links in thickened surfaces. However, the Gordon-Litherland
pairing – which coincides with the flow lattice – is a symmetrisation of the Gordon-
Litherland linking form [BK23a], which in turn gives rise to a range of invariants
potentially stronger than the d-invariants and flow lattices. In Theorem 5.10, we show
that the Gordon-Litherland linking form is indeed unchanged under disc mutation of
surface link diagrams, and as a result so is any invariant derived from it, including
the mock Alexander polynomial and mock Levine-Tristram signatures.

Finally, in Example 5.12 and Corollary 5.13, we show that – in contrast to the clas-
sical setting – the d-invariants and lattices of integer flows are not complete invariants
of alternating surface links up to disc mutation. This is achieved by finding an exam-
ple of non-mutant alternating knots with isometric Gordon-Litherland pairings, and
in particular different mock Alexander polynomials.

One motivation for this paper is to extend the methods and results of [Gre11]
to virtual links. Virtual links can be viewed as links in thickened surfaces up to
homeomorphisms and stabilisation, and by Kuperberg’s theorem, [Kup03], any min-
imal genus realisation of a virtual link is unique up to homeomorphism. The cut
and flow lattices and d-invariants studied here are invariant under surface homeo-
morphism, and any reduced alternating diagram of a link in a surface is minimal
genus [BK23b, Corollary 3.6]. Therefore, the results in this paper can be restated in
the language of virtual links.
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Organisation. The paper is organised as follows. In Section 2, we introduce basic
notions for links in thickened surfaces, surface graphs, and mutation. In Section 3, we
introduce the flow and cut lattices for graphs in surfaces, define their d-invariants, and
prove a duality result for the d-invariants under surface duality. In Section 4, we recall
the Gordon-Litherland linking form and pairing, and we relate the Gordon-Litherland
pairing to the lattice of flows for alternating links in thickened surfaces. Section 5
contains the main results, including a new proof of the first two Tait conjectures
for links in thickened surfaces and proofs that the Gordon-Litherland pairing and
linking form are mutation invariants of alternating links in thickened surfaces. It also
presents an example of two knots that are not mutants but whose lattices of cuts and
flows are isometric. It follows that the cut and flow lattices, and d-invariants, are not
complete invariants of mutation type.

Conventions. Spanning surfaces are assumed to be compact and connected but not
necessarily orientable. Graphs are multigraphs and may contain loops and multiple
edges. Decimal numbers such as 3.7 and 5.2429 refer to virtual knots in Green’s
tabulation [Gre04].

2. Links, surfaces and graphs

In this section, we introduce some basic notions for links in thickened surfaces, such
as link diagrams, equivalence, stabilization, checkerboard colourability, Tait graphs,
and mutation.

2.1. Links in thickened surfaces. Let Σ be a closed, oriented surface and I = [0, 1]
the unit interval. A link L in Σ×I is an embedding L : tmi=1S

1 ↪→ Σ×I, taken up to
isotopy and orientation preserving homeomorphisms of the pair (Σ×I,Σ×{0}). Two
links L and L′ in Σ× I are equivalent if there is a homeomorphism of (Σ× I,Σ×{0})
taking L to L′.

A diagram D for the link is the image of L ⊆ Σ × I under regular projection
Σ × I → Σ, with finitely many double points (or crossings). Crossings are drawn
in the usual way with the undercrossing arc broken into two arcs at each crossing,
see Figure 1. Two link diagrams represent equivalent links if and only if they are
equivalent via Reidemeister moves and homeomorphisms on the surface.

(a) K3.7 (b) K5.2429

Figure 1. Two knot diagrams on a torus.

A link L ⊆ Σ × I is said to be split if it can be represented by a disconnected
diagram. A link diagram D ⊆ Σ is said to be cellularly embedded, or simply cellular,
if ΣrD is a union of disks. Note that ifD is cellularly embedded, then it is necessarily
connected.
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Virtual links are links in thickened surfaces of any genus modulo the equivalence
relation of stable equivalence. We define this at the level of surface link diagrams, but
it can be stated equivalently for embeddings L ↪→ Σ× I.

Intuitively, given a surface link diagram D ⊂ Σ, stabilisation ‘adds a handle’ to Σ
which does not interact with D. Specifically, if B1 and B2 are two 2-disks in Σ disjoint
from D and each other, we can remove B1 and B2 from Σ, and attach a 1-handle with
boundary ∂B1 t ∂B2. The inverse operation is called destabilisation, and intuitively
it ‘removes an empty handle’ from Σ. Specifically, if γ ⊆ Σ is an essential simple
closed curve disjoint from D, we can cut the surface Σ along γ and cap off the two
boundary components by attaching 2-disks.

Two links L ⊆ Σ × I and L′ ⊆ Σ′ × I are said to be stably equivalent if they
are related by a finite sequence of isotopies, homeomorphisms, stabilisations, and
destabilisations. A virtual link is a stable equivalence class of surface link diagrams.

A link diagram D in Σ×I is alternating if following each link component along, the
crossings alternate over and under. A virtual link L is alternating if it possesses an
alternating diagram on some closed surface Σ. An alternating diagram is reduced if it
does not include any nugatory crossings. A crossing c of a diagram D ⊆ Σ is nugatory
if there exists a simple closed curve γ on Σ, which intersects the diagram only at c.
A nugatory crossing is removable if γ bounds a disc: in this case, the crossing can be
removed by un-twisting the part of D contained in the disc. A nugatory crossing is
essential (non-removable) if the curve γ is essential.

2.2. Checkerboard colourings and Tait graphs. A link diagram D ⊆ Σ is
checkerboard colourable if the regions of Σ r D can be coloured black and white,
such that adjacent regions have opposite colours. A link L ⊆ Σ × I is checkerboard
colourable if it admits a checkerboard colourable diagram.

In [Kam02], Kamada showed that every cellularly embedded alternating link dia-
gram is checkerboard colourable. She further proved that a cellularly embedded link
diagram D ⊆ Σ is checkerboard colourable if and only if it can be converted into an
alternating diagram by a finite sequence of crossing changes (see Lemma 7, [Kam02]).

In a checkerboard coloured link diagram, each crossing locally appears in one of
two ways – type A or type B – as in Figure 2. In an alternating diagram, all crossings
have the same type. In fact, a link diagram is alternating if and only if it admits
a checkerboard colouring so that all crossings have the same type. We adopt the
convention whereby alternating link diagrams D ⊆ Σ are checkerboard coloured so
that all crossings have type A.

Type A Type B Type I Type II

Figure 2. On left, crossings of types A and B. On right, crossings of types I and II.

To any link L in Σ× I admitting a cellular, checkerboard colourable diagram, we
associate two checkerboard surfaces, one black and the other white. We denote them
by Fb and Fw; they are compact unoriented surfaces in Σ× I with boundary L. The
black surface Fb is constructed by joining the black regions with half-twisted bands
at each crossing, and the white surface Fw is obtained from the white regions in the
same way.
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Given a diagramD ⊆ Σ with black and white checkerboard surfaces, the Tait graphs
are defined as follows. The Tait graph for the black surface is denoted Gb(D) and is
the surface graph in Σ with one vertex in each black region and one edge for each
crossing. An edge connects two vertices whenever their associated black regions meet
at a crossing: see Figure 3b. The Tait graph for the white surface is denoted Gw(D)
and constructed similarly. Note that Gb(D) and Gw(D) are deformation retracts of
Fb and Fw, respectively.

A graph G embedded in Σ is said to be cellularly embedded, or cellular, if the regions
of ΣrG are all disks. If the link diagram D is cellularly embedded and checkerboard
coloured, then its Tait graphs Gb(D) and Gw(D) are also cellularly embedded. We
will see in Section 3.2 that the black and white Tait graphs Gb(D) and Gw(D) are in
fact surface dual to each other in Σ.

Example 2.1. Let K = 5.2429, and D the surface knot diagram given in Figure 3a.
The Tait graphs are given abstractly in Figure 4. We will carry K5.2429 and the
corresponding Tait graphs throughout the paper as a running example. ♦

1
2

3

4

5

(a) The virtual knot K5.2429, (b) . . . with Tait graphs.

Figure 3. The knot K5.2429 checkerboard shaded, with black Tait graph shown in
green, and white Tait graph shown in red. The edge orientations are explained in
Section 3.2.

f2

f1

f3 f5

f4

e1

e2

e3e4

e5

Figure 4. The Tait graphs Gb(D) on the left, and Gw(D) on the right, for the
diagram in Figure 3a, as abstract graphs.

2.3. Mutation. Conway mutation is an operation on classical links that is generally
very difficult to detect. Let L be a link in S3 and B a 3-ball intersecting L in two
arcs. Let S = ∂B, and assume that L meets S transversely in four points. By cutting
along S, applying an orientation-preserving involution τ , and regluing, we obtain a
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(a) The Kinoshita-Terasaka Knot (b) The Conway Knot

Figure 5. The Kinoshita-Terasaka and Conway knots are mutants with trivial
Alexander polynomial. The KT knot is slice, and the Conway knot is not slice
[Pic20]. The projections used here are those in [Ada94, Figure 2.32].

Figure 6. Surface mutation of knots in a genus two surface, with mutant region
shown in red. We would like to thank Homayun Karimi for sharing these figures.

new link L′, a mutant of L. If the involution τ preserves the orientations of the four
points S ∩K, then K ′ is said to be a positive mutant.

This operation can be easily visualized on link diagrams. Choose a disc whose
boundary intersects the link diagram in four points and perform a π rotation of the
disc around an axis in the plane of the diagram, or perpendicular to the plane, which
preserves the set of four intersection points, see Figure 5. Mutation preserves the
checkerboard colouring of a diagram as well as the types (A or B) of the crossings.
In particular, the mutant of an alternating diagram is again alternating.

There are two ways to generalise mutation to links in thickened surfaces: disk
mutation and surface mutation. Disk mutation is directly analogous to mutation of
classical links: choose a disk B ⊆ Σ whose boundary intersects the link diagram in
four points, and rotate (flip) it by π in the same way. The resulting link is a disk
mutant of the original.

For surface mutation, the chosen subsurface still needs to have boundary which
intersects the link diagram in four points, but it could have multiple boundary com-
ponents, or contain handles. This invasive notion of mutation does not necessarily
preserve the alternating property: see Example 2.2. In this paper we always consider
disc mutation, unless otherwise stated.

Example 2.2. Figure 6 is an example of surface mutation of a knot in the closed
surface of genus 2. The mutation is carried out by cutting out an annulus, flipping
it so as exchanging the two boundary components, and regluing. The part of the
knot diagram that is affected is shown in red. The knot on the left of Figure 6 is
alternating whereas the one on the right is not. Thus, surface mutation does not
preserve the property that the diagram is alternating.

The two knots can be distinguished using knot signatures. The knot on the left
has knot signatures {2,−2} (computed in terms of the two checkerboard surfaces).
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The knot on the right has knot signatures {0, 0}. Note that the knot on the left is
non-slice (by Theorem 3.9, [BK21]), whereas the knot on the right is slice. We leave
it as an exercise to find saddle moves to slice this knot. Therefore, surface mutation
does not preserve the concordance class of the underlying knot. ♦

3. Lattices

In this section, we generalise some results about the lattice of integer flows to graphs
in surfaces. As in the classical case, the lattices of integer flows of the Tait graphs
are invariants of alternating links in surfaces.

The lattice of integer flows – whose definition is reviewed below in Section 3.2 – is
an invariant of abstract graphs, thus it can be applied for surface Tait graphs with
no change from the classical setting. This also enables the definition of d-invariants
for surface links in Section 3.3.

The key departure from the classical setting is that the black and white Tait graphs
are no longer planar duals, but rather surface duals. This makes the relationship
between their lattices of integer flows and d-invariants more intricate.

3.1. Integer lattices. A lattice Λ is a finitely generated free abelian group with a
nondegenerate symmetric bilinear form 〈 , 〉 : Λ × Λ → Q . The form is said to be
integral if 〈x, y〉 ∈ Z for all x, y ∈ Λ, and it is said to be even if 〈x, y〉 ∈ 2Z for all
x, y ∈ Λ. If the form is integral, then the lattice Λ is called an integer lattice.

Two lattices Λ and Λ′ are said to be isometric if there is an isomorphism ϕ : Λ→ Λ′

of groups such that 〈x, y〉 = 〈ϕ(x), ϕ(y)〉′ for all x, y ∈ Λ.
Given a basis β = {b1, . . . , bn} for Λ, the pairing matrix is denotedMΛ,β and defined

to be (MΛ,β)i,j = 〈bi, bj〉. If β′ is a different basis for Λ, then the new pairing matrix
is MΛ,β′ = PTMΛ,βP , where P is the change of basis matrix from β to β′ and PT is
its transpose. Note that P is an integer matrix with determinant 1, so the pairing
matrices are unimodular congruent.

Recall that two integer matrices M and N are said to be unimodular congruent if
there exists an integer matrix P of determinant 1, such that N = PTMP . There is a
one-to-one correspondence between isometry classes of integer lattices and unimodular
congruence classes of nondegenerate symmetric integer matrices.

The dual lattice of Λ is the (rational) lattice

Λ∗ = {x ∈ Λ⊗Q | 〈x, y〉 ∈ Z for all y ∈ Λ}.

The discriminant group of Λ is the quotient Λ = Λ∗/Λ. This is a finite group of order
det(MΛ,β), hence this determinant is also called the discriminant of Λ. For x ∈ Λ∗,
let |x| = 〈x, x〉 denote the norm (squared) of x, and x its image in Λ.

3.2. Cuts, flows, and surface duality. The lattices of integer cuts and flows are
lattice-valued invariants associated to graphs. We begin with a short review of some
of the necessary graph theory terminology.

A connected graph G is two-edge-connected if it remains connected after removing
any one edge. A 2-isomorphism of graphs G and G′ is a cycle-preserving bijection
of the edge sets E(G) and E(G′). The graphs G and G′ are called 2-isomorphic if
a 2-isomorphism exists. We note that for two-edge-connected graphs, the notion of
2-isomorphism is equivalent to isomorphism of the associated cycle matroids.

To define the lattices of integer flows and cuts for a graph G, fix an arbitrary
orientation ω0 of G. This makes G into a one-dimensional CW-complex, with cellular
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chain complex

0→ C1(G;Z)
∂−→ C0(G;Z)→ 0,

where ∂(e) = beg(e)− end(e), the difference of the beginning and ending vertices of
e. View the first chain group C1(G;Z) = ZE(G) as an integer lattice with Euclidean
inner product, by declaring the edges of G to be orthonormal: 〈ei, ej〉 = δij.

The adjoint map ∂∗ : C0(G;Z) → C1(G;Z) assigns to each vertex v the difference
of the outgoing and incoming edges incident to v:

∂∗(v) =
∑

e∈Out(v)

e−
∑

e′∈In(v)

e′ =
∑

e∈E(G)

〈∂(e), v〉 · e.

Definition 3.1. The lattice of integer flows F(G) of G is the free abelian group

F(G) = ker(∂) = H1(G;Z),

with the inner product inherited from C1(G;Z).
The lattice of integer cuts C(G) of G is the image of ∂∗ : C0(G;Z) → C1(G;Z),

again with the inner product inherited from C1(G;Z).

Note that while the definitions of F(G) and C(G) depend on the choice of orienta-
tion ω0, their isometry types as lattices are independent of this choice. This explains
why this choice is not reflected in the notation.

Given a cycle (closed walk) in G, the signed sum of the edges of the walk – positive
where the walk direction agrees with the edge orientation, and negative otherwise –
is an integer flow in F(G). Given a partition of the vertex set of G, VG = V1tV2, the
signed sum of edges connecting V1 and V2 – positive when oriented V1 → V2, negative
otherwise – is an integer cut in C(G).

It has long been known [BdlHN97,Wat90] that F(G) and C(G) are invariants of
the 2-isomorphism type of the graph G. The converse was proved in [Wat94] using
Laplacian matrices, then later by Caporaso and Viviani [CV10] in the context of
tropical curves, and Su and Wagner [SW10] in the context of regular matroids. The
result is widely known as the Discrete Torelli Theorem, after an analogous theorem
in algebraic geometry:

Theorem 3.2 (Discrete Torelli Theorem). The lattice of integer flows F(G) of a
two-edge-connected graph G uniquely determines the 2-isomorphism type of G. The
same is true for the lattice of integer cuts C(G) of a loopless graph.

Next, we turn our attention to lattices of integer flows and cuts associated to Tait
graphs. For convenience, we shorten F(Gb(D)) and C(Gb(D)) to Fb(D) and Cb(D),
respectively, and similarly for the white graphs. We recall the definition and basic
properties of surface graphs, which can be found, for example, in [MT01, Chapter
4.1].

Let Σ be a closed, oriented surface and G
ι
↪→ Σ a cellularly embedded connected

graph, that is, Σ rG is a disjoint union of discs. Surface embeddings are considered
up to orientation preserving homeomorphism of the pair. The data of a surface
embedding for G is equivalent to a choice of cyclic orderings for the edges at each
vertex of G; such data is also known as a fat graph, a ribbon graph, or a rotation
system [MT01, Chapter 3.2].

The surface dual of a cellular surface graph G
ι
↪→ Σ is the graph G∗

j
↪→ Σ with one

vertex for every disc of Σ r G, and for each edge e of G, a dual edge e∗ connecting
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the vertices lying in the discs on either side of e. Note that if e borders the same disc
on both sides (that is, if e is a bridge), then the dual edge e∗ is a loop.

Lemma 3.3. There is a unique vertex of G in each connected component of ΣrG∗.

Proof. Let v denote an arbitrary vertex of G. The dual edges to the edges of G
incident to v form a cycle in G∗ which separates v from all other vertices.

Conversely, each connected component of G∗ has a cycle of edges, called a facial
walk, as its boundary. By construction, the edges of G dual to the edges of this
cycle must terminate within the component, therefore, the component must contain
a vertex of G. �

Lemma 3.4. If G ↪→ Σ is cellularly embedded, then so is G∗.

Proof. Let VG, EG, and FG denote the sets of vertices, edges, and faces of G, respec-
tively. Similarly, let VG∗ , EG∗ denote the sets of vertices and edges of G∗, and let FG∗
denote the regions of Σ rG∗.

Since G is cellularly embedded in Σ, the faces in FG are all discs. It follows that the
Euler characteristic of Σ is given by χ(Σ) = |VG| − |EG| + |FG|. On the other hand,
χ(Σ) ≥ |VG∗| − |EG∗| + |FG∗|, with equality if and only if G∗ is cellularly embedded.
By definition, |EG| = |EG∗| and |FG| = |VG∗ |. By Lemma 3.3, |VG| = |FG∗|. Thus,
equality holds, and it follows that G∗ is cellularly embedded. �

Corollary 3.5. If G ↪→ Σ is cellularly embedded, then G∗∗ = G.

The orientation ω0 of G induces a dual orientation ω∗0 of G∗, using the right-hand
rule based on the orientation of Σ. Note that ω∗∗0 = −ω0. Our next goal is to
compare the cut and flow lattices of G and G∗, given the orientations ω0 and ω∗0.
Note that integer flows and cuts are invariants of abstract graphs and do not depend
on their embeddings, however, the construction of the surface dual G∗ depends on
the embedding of G.

The inclusion maps of G and G∗ into Σ induce canonical maps ι∗ : H1(G;Z) →
H1(Σ;Z) and j∗ : H1(G∗;Z)→ H1(Σ;Z). Let
(1) F◦(G) = ker ι∗ and F◦(G∗) = ker j∗.

Then F◦(G) ⊆ F(G) and F◦(G∗) ⊆ F(G∗) are sublattices of the flow lattices of G
and G∗, respectively. These sublattices are invariants of the surface embeddings of G
and G∗.

If G and G∗ are planar duals, then it is a classical fact, known as cut-flow du-
ality, that F(G) ∼= C(G∗) as lattices, and vice versa. The following theorem is a
generalisation of this to surface graphs:

Theorem 3.6. There is a short exact sequence of abelian groups

(2) 0→ C(G∗)
ϕ−→ F(G)

ι∗−→ H1(Σ;Z)→ 0,

where ϕ(
∑

i cie
∗
i ) =

∑
i ciei. In particular C(G∗) ∼= F◦(G) as lattices.

Proof. The lattice C(G∗) is generated by the so-called vertex cuts of G∗: namely, for
a vertex v∗ ∈ VG∗ , the vertex cut

kv∗ = ∂∗(v) =
∑

e∗r∈In(v∗)

e∗r −
∑

e∗s∈Out(v∗)

e∗s.

Furthermore, ϕ(kv) is the flow in F(G) corresponding to the facial walk around v∗.
Thus, ϕ(C(G∗)) ⊆ F(G). Since G is cellularly embedded, each facial walk of G
bounds a disc. In particular, ι∗(ϕ(k∗v)) = 0, therefore imϕ ⊆ ker ι∗.
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On the other hand, let N(G) denote a regular neighbourhood of im(ι). Then
N(G) is obtained from Σ by removing a finite number of disjoint discs, one in each
face of G: N(G) = Σ r (D1 t · · · t Dk). Let γi denote the boundary curve ∂Di.
The curves γ1, . . . , γk generate ker ι∗, and they represent exactly the flows in F(G)
corresponding to the facial walks. Hence, imϕ = ker ι∗, and C(G∗) ∼= F◦(G) is an
isometry of lattices since ι∗ is inner product preserving. �

Example 3.7. We now return to our running example of K5.2429 – see Example 2.1
– and compute the lattices of integer flows and cuts for the Tait graphs shown in
Figures 3 and 4.

Since in this example every edge ofGb(D) is a loop, ∂ = 0, andFb(D) = C1(Gb(D)) =
span{e1, e2, e3, e4, e5}, with the Euclidean inner product given by the identity matrix
I5. It follows that Gb(D) has no non-trivial cuts, so Cb(D) = {0}.

The lattice of integer flows for Gw(D) is generated by the two triangles

(3) Fw(D) = span{f1 + f2 + f3, f3 + f4 + f5},

and in this basis the pairing matrix is[
3 1
1 3

]
.

The lattice of integer cuts is of rank three, with one basis given by the vertex cuts
corresponding to three of the four vertices (the fourth is the sum of these):

(4) Cw(D) = span{−f1 + f2,−f2 + f3 − f4, f4 − f5},

With corresponding pairing matrix 2 −1 0
−1 3 −1

0 −1 2

 .

It is clear that Fb(D) and Cw(D) are non-isomorphic as they are of different ranks,
and so are Fw(D) and Cb(D). To verify the statement of Theorem 3.6, we compute
the kernel of ι∗ in Fb(D). Let H1(Σ;Z) = span{γ1, γ2}, where γ1 is represented by
the vertical side of the square in Figure 3b, and γ2 is represented by the horizontal
side. Then we can read off Figure 3b that ι∗(e1) = γ1, ι∗(e2) = γ1, ι∗(e3) = γ1 + γ2,
ι∗(e4) = γ2, and ι∗(e5) = γ2. Thus,

(5) F◦b (D) = span{−e1 + e2,−e1 + e3 − e4, e4 − e5}.

Since ϕ(fi) = ei for i = 1, . . . , 5, it is clear that ϕ(Cw(D)) = F◦b (D), and the pairing
matrix for F◦b (D) is unimodular congruent to that of Cw(D) by virtue of being equal.

On the other hand to compute F◦w(D), observe that j∗ is injective, as the rank
of Fw(D) is 2. Indeed, j∗(f1 + f2 + f3) = γ2 and j∗(f3 + f4 + f5) = γ1. Thus,
F◦w(D) = {0} ∼= Cb(D), as expected. ♦

In Section 4 we prove that in fact Fb(D), F◦b (D) – and therefore, the corresponding
cut lattices as well – are invariants of alternating links in thickened surfaces, and
unchanged up to isometry by disc mutation. In the classical setting Greene [Gre11]
shows that these invariants are complete up to Conway mutation. In Section 5.3 we
examine the completeness of these invariants.
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3.3. The d-invariant and chromatic duality. The d-invariant was originally de-
fined by Ozsváth and Szabó [OS03]in terms of Heegaard Floer homology. In [Gre11],
Greene gives a purely lattice-theoretic definition of the d-invariant for alternating
links. In this section, we adopt this approach to define the d-invariant for alternating
links in thickened surfaces and virtual alternating links. We establish duality results
relating the d-invariants of the flow and cut lattices of surface dual graphs.

We start with a review of the necessary lattice theory:

Definition 3.8. A characteristic covector for a lattice Λ is an element ξ ∈ Λ∗ satis-
fying 〈ξ, x〉 = |x| (mod 2) for all x ∈ Λ.

Let
Char(Λ) = {ξ ∈ Λ∗ | 〈ξ, x〉 = |x| (mod 2)}

denote the set of characteristic covectors for Λ and set

X (Λ) = Char(Λ) (mod 2Λ).

Note that X (Λ) is a torsor over Λ = Λ∗/Λ, the discriminant group, viewed as 2Λ∗/2Λ.
For ξ ∈ Char(Λ), let [ξ] denote its image in X (Λ). Define the short characteristic

covectors as

Short(Λ) = {χ ∈ Char(Λ) | |χ| ≤ |χ′| for all χ′ ∈ [χ]}.

For [ξ] ∈ X (Λ), define the ρ-invariant

ρ([ξ]) ≡ |ξ| − σ(Λ)

4
(mod 2),

where σ(Λ) denotes the signature of the pairing 〈 , 〉 on Λ. If ξ ∈ Char(Λ) is another
characteristic covector with [ξ′] = [ξ], then ξ′ − ξ = 2x for some x ∈ Λ and

|ξ′| = |ξ + 2x| = |ξ|+ 4(〈ξ, x〉+ |x|) ≡ |ξ| (mod 8).

This shows that ρ([ξ]) is independent of the choice of representative for [ξ], and it
gives rise to a well-defined map

(6) ρ : X (Λ) −→ Q/2Z.

If 〈 , 〉 is positive definite, then the map ρ in (6) lifts to a well-defined Q-valued
map, the d-invariant:

Definition 3.9. For a positive definite lattice Λ of rank n, the d-invariant (X (Λ), d)
is given by the torsor X (Λ) along with the map

d : X (Λ) −→ Q,

d([x]) = min

{
〈x′, x′〉 − n

4

∣∣∣∣ x′ ∈ [x]

}
.

Definition 3.10. Given two positive definite lattices Λ,Λ′ with d-invariants

d : X (Λ) −→ Q and d′ : X (Λ′) −→ Q,

an isomorphism of d-invariants (X (Λ), d) ∼= (X (Λ′), d′) consists of a group isomor-
phism ψ : Λ→ Λ′ and ψ-equivariant bijection ϕ : X (Λ)→ X (Λ′) such that d′ = d◦ϕ.
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For a graphG, the latticesF(G) andC(G) are primitive complementary sublattices
(mutual orthogonal complements) in C1(G;Z) ∼= ZE(G), and the short vectors of ZE(G)

surject to the short vectors of F(G) and C(G) by orthogonal projection [Gre11,
Corollary 3.4]. This is a useful fact for computing the d-invariants of F(G) and C(G),
as Short(Zn) is simply the set of (±1)-vectors. It also follows [Gre11, Corollary 3.4]
that for any graph G, there is a canonical isomorphism of d-invariants

(X (F(G)), dF(G))
∼=−→ (X (C(G)),−dC(G)).

If G is a planar graph embedded in S2, and G∗ its planar dual, then we also have,
by cut-flow duality, that F(G) ∼= C(G∗) and F(G∗) ∼= C(G). Thus, all d-invariants
of cuts and flows of G and G∗ are in the same isomorphism class up to sign:

(X (C(G∗)), dC(G∗)) ∼= (X (F(G)), dF(G)) ∼= (X (C(G)),−dC(G)) ∼= (X (F(G∗)),−dF(G∗)).

The following result establishes the analogous statement for surface graphs. We
call this chromatic duality :

Theorem 3.11 (Chromatic duality). For a cellular surface graph G ↪→ Σ with surface
dual G∗, the associated d-invariants belong to two equivalence classes, as follows:

(X (F◦(G)),−dF◦(G)) ∼= (X (C(G∗)),−dC(G∗)) ∼= (X (F(G∗)), dF(G∗)),

(X (F◦(G∗)),−dF◦(G∗)) ∼= (X (C(G)),−dC(G)) ∼= (X (F(G)), dF(G)).

Proof. Regarding G and G∗ as abstract graphs, it remains true that

(X (F(G)), dF(G)) ∼= (X (C(G)),−dC(G)), (X (F(G∗)), dF(G∗)) ∼= (X (C(G∗)),−dC(G∗)).

However, it is no longer true that F(G) ∼= C(G∗). Instead, Theorem 3.6 implies
that for the kernels of ι∗ and j∗, there are isometries F◦(G) ∼= C(G∗) and F◦(G∗) ∼=
C(G). �

Remark 3.12. Chromatic duality is a general principle that relates invariants of links
in thickened surfaces defined in terms of one checkerboard surface with those of its
chromatic dual under restriction. It asserts that the link invariants for the black
surface Fb coincide with the invariants for the white surface Fw on the kernel of
H1(Fw;Z)→ H1(Σ× I;Z), and vice versa.

One instance of chromatic duality is Theorem 5.4 of [BCK22] relating the signa-
ture, determinant, and nullity of the Gordon-Litherland pairing GFb

for the black
surface with the corresponding invariants of the Goeritz matrices for its chromatic
dual. Another instance is Theorem 4.9 of [BK21] relating the Brown invariants of the
Gordon-Litherland pairing GFb

for the black surface with the corresponding invari-
ants of the Goeritz matrices of its chromatic dual. We review the definition of the
Gordon-Litherland pairing in Section 4.

Example 3.13. For our running example of K5.2429, we compute the d-invariants as-
sociated to the lattices F◦b/w, Cb/w and Fb/w of the surface dual graphs Gb = Gb(D)

and Gw = Gw(D).
By [Gre11, Proposition 2.7], the short vectors of Zn ∼= ZE(Gb) = ZE(Gw) – which

are exactly the ±1-vectors – surject by orthogonal projection to the short vectors of
each of X (Fw) and X (Cw). By Theorem 3.6, the ±1-vectors in Zn also surject to
the short vectors of X (F◦b ). Thus, for a short vector s ∈ Zn, and image x = π(e) in
one of the three characteristic cosets, we have d([x]) = 1

4
(〈x, x〉 − n), where 〈x, x〉 is

taken in Zn. This calculation is presented in full for F◦b in Table 1. In each table
the x column expresses the short vectors in the bases (5), (4), and (3), respectively.
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In all three tables, where multiple short vectors in Z5 map to the same short vector
modulo 2Λ, only one representative is shown.

Short(Z5) x xE 〈x, x〉 d([x])

(1, 1, 1, 1, 1) ( 14 ,
1
4 ,

1
2 ) ( 14 ,

1
4 ,−

1
4 ,−

1
4 ,

1
2 )

1
2 − 5

8

(1, 1, 1, 1,−1) (− 1
4 ,−

1
4 ,−

1
2 ) (− 1

4 ,−
1
4 ,

1
4 ,

1
4 ,−

1
2 )

1
2 − 5

8

(1, 1, 1,−1, 1) ( 12 ,
3
2 , 1) ( 12 ,

1
2 ,

1
2 ,−

3
2 , 1) 4 1

4

(1, 1, 1,−1,−1) (0, 1, 0) (0, 0, 1,−1, 0) 2 − 1
4

(1, 1,−1,−1, 1) ( 34 ,
3
4 ,

3
2 ) ( 34 ,

3
4 ,−

3
4 ,−

3
4 ,

3
2 )

9
2

3
8

(1,−1, 1, 1, 1) (1, 0, 0) (1,−1, 0, 0, 0) 2 − 1
4

(1,−1, 1,−1, 1) ( 54 ,
5
4 ,

1
2 ) ( 54 ,−

3
4 ,

3
4 ,−

5
4 ,

1
2 )

9
2

3
8

(1,−1,−1,−1, 1) ( 32 ,
1
2 , 1) ( 32 ,−

1
2 ,−

1
2 ,−

1
2 , 1) 4 1

4

Table 1. The d-invariant of F◦b . The third column expresses the vector x in
the edge basis.

x d([x])

(0, 14 ,−
1
4 ) − 5

8

(1, 1, 1) − 1
4

(0,− 1
4 ,

1
4 ) − 5

8

(0, 34 ,−
3
4 )

3
8

(1, 32 ,
1
2 )

1
4

(1, 0, 0) − 1
4

(1, 12 ,−
1
2 )

1
4

(2, 54 ,
3
4 )

3
8

Table 2. The d-invariant of Cw.

x d([x])

( 34 ,
3
4 )

5
8

(1, 0) 1
4

( 54 ,
3
4 )

5
8

( 14 ,
1
4 ) − 3

8

( 12 ,−
1
2 ) − 1

4

(0, 1) 1
4

(− 1
2 ,

1
2 ) − 1

4

(− 1
4 ,−

1
4 ) − 3

8

Table 3. The d-invariant of Fw.

It is clear by inspection that the d-invariant values in the first and second tables are
equal, and in the third table are negatives of the second table. The discriminant group
in all cases is Z8, and it is an instructive exercise to verify that the identifications of
X are compatible with the action of Z8.

The x column in Table 2 is written in the basis (4). The x column in Table 3 is
with respect to the basis (3). By [Gre11, Chapter 2.4], the d-invariant of Zn is zero.
The lattices F◦w, Cb and Fb are Euclidean, so their d-invariants are all zero. ♦

4. The Gordon-Litherland form

In [GL78], Gordon and Litherland defined a symmetric bilinear form for classical
links which simultaneously generalised the forms of Goeritz and Trotter. They used
it to give a simple method to compute the link signature.

In [BCK22], the Gordon-Litherland pairing was extended to links in thickened
surfaces, and it was used to define link signatures in this setting. In [BK23a], the
Gordon-Litherland linking form was introduced, and it was used to define new invari-
ants, namely mock Alexander polynomials and mock Levine-Tristram signatures.

In this section, we recall the definitions of the Gordon-Litherland linking form and
pairing, as well as link signatures and mock Alexander polynomials. Our main goal is
to relate the Gordon-Litherland pairing to the lattice of integer flows for alternating
links in thickened surfaces.
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4.1. Spanning surfaces. A spanning surface of a link L ⊆ Σ×I is a compact surface
F ⊆ Σ× I with boundary ∂F = L. The surface F may or may not be orientable, but
we regard it as unoriented. The definition of the Gordon-Litherland linking form in
Section 4.3 below will be based on a choice of spanning surface for the link.

All classical links have spanning surfaces – in fact, orientable Seifert surfaces – but
the same is not true for links in thickened surfaces. Recall from Section 2.2 that if a
link in Σ × I is checkerboard colourable, then both of the checkerboard surfaces are
spanning surfaces for the link. Alternatively, if L ⊆ Σ × I is a link with spanning
surface F ⊆ Σ× I, then the surface F is a finite union of discs and bands. One can
apply an isotopy to shrink the disks so their images under projection Σ × I → Σ
are disjoint from one another and also disjoint from the interiors of the bands. The
isotopy of F produces a link diagram which is checkerboard colourable. In summary,
a link in Σ× I has a spanning surface if and only if it is checkerboard colourable.

Alternatively, Proposition 1.1 of [BCK22] applies to show that a link L ⊆ Σ × I
admits a spanning surface if and only if its homology class [L] = 0 as an element in
H1(Σ× I;Z2).

Definition 4.1. Given links L,L′ ⊆ Σ× I with spanning surfaces F, F ′ ⊆ Σ× I, we
say F and F ′ are equivalent if there exists a homeomorphism ϕ of (Σ × I,Σ × {0})
such that ϕ(F ) = F ′.

If F and F ′ are equivalent spanning surfaces, then the links L and L′ are equivalent
as defined in Section 2.1.

4.2. Linking numbers. A crucial ingredient in the Gordon-Litherland linking form
is the notion of linking numbers. Let J and K be two oriented disjoint simple closed
curves in the interior of Σ × I. Consider the relative homology group
H1(Σ×IrJ,Σ×{1};Z). This group is isomorphic to Z, and generated by a meridian
µ of J . The linking number of J with K is denoted `k(J,K) and defined as the unique
integer n such that

[K] = nµ in H1(Σ× I r J,Σ× {1};Z).

Equivalently, `k(J,K) is the algebraic number of instances that J passes above K,
where above is defined with respect to t, the parameter of the interval I. A positive
(resp. negative) contribution is made to `k(J,K) when J passes over K such that the
coordinate system given by the unit tangent vector to J , the unit tangent vector to
K, and the positive t direction has a positive (resp. negative) orientation, as shown
in Table 4.

Crossing `k(J,K) `k(K, J) Crossing `k(J,K) `k(K, J)

+1 0 0 −1

−1 0 0 +1

Table 4. Crossings between J (red) and K (blue) and their contribution to
`k(J,K) and `k(K,J).

Note that `k(J,K) is independent of the number of times that J passes under K:
this is instead captured by `k(K, J). In general, `k(J,K) 6= `k(K, J). The exception
is the classical setting of links in R2 × I – or equivalently, in S2 × I – where linking
numbers are symmetric as a consequence of the Jordan curve theorem.
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A related notion is the intersection pairing on the first homology H1(Σ;Z), denoted
α·β for homology classes α and β. It is defined to be the algebraic intersection number
of α and β, where the sign is the sign of the coordinate system given by the derivatives
â, b̂, where a and b are two 1-chains.

Let p : Σ×I −→ Σ be the projection map and p∗ : H1(Σ×I)→ H1(Σ) the induced
map on the first homology groups. The linking numbers in Σ × I and algebraic
intersection numbers on Σ are related:

(7) `k(J,K)− `k(K, J) = p∗(J) · p∗(K) .

See [CT07, §1.2] for a proof, or verify it directly by a case analysis using Table 4.

4.3. The Gordon-Litherland linking form and pairing. Let L ⊆ Σ × I be a
link and F ⊆ Σ×I a spanning surface for L. The normal bundle N(F ) has boundary
F̃

π→ F, a double cover. Define the transfer map τ : H1(F ;Z) −→ H1(F̃ ;Z) by
τ([a]) = [π−1(a)]. If [a] is represented by a simple closed curve α on F , then τ([a])
is represented by the curve τα obtained by taking the normal pushoffs of α in both
directions. Note that τα will consist of one or two simple closed curves, depending
on whether π−1(α) ⊆ F̃ is connected or not.

The following is Definition 3.1 of [BK23b] extended to links in thickened surfaces.

Definition 4.2. Let L be a link in Σ × I, and F a spanning surface for L. The
Gordon-Litherland linking form, or linking form for short, is the (not necessarily
symmetric) bilinear form

LF : H1(F ;Z)×H1(F ;Z) −→ Z,

LF (α, β) = `k(τα, β).

If F, F ′ are equivalent spanning surfaces in the sense of Definition 4.1, then their
linking forms LF and LF ′ are isomorphic.

Given a basis {α1, . . . , αn} for H1(F ;Z), the n×n matrix with (M)ij = `k(ταi, αj)
is a representative for LF . Any such matrix is called a mock Seifert matrix for
LF . The word mock here refers to the fact that the spanning surface F need not be
orientable. Just as with lattices (cf. Section 3.1), the mock Seifert matrix changes by
unimodular congruence under a change of basis for H1(F ;Z).

One link invariant that can be derived from mock Seifert matrix is the link deter-
minant. It is defined by setting

(8) det(L) = | det(A)|,

where F is a spanning surface for L and A is a mock Seifert matrix representing the
linking form LF . By [BK23b, Corollary 3.10], the link determinant is independent of
the choice of spanning surface F for L.

Another link invariant is the mock Alexander polynomial. It is defined for knots in
thickened surfaces in [BK23b, Definition 4.4], and the same definition works for links.

Definition 4.3. Let L be a link in Σ×I with spanning surface F . Themock Alexander
polynomial is given by ∆K,F (t) = det(tA−AT), where A is a mock Seifert matrix for
the linking form LF . Then ∆K,F (t) is an element in the ring Z[t, t−1, (1 − t)−1] and
is well-defined up to units.

For ∆(t),∆′(t) ∈ Z[t, t−1, (t− 1)−1], we write ∆(t)
.
= ∆′(t) if they are equal up to

factors ±tk and ±(t−1)`. It depends on the spanning surface F up to S∗-equivalence.
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There are exactly two S∗-equivalence classes of spanning surfaces, and one is repre-
sented by the black checkerboard surface Fb, the other is represented by the white
surface Fw.

Example 4.4. Continuing the example of K5.2429, we calculate the linking forms LFb

and LFw corresponding to the black and white checkerboard surfaces, as in Figure 3b.
For the black checkerboard surfaces with basis {e1, e2, e3, e4, e5}, the linking form LFb

is represented by the mock Seifert matrix

Ab =


1 0 −1 −1 −1
0 1 −1 −1 −1
1 1 1 −1 −1
1 1 1 1 0
1 1 1 0 1

 .
This matrix has determinant 9, thus by Equation (8), this knot has determinant
det(K5.2429) = 9. By Definition 4.3 it has mock Alexander polynomial

∆K,Fb
(t) = 9t5 − 13t4 − 6t3 + 6t2 + 13t− 9

.
= 9t2 + 14t+ 9.

For the white checkerboard surfaces with basis {f1 + f2 + f3, f2 + f4 + f5}, the
linking form LFw is represented by the mock Seifert matrix

Aw =

[
−3 0

2 −3

]
.

This matrix also has determinant 9, and the mock Alexander polynomial is ∆K,Fw(t) =
9t2 − 14t+ 9. ♦

In practice, it is simpler to think of the Gordon-Litherland form as a sum of its
symmetric and anti-symmetric parts. In particular, we give the symmetrisation of L
its own name:

Definition 4.5. Let L be a link in Σ × I, and F a spanning surface for L. The
Gordon-Litherland pairing is the symmetric bilinear form

GF : H1(F ;Z)×H1(F ;Z) −→ Z,
GF (α, β) = 1

2
(`k(τα, β) + `k(τβ, α)) .

We say that the surface F is positive definite if the form GF is positive definite, and
negative definite if GF is negative definite.

If A is a mock Seifert matrix for LF with respect to some basis of H1(F ;Z), then
its symmetrisation 1

2
(A+ AT) represents GF with respect to the same basis.

We take a moment to recall the definition of the link signature for the checkerboard
surfaces Fb, Fw in terms of the Gordon-Litherland pairing from [BCK22, §2]. Let
L ⊆ Σ × I be a link represented by a connected, checkerboard coloured, cellular
diagram D. Then the checkerboard surfaces Fb, Fw are spanning surfaces for L. For
any crossing x of D, referring to Figure 2, define the incidence number

ηx =

{
1, if x is type A,
−1, if x is type B.

The black and white correction terms are given by (cf. [BCK22, Lemma 2.4])

µ(Fb) =
∑

x type II

ηx and µ(Fw) = −
∑

x type I

ηx.
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The link signatures of L with respect to the checkerboard surfaces are defined as:

(9) σ(L, Fb) = sig(GFb
)− µ(Fb) and σ(L, Fw) = sig(GFw)− µ(Fw).

In general, the two signatures σ(L, Fb) and σ(L, Fw) need not be equal. In fact,
according to [BCK22], the link signature depends on the choice of spanning surface up
to S∗-equivalence. As previously noted, there are exactly two S∗-equivalence classes
of spanning surfaces, and each is represented by one of the checkerboard surfaces.

For classical links, [Gre11, Section 1.1] Greene observed that the Gordon-Litherland
pairing on the black (positive definite) checkerboard surface of an alternating link
diagram coincides with the flow pairing on the lattice of integer flows of the black
Tait graph. The Gordon-Litherland pairing on the white (negative definite) surface
coincides with the negative of the pairing of the flow lattice of the white Tait graph.
The next theorem presents the analogous results for alternating links in Σ× I:

Theorem 4.6. Let D be a reduced, alternating, cellular diagram for a link L ⊆ Σ× I
with checkerboard colouring so that all crossings have type A. For the black surface
Fb(D), the Gordon-Litherland pairing is isometric to the lattice of integer flows on
the black Tait graph Gb, that is, GFb(D)

∼= Fb(D). For the white surface, they are
isometric with a change of sign: GFw(D)

∼= −Fw(D).

As a first step, we have the following general framework for computing the Gordon-
Litherland pairing. Let D ⊆ Σ be a checkerboard coloured link diagram, and let
F ⊆ Σ be one of the checkerboard surfaces. We can choose a basis for H1(F ;Z)
represented by simple closed curves {α1, . . . , αn} on F which intersect transversely
away from the crossings of D.

Lemma 4.7. If {α1, . . . , αn} is a basis for H1(F ;Z) consisting of simple closed curves
which intersect transversely away from the crossings of D, then GF is a sum of local
contributions at the crossings of D.

Proof. It is enough to show that the pairing matrix in the basis {α1, . . . , αn} depends
only on the local contributions at crossings.

By the over-passing description of linking numbers (Table 4), contributions to
`k(ταi, αj) + `k(ταj, αi) arise only where αi intersects αj, and where the surface
twists at the crossings of D.

Therefore, we only need to show that the contributions from the intersections of
αi with αj – all of which are away from the crossings of D – are zero. Indeed, the
contributions to `k(ταi, αj) and `k(ταj, αi) are both ±1 and of opposite sign, see
Figure 7. �

Proof of Theorem 4.6. The black checkerboard surface Fb(D) deformation retracts to
the black Tait graph Gb(D), thus H1(Fb(D);Z) ∼= H1(Gb(D);Z). We need to prove
that the pairing is the same.

Choose a basis of oriented circuits for Fb(D), that is, a set of minimal cycles
{c1, . . . , cn} in Gb(D). The pairing 〈ci, cj〉 is the algebraic count of common edges
between ci and cj, where the sign depends on whether the orientations coincide.

Let ι : Gb(D) ↪→ Fb(D) be the inclusion map, and let αi be a simple closed curve
representing the isomorphic image ι∗(ci) in H1(Fb;Z), for i = 1, . . . , n. It is possible to
represent ι∗(ci) by a simple closed curve, since ci is a simple closed walk in Gb(D). By
a local deformation, we can ensure that the curves in {α1, . . . , αn} meet the conditions
of Lemma 4.7.
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Thus, GFb(D)(αi, αj) is a sum of local contributions at the crossings of D, which
arise when αi and αj traverse through the same crossing. Note that this happens
exactly when ci and cj share an edge corresponding to that crossing, so we only need
to verify that the contribution to GFb(D)(αi, αj) is 1 whenever αi and αj traverse in
the same direction, and −1 when they traverse in opposite directions. This is shown
in Figure 7.

αi

αj F

αi

αj F

αi

αj

F

Figure 7. On left, αi crosses over αj , with `k(ταi, αj) = 2 and `k(ταj , αi) = 0.
In the middle, αj crosses over αi, with `k(ταi, αj) = 0 and `k(ταj , αi) = −2. On
the right, αi and αj intersect, with `k(ταi, αj) = 1 and `k(ταj , αi) = −1.

The same argument applies for the white checkerboard surface, but since the cross-
ings are now of opposite type, the local contributions toGFw(D)(α, β) have the opposite
sign in each case. Hence, GFw(D)

∼= −Fw(D). �

5. Main results

In this section we present our main results. The first, in Section 5.1 is a new proof
of the Tait conjectures for alternating links in thickened surfaces. It is modelled
on [Gre17] and uses the geometric characterization of alternating links in thickened
surfaces [BK23a].

In Section 5.2 we show that, for alternating links in thickened surfaces, the lattices
of cuts and flows of the Tait graphs are link invariants. We also show that disc
mutation does not change these lattices even for non-alternating links, and this is
also true for the non-symmetric Gordon-Litherland form. This implies in particular
that, just as in the classical case, the d-invariants of alternating surface links are
mutation invariants.

In Section 5.3 we show by example that the lattice of integer flows and the d-
invariant are not complete invariants of the mutation class for links in thickened
surfaces. We show that Gordon-Litherland form is in fact a strictly stronger mutation
invariant. An outstanding question is to determine whether it is complete.

5.1. Generalised Tait conjectures. In [Gre17], Greene gave a geometric proof of
the first two Tait conjectures for classical links. In this section, we adapt his argument
and give a short proof of the first two Tait conjectures for virtual links. Our argument
will use the characterisation of alternating links in thickened surfaces in [BK23a].

Other proofs of the generalised Tait conjectures for virtual knots have appeared
recently. In [BK22], the Jones-Krushkal polynomial is used to establish an analogue
of the Kauffman-Murasugi-Thistlethwaite result for links in thickened surfaces, and
the first two Tait conjectures are derived from that. In [BKS20], the skein bracket is
used to give a strengthened statement of the Tait conjectures. In [Kin22], Kindred
proves the virtual flyping theorem, which is the third Tait conjecture for virtual links,
by extending his geometric proof of the flype theorem for classical links [Kin20].

To prove the generalised Tait conjectures, recall one of the main results from
[BK23a]:
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Theorem 5.1. Let L be a link in Σ×I, which bounds connected positive and negative
definite spanning surfaces F+ and F−. Then L is a non-split, alternating link, Σ is a
minimal genus surface to support L. Furthermore, there exists a reduced alternating
diagram D on Σ whose black checkerboard surface Fb is equivalent to F+ and whose
white checkerboard surface Fw is equivalent to F−.

The first statement of Theorem 5.1 is Theorem 1.1 of [BK23a]. The second state-
ment follows from the proof of that theorem, where F+ and F− are glued along L to
construct a new model of Σ.

Theorem 5.2 (Generalised Tait Conjectures). Any two connected, reduced alternat-
ing diagrams of the same non-split link L ⊆ Σ × I have the same crossing number
and writhe.

Proof. Let L be a non-split link in Σ × I, and assume that D and D′ on Σ are two
connected, reduced alternating diagrams for L.

After checkerboard colouring the two diagrams so that all crossings have type A,
we have

• the black surface Fb(D) is a positive definite spanning surface for L,
• the white surface Fw(D′) is a negative definite spanning surface for L.

By Theorem 5.1, there exists a diagram D′′ on Σ whose black surface is equivalent
to Fb(D) and whose white surface is equivalent to Fw(D′).

Since equivalent surfaces have isometric Gordon-Litherland pairings, and the Gordon-
Litherland pairings on the checkerboard surfaces coincide with the lattices of integer
flows of the corresponding Tait graphs, we have Fb(D) ∼= Fb(D

′′) and Fw(D′) ∼=
Fw(D′′).

By the Discrete Torelli Theorem 3.2, this implies that Gb(D) and Gb(D
′′) are 2-

isomorphic as graphs, and in particular they must have the same number of edges.
Thus, D and D′′ have the same number of crossings.

In turn, the equivalence of Fw(D′) and Fw(D′′) implies, by the same argument,
that D′ and D′′ have the same number of crossings. Thus, all three diagrams have
the same number of crossings, and this concludes the proof of the statement about
crossing numbers.

For the writhe, let p(D) and n(D) denote the number of positive and negative cross-
ings in D, and similarly for D′, D′′. Since all crossings in D and D′′ are of type A, any
type II crossing has positive writhe and incidence number ηc = 1. Thus µ(Fb(D)) =
p(D) and µ(Fb(D

′′)) = p(D′′). Using the fact that σ(L, Fb(D)) = σ(L, Fb(D
′′)) and

appealing to equation 9, we get

sig(GFb(D))− p(D) = sig(GFb(D′′))− p(D′′).

The two black surfaces Fb(D) and Fb(D
′′) are equivalent in the sense of Definition

4.1, so sig(GFb(D)) = sig(GFb(D′′)), and therefore p(D) = p(D′′). Since the crossing
numbers of D and D′′ are equal, this also implies n(D) = n(D′).

Repeating the same argument with the white surfaces Fw(D′) and Fw(D′′), we
obtain p(D′) = p(D′′) and n(D′) = n(D′′). Since the writhe of D is p(D)−n(D), this
shows that D,D′, and D′′ must all have the same writhe. �

5.2. Mutation and Gordon-Litherland lattices. In this section we prove that for
reduced alternating link diagrams, the Gordon-Litherland linking form and pairing
are link invariants that are unchanged by disc mutation.
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Recall that for alternating link diagrams D ⊆ Σ, our convention is to checkerboard
colour ΣrD so that all crossings of D have type A. We use Fb(D), Fw(D) to denote
the black and white checkerboard surfaces according to this colouring.

Theorem 5.3. Let D and D′ be two reduced, alternating, cellular diagrams for the
same non-split link L ⊆ Σ × I. Then there are isometries of the Gordon-Litherland
pairings: GFb(D)

∼= GFb(D′) and GFw(D)
∼= GFw(D′).

Proof. The black checkerboard surface Fb(D) of the first diagram is positive definite,
and the white checkerboard surface Fw(D′) of the second is negative definite. We
apply Theorem 5.1 with F+ = Fb(D) and F− = Fw(D′) to produce a diagram D′′

for L whose black surface is equivalent to F+ = Fb(D) and whose white surface
is equivalent to F− = Fw(D′). Let Fb(D′′) and Fw(D′′) be the black and white
checkerboard surfaces of the diagram D′′. Since equivalent surfaces have isometric
Gordon-Litherland pairings, we have
(10) GFb(D)

∼= GFb(D′′) and GFw(D′)
∼= GFw(D′′).

The Gordon-Litherland pairings on the checkerboard surfaces coincide with the
lattices of integer flows of the corresponding Tait graphs, we have Fb(D) ∼= Fb(D

′′).
Since the equivalence also preserves the kernel of the inclusion map into Σ, we also
have F◦b (D) ∼= F◦b (D′′). Thus, the d-invariants of these lattices are isomorphic as
well; for short we write dF◦b (D)

∼= dF◦b (D′′). In turn, by Theorem 3.11, dF◦b (D)
∼= dFw(D),

and dF◦b (D′′)
∼= dFw(D′′). Thus, dFw(D)

∼= dFw(D′′).
In [Gre11, Theorem 1.3] Greene shows that the d-invariant of the lattice of integer

flows of a graph uniquely determines the 2-isomorphism class of the graph, and in
turn, the isometry class of the lattice of integer flows. Therefore, Fw(D) ∼= Fw(D′′),
and by Theorem 4.6, and by Equation (10),

GFw(D)
∼= GFw(D′′)

∼= GFw(D′).

The same argument from Fw(D′) ∼= Fw(D′′) shows GFb(D)
∼= GFb(D′′)

∼= GFb(D′).
This completes the proof. �

Corollary 5.4. The lattices of integer flows Fb(D) and Fw(D) are link invariants
for non-split alternating links on surfaces.

Next, we prove that GFb
, and as a result Fb, are invariant under disc mutation,

in fact, disc mutation leaves the pairing matrix unchanged. We prove this at the
link diagram level for any cellular checkerboard coloured link diagram on Σ: it is not
necessary to assume that the diagrams are alternating.

Theorem 5.5. Let D,D′ ⊆ Σ be two cellular checkerboard coloured link diagrams
related by a sequence of disk mutations. Then GFb(D)

∼= GFb(D′) and GFw(D)
∼= GFw(D′).

The proof relies on the following technical lemma:

Lemma 5.6. Given a link diagram D ⊆ Σ, checkerboard surface F , and mutation disc
B, there exists a basis for H1(F ;Z) which satisfies the requirements of Lemma 4.7,
so that at most one of the simple closed curves representing the basis elements meets
∂B in no more than two points.

Proof. Let X = Nε(F ∩ B) and Y = Nε(F \ B) be small neighbourhoods of the in-
tersection of the mutation disc and its complement with F . By the Mayer-Vietoris
Theorem, H1(X;Z) ⊕ H1(Y ;Z) injects into H1(F ;Z). If F ∩ B has two connected
components, then this is an isomorphism, and thus a basis can be chosen such
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that none of the simple closed curves intersect ∂B. If F ∩ B is connected, then
H1(F ;Z)/ im

(
H1(X;Z) ⊕ H1(Y ;Z)

) ∼= Z, and thus a single generator of H1(F ;Z)
must run through B and thus meet ∂D. Further, this generator can be chosen so
that it intersects B in a single path. �

Proof of Theorem 5.5. It is enough to prove this in the case where D and D′ are
related by a single mutation with mutation disc B. Note that disc mutation preserves
the checkerboard colouring, and let F ′ denote the mutant checkerboard surface.

By Lemma 5.6 we choose a basis of simple closed curves {α1, . . . , αn} for H1(F ;Z)
whose only intersection points are away from the crossings of D, and at most one
of the basis elements – assume this is α1 – meet the boundary of the mutation disk.
That is, every αi for i 6= 1 is either disjoint from B or completely contained in it.

Since at most α1 traverses B, and if so, then |α1 ∩ ∂B| = 2, the disc mutation does
not change the connectivity of the curves αi. We denote the mutant image of each
αi also by αi, and thus {α1, . . . , αn} form a basis for the first homology of H1(F ′;Z),
satisfying the same conditions.

Notice that, under mutation, the type of the crossing (A or B) does not change.
The self-pairing of a curve is a count of the number of type A crossings minus the
number of type B crossings. Since the crossing types do not change under mutation,
it follows that GF (αi, αi) =GF ′(αi, αi) for all i = 1, . . . , n.

αi

αj F

αj

αi F

Figure 8. The effect of a mutation on the local contribution at a crossing.

Now consider two basis elements αi, αj. The pairing GF (αi, αj) is determined by
local contributions at the crossings traversed by both αi and αj. If none of those
crossings are inside the mutation disk, then their pairing is unchanged. Suppose that
αi and αj traverse a crossing contained in the mutation disk. It is a simple case
analysis to check that the contribution to GF (αi, αj) is unchanged. On the left of
Figure 8 (left) shows αi passing over αj, thus `k(ταi, αj) = 2 and `k(ταj, αi) = 0.
On the right is the result of applying mutation given by a rotation of angle π about a
horizontal line. Now αj passes over αi, and thus we `k(ταi, αj) = 0 and `k(ταj, αi) =
2. The other cases are verified similarly, and it follows that GF (αi, αj) = GF ′(αi, αj).
This completes the proof. �

The next goal of this section is to prove that disc mutation also leaves the Gordon-
Litherland linking form LF on a checkerboard surface F unchanged. To do so, we
use the following formula relating the linking form to the Gordon-Litherland pairing
and intersection form.

Lemma 5.7. Let D be a cellular, checkerboard coloured link diagram in Σ with
checkerboard surface F ⊆ Σ × I, and let p : Σ × I → Σ denote the projection map.
Let α and β be closed curves in F with finitely many transverse intersections. Then
the Gordon-Litherland linking form and pairing satisfy

(11) LF (α, β) = GF (α, β) + p∗(α) · p∗(β).

Proof. We first claim that algebraic intersection numbers and linking numbers satisfy

(12) p∗(α) · p∗(β) = 1
2

(
`k(τα, β)− `k(τβ, α)

)
.
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By local deformations, we can ensure that α and β only intersect away from crossings.
At these intersections it is easy to verify that the contribution to p∗(α) · p∗(β) and
1
2

(
`k(τα, β)− `k(τβ, α)

)
are equal, cf. Figure 7 (right).

Next, we examine the local contributions at the crossings of D. Note that since
α and β do not intersect at the crossings, the projections p(α) and p(β) intersect
transversely on Σ, as shown on the right of Figure 7. At the crossings, it is elementary
to verify that the local contributions to both sides of (12) are equal; see Figure 9.

α

β F

α

β F

Figure 9. The local contributions are `k(τα, β) = 2 and `k(τβ, α) = 0 on left,
and `k(τα, β) = 0 and `k(τβ, α) = −2 on right. In either case, we have `k(τα, β)−
`k(τβ, α) = 1 = p∗(α) · · · p∗(β).

Now apply Equation (12) to complete the proof:
LF (α, β) = 1

2
(`k(τα, β) + `k(τβ, α)) + 1

2
(`k(τα, β)− `k(τβ, α))

= GF (α, β) + p∗(α) · p∗(β). �

Remark 5.8. In [BCK22], the Gordon-Litherland pairing is defined by the formula
GF (α, β) = `k(τ(α), β)− p∗(α) · p∗(β).

The following corollary greatly simplifies the computation of the Gordon-Litherland
linking form in examples (cf. [BK23b, Remark 3.2]).

Corollary 5.9. Let ι : F → Σ× I be the inclusion, inducing ι∗ : H1(F ;Z)→ H1(Σ×
I;Z). If α ∈ ker ι∗, then LF (α, β) = LF (β, α) = LF (α, β) for any β ∈ H1(F ;Z). In
particular, the restriction of LF to ker ι∗ is symmetric.

Proof. Assume α ∈ ker ι∗. Then α is null-homologous in Σ × I, so p∗(α) is null-
homologous in Σ. It follows that p∗(α) · p∗(β) = 0. The proof is completed by
applying Lemma 5.7, and the observation that GF (α, β) is symmetric. �

Now we are able to show that LF is invariant under mutation.

Theorem 5.10. Let D,D′ ⊆ Σ be two cellular link diagrams related by a finite
sequence of disk mutations, with checkerboard surface F for D and mutant surface F ′
for D′. Then LF

∼= LF ′.

Proof. It is enough to prove the statement for a single mutation with mutation disc
B. Choose a basis for H1(F ;Z) represented by simple closed curves {α1, . . . , αn} as in
Lemma 5.6: the curves only intersect away from the crossings of D, and at most one
curve, α1, intersects ∂B in at most two points. Then the mutation does not change
the connectivity of the curves, and we denote the mutant image of αi by α′i.

Furthermore, by Theorem 5.5 and Lemma 5.7, it suffices to show that p∗(αi) ·
p∗(αj) = p∗(α

′
i) · p∗(α′j). By Corollary 5.9, if αi ∈ ker ι∗, then the intersection pairing

of αi with any other curve is zero, hence, we only need to verify the statement for
pairs of cycles not in ker ι∗.

Assume that αi and αj are two curves with ι∗(αi) 6= 0 6= ι∗(αj). Thus, neither αi
nor αj is contained in B. Since at most one curve traverses B, this implies that at
least one of αi and αj is completely outside B. Therefore, αi and αj do not intersect
inside B, which implies that the mutation does not change the intersection pairing:
p∗(αi) · p∗(αj) = p∗(α

′
i) · p∗(α′j). This concludes the proof. �



24 BODEN, DANCSO, LIN, AND WILKINSON-FINCH

a

a

b

b

c

c

d

d

(a) Virtual knot K1 = K6.90101
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(b) Virtual knot K2 = K6.90124

Figure 10. A pair of knots in a thickened surface of genus 2 providing a coun-
terexample to the completeness of (Fb(L),Fw(L)) as a mutation invariant of the
knot.

This in particular implies that the link invariants derived from mock Seifert matrices
are all invariant under mutation:

Corollary 5.11. The mock Alexander polynomial, link determinant, signatures, and
mock Levine-Tristram signatures are all invariants under disc mutation.

5.3. Non-completeness. In this section, we show that the invariant (Fb(L),Fw(L))
is not a complete invariant of the mutation class of the alternating link L ⊆ Σ×I. We
present examples of alternating knots in thickened surfaces whose Gordon-Litherland
flow lattices are isomorphic but whose linking forms are not.

The calculation is carried out in terms of representative matrices. Given an al-
ternating knot K ⊆ Σ × I with checkerboard colouring, let Fb and Fw denote the
black and white checkerboard surfaces. We use Ab(K), Aw(K) to denote the mock
Seifert matrices for the black and white surfaces, and Sb(K), Sw(K) for the Gordon-
Litherland pairing matrices, which are the symmetrisations of Ab(K), Aw(K). We
seek knots K1 and K2 whose pairing matrices are pairwise unimodular congruent
but whose mock Seifert matrices are not. Two such knots would have equivalent lat-
tice invariants, i.e., (Fb(K1),Fw(K1)) ∼= (Fb(K2),Fw(K2)), but inequivalent linking
forms (Lb(K1),Lw(K1)) 6∼= (Lb(K2),Lw(K2)). By Theorem 5.10, this implies that
the knots are not equivalent under mutation.

Example 5.12. Of the 92800 virtual knots up to 6 crossings, only 168 of them are
alternating. A list of these virtual knots appears in Appendix B of [Kar18]. For these
virtual knots, we computed the above invariants and found multiple counterexample
pairs. The full results of the computation are available at [Lin23]. One of the simplest
counterexamples is the pair of knots K1 = K6.90101 and K2 = K6.90124 shown in
Figure 10. These knots have identical Gordon-Litherland pairing matrices, as shown
in Equation (13), but different mock Seifert matrices, shown in Equation (14).
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Sb(K1) = Sb(K2) =


2 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

 ,

Sw(K1) = Sw(K2) =


1 0 0 0 1 −1
0 1 0 0 0 0
0 0 1 0 0 1
0 0 0 1 0 0
1 0 0 0 2 −2
−1 0 1 0 −2 4

 ,
(13)

Ab(K1) =


2 −1 0 0
1 1 0 0
0 0 2 −1
0 0 1 1

 , Aw(K1) =


1 1 0 0 1 −1
−1 1 0 0 0 0
0 0 1 1 0 1
0 0 −1 1 0 0
1 0 0 0 2 −2
−1 0 1 0 −2 4

 ,

Ab(K2) =


2 −1 0 −1
1 1 0 1
0 0 2 −1
1 −1 1 1

 , Aw(K2) =


1 1 −1 0 1 −1
−1 1 1 0 0 0
1 −1 1 1 0 1
0 0 −1 1 0 0
1 0 0 0 2 −2
−1 0 1 0 −2 4

 .
(14)

In fact, the mock Seifert matrix pairs are not unimodular congruent; as demon-
strated by comparing their determinants:

detAb(K1) = detAw(K1) = 9,

detAb(K2) = detAw(K2) = 15.

The mock Alexander polynomials, also computed from the mock Seifert matrices,
are also different:

∆K1,Fb
(t)

.
= 9t4 − 12t3 + 22t2 − 12t+ 9,

∆K1,Fw(t)
.
= 9t4 + 12t3 + 22t2 − 12t+ 9,

∆K2,Fb
(t)

.
= 15t4 − 12t3 + 10t2 − 12t+ 15,

∆K2,Fw(t)
.
= 15t4 + 12t3 + 10t2 + 12t+ 15.

By Corollary 5.11, mutant alternating virtual knots have the same mock Alexander
polynomials. Therefore, the knots K1 and K2 are not mutants of one another.

Corollary 5.13. For non-split alternating link diagrams on surfaces, the pair of
lattices (Fb(D),Fw(D)) of integer flows of the Tait graphs is not a complete invariant
of alternating links in thickened surfaces up to mutation.

We close this paper by recalling the statement of Kindred’s virtual flype theorem
[Kin22], and using it to show that the the Gordon-Litherland linking form is an
invariant for weakly prime alternating links in thickened surfaces.
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T

Tflype

Figure 11. The flype move.

Recall from [HP17] that a link diagram D ⊆ Σ is weakly prime if for any connected
sum decomposition (Σ, D) = (Σ, D1)#(S2, D2), either D2 is the trivial diagram of
the unknot, or D1 is the trivial diagram of the unknot and Σ = S2.

A flype move is an operation on link diagrams does not alter the link type and
preserves the alternating property, see Figure 11. The Tait flype conjecture asserts
that any two reduced alternating diagrams of the same link are equivalent by a finite
sequence of flype moves. This was proved for classical links by Menasco and Thistleth-
waite [MT93], and recently given a geometric proof by Kindred [Kin20]. The Tait
conjectures have been proved for virtual links in the papers [BK22, BKS20,Kin22],
and the next result is the statement of Kindred’s virtual flyping theorem [Kin22].

Theorem 5.14 (Virtual Flyping Theorem). If D and D′ are two weakly prime,
cellularly embedded, alternating diagrams of a virtual link L, then D and D′ are
related by a sequence of flype moves.

We use this theorem to show that the Gordon-Litherland linking forms of the
checkerboard surfaces are invariants of weakly prime alternating links in thickened
surfaces.

Theorem 5.15. Let D and D′ be two weakly prime, cellularly embedded, alternating
diagrams for the same link L ⊆ Σ× I. Then there are isomorphisms of the Gordon-
Litherland linking forms: LFb(D)

∼= LFb(D′) and LFw(D)
∼= LFw(D′).

Proof. By Theorem 5.14, D and D′ are related by a sequence of flype moves. It is
enough to verify the statement for link diagrams D and D′ that differ by a single
flype move.

Let B ⊆ Σ be a disc which intersects D in four points, and includes the tangle T of
Figure 11, as well as the additional crossing which participates in the flype. Choose a
basis of simple closed curves {α1, . . . , αn} for H1(Fb(D);Z), satisfying the conditions
of Lemma 5.6: that is at most α1 traverses B, and the curves intersect transversely
away from the crossings of D.

By Lemma 5.7, we have LFb
(αi, αj) = GFb

(αi, αj) + p∗(αi) · p∗(αj). Furthermore,
each αi deformation retracts to a simple closed walk ai on the Tait graph Gb, and
by Theorem 4.6, we have GFb

(αi, αj) = 〈ai, aj〉Fb
for all i, j = 1, . . . , n. It is a short

exercise to check that the flype move on the black Tait graph does not affect the flow
pairings of the cycles a1, . . . , an. Thus, we only need to show that the intersection
pairings remain the same, and this is true because there is only one generator outside
the kernel of ι∗ which may enter B. �

Question 5.16. Are the isomorphism types of the Gordon-Litherland linking forms
of the checkerboard surfaces invariants of alternating links in thickened surfaces?

Theorem 5.15 answers this question for weakly prime, alternating link diagrams,
and the question is whether it remains true for non-weakly prime, alternating link
diagrams. Since they are invariant under mutation, it is natural to ask whether they
give complete invariants.
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Question 5.17. For non-split alternating links L in thickened surfaces, are the
Gordon-Litherland linking forms complete invariants of the mutation class of L?
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