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Abstract. We construct two homology 3-spheres for which the (unperturbed) SU(2)
Chern-Simons function is not Morse-Bott. In one case, there is a degenerate isolated
critical point. In the other, a path component of the critical set is not homeomorphic to
a manifold. The examples are +1 surgeries on connected sums of torus knots.

1. Introduction

The purpose of this article is to address a question raised to us by D. Ruberman,
namely, whether there exist examples of homology 3-spheres M for which the SU(2)
Chern-Simons function

cM : B∗ → R/Z,
a circle-valued function on the space of gauge equivalence classes of irreducible SU(2)
connections, fails to be Morse-Bott. We construct an example of a homology 3-sphere
whose Chern-Simons function has a degenerate isolated critical point; this example solves
Problem 3.105(B) in [?]. In addition, we construct a homology 3-sphere for which the
critical set of the Chern-Simons function has a path component not homeomorphic to a
manifold.

As is well known, holonomy identifies the critical set of cM with the irreducible char-
acter variety (a real semi-algebraic set):

χ∗(M) = Hom(π1(M), SU(2)) r {θ}/conjugation,

where θ denotes the trivial homomorphism. For any homomorphism ρ : π1(M)→ SU(2)
(henceforth called a representation), the cohomology group H1(M ; su(2)ad ρ) is called the
Zariski tangent space of χ(M) at ρ. If M is a homology 3-sphere, the conjugacy class
[θ] of θ is isolated in the character variety; it follows that χ∗(M) is compact [?]. The
Hodge theorem identifies the kernel of the Hessian of cM at ρ with the Zariski tangent
space of χ(M) at ρ (e.g., see [?]). The function cM is Morse if all its critical points
are non-degenerate; i.e., the Zariski tangent space is trivial at each critical point. It is
widely known that if M is a connected sum of nontrivial homology spheres, cM is not
Morse because π1 is a nontrivial free product; there are gluing parameters (also known
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as bending parameters), related to conjugating a representation of one factor but not the
other.

The Chern-Simons function cM : B∗ → R/Z is Morse-Bott if every path component
of the critical set is a smooth manifold and if the Hessian of cM defines a non-degenerate
bilinear form on the normal bundles of the critical submanifolds (see, for example, [?]).
This translates into the condition that, for each [ρ] ∈ χ∗(M), the dimension of the Zariski
tangent space of χ∗(M) at [ρ] equals the dimension of the path component containing [ρ].

Fintushel-Stern [?] showed that if M is a Seifert-fibered homology 3-sphere, then cM is
Morse-Bott. Given two homology spheres M1,M2 such that cMi

is Morse-Bott for i = 1, 2,
the connected sum M1#M2 also has a Morse-Bott Chern-Simons function. In fact, given
path components C1 ⊂ χ∗(M1) and C2 ⊂ χ∗(M2), there are three associated components
in χ∗(M1#M2), diffeomorphic to C1 × [θ2], [θ1] × C2, and C1 × (SU(2)/{±1}) × C2 ⊂
χ∗(M1#M2). The latter is obtained by pairing each ρ1 representing an equivalence class
in C1 with all SU(2) conjugates of a ρ2 representing a class in C2.

Given relatively prime integers p, q, let Tp,q denote the (p, q) torus knot. Consider the
knot complements:

X = S3 r nbd(T3,5), Y = S3 r nbd(T2,7), and Z = S3 r nbd (T−2,7#T−2,7) .

Equip the boundary ∂X with its natural oriented meridian-longitude pair µX , λX , and
similarly µY , λY for Y and µZ , λZ for Z. Define hY : ∂X → ∂Y , hZ : ∂X → ∂Z to be
(orientation-reversing) homeomorphisms inducing the maps

(1) hY ∗ : µX 7→ µY , λX 7→ −µY − λY , hZ∗ : µX 7→ µZ , λX 7→ −µZ − λZ
on the fundamental group. Define

Σ1 = X ∪hY Y and Σ2 = X ∪hZ Z.
It is immediate from the fact that X, Y, Z are all homology solid tori with H1 generated
by the meridians, and with the longitudes trivial in H1, that Σ1,Σ2 are homology spheres.

Theorem A.

(1) There exists an isolated point in χ∗(Σ1) with two-dimensional Zariski tangent
space.

(2) There exists a component of χ∗(Σ2) which is not homeomorphic to a manifold.

Corollary B. The critical set of cΣ1 contains an isolated point at which the Hessian
has a 2-dimensional kernel. The critical set of cΣ2 is not homeomorphic to a manifold.

Thus cΣ1 and cΣ1 are most decidedly not Morse-Bott. Taking connected sums of these
with themselves and with other homology 3-spheres provides many more complicated
examples.

We note that results of Kapovich and Millson [?] imply that arbitrarily bad singu-
larities, including isolated points with nonzero Zariski tangent space and non-manifold
path components, occur in SU(2) character varieties of 3-manifolds. It is an open ques-
tion whether their universality results hold for homology 3-spheres (see, e.g., [?, Question
8.2]). We also note that there are Seifert-fibered homology spheres for which the SU(3)
Chern-Simons function is not Morse-Bott [?].
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2. The character varieties of X and Y and their image in the character
variety of the separating torus

For any path-connected space A let

χ(A) = Hom(π1(A), SU(2))/conjugation

denote its character variety. Its points are conjugacy classes, denoted [ρ : π1(A)→ SU(2)],
or simply [ρ]. A representation ρ : π1(A)→ SU(2) is called central, (non-central) abelian,
or irreducible, depending on whether the stabilizer of ρ under conjugation by SU(2) is
isomorphic to SU(2), U(1) or {±1}, respectively.

When T is the 2-dimensional torus with a fixed set of generators µ, λ ∈ π1(T ), χ(T )
is homeomorphic to a 2-sphere (usually called the pillowcase), and there is a branched
covering

(2) R2 → χ(T ), (x, y) 7→ [µ 7→ exi, λ 7→ eyi]

which can be seen as the composite of the projection R2 → R2/(2πZ)2 and the orbit
map of the elliptic involution induced by (x, y) 7→ (−x,−y). Call a curve in χ(T ) a line
segment if it is the image of a line segment in R2. Since the slope of a line is preserved
by both translations by (2πZ)2 and reflections through the origin, line segments in χ(T )
have well-defined slope.

For any knot K, χ(S3 r nbd(K)) contains an arc of (conjugacy classes of) abelian
representations with central endpoints, mapping to the image of the x axis (i.e., with
slope zero) in χ(T ). We parameterize this arc with a path of representations µ 7→ eai, λ 7→
1, a ∈ [0, π], where µ, λ are a meridian, longitude pair.

Klassen [?] explicitly identified the SU(2) character varieties of torus knot comple-
ments. From his description of families of homomorphisms parameterizing the path com-
ponents of χ∗(S3 r nbd(Tp,q)), one can readily restrict to a meridian/longitude which
generate π1(T ) to identify the image of the restriction map

i∗ : χ
(
S3 r nbd(Tp,q)

)
→ χ(T )

induced by the inclusion i : T = ∂ (S3 r nbd(Tp,q)) → S3 r nbd(Tp,q). Along with the
abelian arc, χ(S3 r nbd(Tp,q)) consists of a collection of arcs of conjugacy classes of irre-
ducible representations, mapping to χ(T ) as line segments of slope −pq, with ends limiting
to certain points on the abelian arc. The details in the case of T3,5 are summarized in [?].
For the purposes of this article, we require only the following part of this calculation for
T3,5, T2,7, and T−2,7.

Proposition 1 (Klassen [?]). There is a path component of χ∗(S3 rnbd(T3,5)) which
is an arc mapping onto a line segment in χ(T ) of slope −15, r ∈

(
π
15
, 11π

15

)
7→ (r,−15r),

with ends limiting to the points a = π
15

and a = 11π
15

on the abelian arc. Similarly, there
is path component of χ∗(S3 r nbd(T±2,7)) mapping onto a line segment in χ(T ) of slope
∓14, r ∈

(
π
14
, 13π

14

)
7→ (r,∓14r), with ends limiting to the points a = π

14
and a = 13π

14
on

the abelian arc.
At each interior point on these irreducible arcs, the Zariski tangent space is 1-

dimensional. For the (abelian) endpoints of either irreducible arc, the Zariski tangent
space is 3-dimensional and the linearization of the restriction map to χ(T ) has rank one,
with horizontal image.
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Figure ?? and Figure ?? illustrate neighborhoods of the left ends of the irreducible
arcs described in the theorem and (lifts to R2 of) their images under restriction to the
character variety of the boundary torus. In both cases, the neighborhoods embed into the
pillowcase.

···

···

[θ]

x

y

π
15

−15

Figure 1. Local picture of χ(X) = χ(S3rnbd(T3,5)) near [θ] (on left) and
its image under i∗X : χ(X)→ χ(∂X) (on right)

···

···

[θ]

x

y

π
14

−14

Figure 2. Local picture of χ(Y ) = χ(S3 rnbd(T2,7)) near [θ] (on left) and
its image under i∗Y : χ(Y )→ χ(∂Y ) (on right)
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14 ,− π
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π
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−1
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Figure 3. The images i∗X (χ(X)) and h∗ ◦ i∗Y (χ(Y )) near [θ] in χ(∂X)

3. Proof of Part (1)

The homeomorphism hY of Equation (??) induces a map h∗Y : χ(∂Y )→ χ(∂X) which
lifts to the linear map

h∗Y =

(
1 0
−1 −1

)
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on R2, using Equation (??). Figure ?? illustrates the line segments which make up the
images under the local embeddings i∗X and h∗Y ◦ i∗Y of the portions of χ(X) and χ(Y ) in
Figures ?? and ??.

Consider the fiber product

F := {([ρX ], [ρY ]) | i∗X(ρX) = h∗Y ◦ i∗Y (ρY )} ⊂ χ(X)× χ(Y ).

The restriction map χ(Σ1)→ χ(X)×χ(Y ) has image F and fiber over ([ρX ], [ρY ]) (known
as the space of gluing parameters) homeomorphic to the double coset space

(3) StabρX \ Stabρ∂X / StabρY

(see, e.g., [?]).
From the subsets of i∗X (χ(X)) , h∗Y (i∗Y (χ(Y ))) that we have identified and sketched

in Figure ??, it is clear that there are two isolated points of intersection. Specifically,
([θX ], [θY ]) maps to the origin in χ(∂X) = R2/ ∼, and a pair ([ρX ], [ρY ]) ∈ χ(X)× χ(Y )
which maps to ( π

14
,− π

14
). Moreover, ρX is irreducible and ρY is abelian, but non-central.

For this second pair, Stabρ∂X = U(1) = StabρY , since the representations ρY and
ρ∂X are abelian non-central. It follows that H0(∂X; su(2)adρ∂X ) = 0. Hence the pair
([ρX ], [ρY ]) mapping to ( π

14
,− π

14
) determines an isolated point of the character variety

χ(Σ1), viewed as a real semi-algebraic set.
Consider the Mayer-Vietoris sequence (with local su(2) coefficients)

· · · 0−→ H1(Σ1) −→ H1(X)⊕H1(Y )
i∗X−h∗Y ◦i∗Y−−−−−−→ H1(∂X) −→ · · ·

We have:

• dimH1(X; su(2)adρX ) = 1 because [ρX ] is an interior point on the irreducible arc
of χ(X) identified in Proposition ??,
• dimH1(∂X; su(2)adρ∂X ) = 2 since the restriction ρ∂X : π1(∂X) → SU(2) is

abelian and non-central,
• dimH1(Y ; su(2)adρY ) = 3 because ρY is the a = π

14
abelian endpoint of the

irreducible arc of χ(Y ) identified in Proposition ??, and
• the image of the irreducible arc in χ∗(X) and the abelian arc in h∗Y (i∗Y (χ(Y )))

have different slopes in χ(∂X), namely −15 and −1, respectively, which shows
i∗X − h∗Y ◦ i∗Y is surjective.

Thus, the Mayer-Vietoris sequence implies that dimH1(Σ1; su(2)adρ) = 2, completing the
proof of the first assertion of Theorem ??.

4. Proof of Part (2)

The proof of Part (2) of Theorem ?? follows a similar strategy to that used to prove
Part (1), but we replace Y by Z = S3rnbd(T−2,7#T−2,7). The exterior Z of the composite
knot T−2,7#T−2,7 may be viewed as the union of the two exteriors

Z1 = Z2 = S3 r nbd(T−2,7)

along an annulus representing a meridian. We begin by describing the relevant subset of
χ(Z) and its image i∗Z(χ(Z)) ⊂ χ(∂Z)).

The fundamental group π1(Z) is an amalgamated free product of π1(Z1) and π1(Z2),
where particular meridians on each of the two knot complements are identified. For any
representations ρi : π1(Zi) → SU(2), i = 1, 2, which agree on the identified meridians,
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there is a representation of π1(Z) that restricts to ρi on π1(Zi). The longitude for the
composite knot is the product of the longitudes for Z1 and Z2 so, roughly speaking, the
longitudinal coordinates in the pillowcase pictures for Z1, Z2 add.

The fiber product/gluing parameter results above (this time with restrictions to the
annulus instead of to ∂X) demonstrate that abelian arcs and the irreducible arcs in χ(Zi),
i = 1, 2, described in Proposition ?? give rise to the following subsets of χ(Z):

(i) the abelian arc in χ(Z),
(ii) two half-abelian arcs, namely an abelian/irreducible arc and an irre-

ducible/abelian arc, consisting of representations of π1(Z) that are irreducible
on only one of π1(Zi), and

(iii) a cylinder of irreducible/irreducible representations with S1 gluing parameter.

All three components of χ(Z) described in (ii) and (iii) limit to the abelian points a =
π
14
, 13π

14
on the abelian arc of χ(Z). Under i∗Z , the abelian arc maps to the (image in χ(∂Z)

of) the x axis; the two half abelian arcs in (ii) map to line segments of slope 14, and the
cylinder in (iii) maps onto a line segment of slope 28. This is summarized in Figure ??.

[θ]
x

y

π
14

14
28

Figure 4. Local picture of χ(Z) = χ(S3 r nbd(T−2,7#T−2,7)) near [θ] (on
left) and its image under i∗Z : χ(Z)→ χ(∂Z) (on right)

Under the map h∗Z : χ(∂Z) → χ(∂X), the origin is fixed (i.e., h∗Z([θ∂Z ]) = [θ∂X ]), the
abelian arc in χ(Z) maps to the line segment y = −x, the half abelian arcs described
above map onto line segments leaving the abelian arc with slope −15, and the image of
the cylinder maps onto a line segment of slope −29. This is summarized in Figure ??.

x

y

π
15

−1

−15−29

Figure 5. The images i∗X (χ(X)) and h∗Z ◦ i∗Z (χ(Z)) near [θ] in χ(∂X)

In Figure ??, we overlay the images of i∗X(χ(X)) and h∗Z(i∗Z(χ(Z))) in the same picture,
so that we can apply the same sort of fiber product/gluing parameter reasoning to Σ2 =
X ∪hZ Z. We begin by noting that the abelian arc of χ(Z) meets the irreducible arc
in χ(X) drawn in Figure ?? at the point ( π

14
,− π

14
). This intersection corresponds to a
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point [ρ0] ∈ χ(Σ2) restricting to an irreducible representation of π1(X) and an abelian
representation of π1(Z), so there is no gluing parameter. Nearby, however, the intersection
includes a line segment emanating down from this point with slope −15. The preimage
of that segment in χ(X) is the irreducible arc in Figure ?? and the preimage in χ(Z) is
the left ends of the two half-abelian arcs on in Figure ??.

Taking gluing parameters into account, [ρ0] has a neighborhood in χ(Σ2) which is a
cone on two disjoint circles, so the path component containing [ρ0] is not a manifold. This
proves the second assertion of Theorem ??. �

5. Further discussion and other examples

We note the following fact about the spaces Σ1,Σ2.

Proposition 2. The homology 3-sphere Σ1 is diffeomorphic to +1 surgery on
T3,5#T2,7, and Σ2 is diffeomorphic to +1 surgery on T3,5#T−2,7#T−2,7. They are both
graph manifolds. �

More lengthy calculations using similar techniques allow the analysis of the full char-
acter varieties of both of these homology spheres Σi, i = 1, 2, as well as more complicated
constructions involving more torus knot complements. We highlight a few related results
without proof for the interested reader.

Proposition 3. The irreducible character variety χ∗(Σ1) consists of 22 isolated points
with trivial Zariski tangent space, six isolated points with 2-dimensional Zariski tangent
space like the one we described in detail, and a collection of Morse-Bott circle components.
�

While we have focused in this paper on the unperturbed Chern-Simons function, the
effect of a small (carefully selected) holonomy perturbations on χ(Σ1) is also reasonably
straightforward to understand. A simple holonomy perturbation in a neighborhood of ∂X
can be selected so that i∗X(χ(X)) undergoes a vertical Hamiltonian flow supported away
from the central endpoints on the abelian arc, so that each of the six singular isolated
points resolves into a Morse critical point and the Morse-Bott circle components remain
(see, for example, [?]). Under a further perturbation using a curve that cuts through ∂X
to break the symmetry giving rise to the gluing parameters, the Chern-Simons function
can be made into a Morse function; the Morse-Bott circles can be seen to each contribute
two isolated critical points (contributing zero points, counted algebraically, to the Casson
invariant).

For clarity, the figures only show the neighborhood of the left endpoints of the ir-
reducible arcs described in Proposition ??, but the irreducible arc parameterizations in
that proposition show that the T±2,7 arcs extend further to the right than the irreducible
T3,5 arc. The following proposition is easily proved by tracking the images of the entire
half-abelian arcs (see the last two paragraphs of Section ??).

Proposition 4. The path component of χ∗(Σ2) containing the singular point [ρ0] is
homeomorphic to a wedge of two 2-spheres. �

Proposition 5. If one replaces Z with S3 r nbd(3T−2,7#T2,7) in the construction of
Σ2, then the corresponding point at ( π

14
,− π

14
) has a neighborhood that is a cone on the

disjoint union of two circles and a 3-torus. �
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Finally, we note that the homology spheres Σ1,Σ2 can also be decomposed using
Heegaard splittings, giving rise to different fiber product descriptions of the singularities
described in Theorem ??. For Heegaard splittings, the character varieties of the han-
dlebodies are smooth submanifolds of the smooth locus of the character variety of the
Heegaard surface in a neighborhood of their intersections points. Hence the local singular
structure in the fiber product description associated to this decomposition is due to this
pair of handlebody character varieties intersecting nontransversely.
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