
SAMPLE PURE MATH PRELIMINARY EXAM

A. Core Material

Answer four of the following six questions.

Problem A.1. Consider the matrix A =
[
−28 18
−54 35

]
.

(a) Find a real matrix B such that B3 = A.
(b) How many distinct complex matrices X satisfy X3 = A?

Problem A.2. Let n be a positive integer and Vn the complex vector space of n × n

complex matrices. For A, B ∈ Vn, define 〈A,B〉 = tr(AB∗), where B∗ denotes the
conjugate transpose of B and tr(X) denotes the trace of a matrix X.

(a) Show that 〈·, ·〉 : Vn × Vn → C as above defines an inner product on Vn.
(b) Find the orthogonal complement of the subspace of diagonal matrices.

Problem A.3. Suppose {xn} is a sequence in a complete metric space (X, d) such that∑
n

d(xn, xn+1)

is a convergent series. Show that the sequence {xn} is convergent in X.

Problem A.4. (a) Show that ∫ ∞

0

cos x

x1/3
dx

converges (as an improper integral).
(b) Show that the integral in part (a) does not converge absolutely.

Problem A.5. Find all the one-to-one conformal mappings ϕ from the unit disk D =
{z ∈ C, |z| < 1} to the upper-half plane H+ = {z ∈ C, Im z > 0} satisfying ϕ(1/2) = i.

Problem A.6. (a) Suppose f is analytic in a domain D, and |f(z)| ≤ 10 for all
z ∈ D. Show that

|f ′(z)| ≤ 10
d(z)

,

where d(z) is the distance from z to the boundary of D. (Hint: use the Cauchy Integral

Formula.)
(b) State and prove Liouville’s theorem for bounded entire functions.
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B. Pure Math Topics

Answer three of the following four questions.

Problem B.1. Let G be a group of order 2552 = 8 · 11 · 29. Use Sylow’s Theorems to
prove that G has a normal subgroup of order 11 or of order 29.

Problem B.2. Denote by GL2(C) the group of invertible 2 × 2 matrices over the
complex numbers and set i =

√
−1 ∈ C. Let G be the subgroup of GL2(C) generated

by the matrices
[
i 0
0 −i

]
and

[
0 i

i 0

]
.

(a) Is G finite? If so, what is the order of G?
(b) Determine the center of G. (List the elements of the center of G explicitly.)
(c) Is G an abelian group?

Problem B.3. Let R be a commutative ring with 1.
(a) Give the definitions of

(i) a prime ideal of R, and
(ii) a maximal ideal of R.

(b) Suppose for every r ∈ R there exists an integer n > 1 (depending on r) such
that rn = r. Show that every prime ideal of R is maximal.

Problem B.4. (a) Give the definitions of
(i) Principal Ideal Domain (PID), and
(ii) Unique Factorization Domain (UFD).

(b) Which of the following rings are PIDs? Which are UFDs?
(i) Z[x],
(ii) Q[x, y],
(iii) Z[

√
−1],

(iv) Z[2
√

2].
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